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1. PRELIMINARIES

1.1 BRIEF SUMMARY ON MEASURES

Definition 1.1 (o-algebra). Given a set X, we denote its power se{|by P(X) and & C P(X) is
called a o-algebra if

e X €

e given A € ¥, then X\ A € ¥;

o given {A, }nen C X, then |J A, € X.

neN

Remark 1.1. From the definition of a o-algebra we also have
e e
 given {A, }nen C X, then by De Morgan’s law X\ |J (XN A4,) =) 4, € %.

neN neN
The smallest possible o-algebra on X is { X, 0}, while the largest is P(X).

Definition 1.2 (Borel o-algebra). Given (X, 7) a topological space, the Borel c-algebra of X,
denoted by B(X), is the smallest o-algebra containing the topology (i.e. the open sets)

BX)= ) ZX).
F(X) o-algebra on X :
F(X)DT

Definition 1.3 (Measure). Given a set X and a o-algebra ¥ on it, a map p: ¥ — [0, +00] is said
a (unsigned) measure if

s JEeX: p(F) < +o0;

e given {E, },ey C X pairwise disjoint, one has

w(E)=>" u(E,), with £ = (J E, € %. +— o-additivity

neN neN

(X, %, u) is said a measure space and the elements of ¥ are called measurable sets.

In case ¥ = B(X),  is said a Borel measure.

A measure space is said complete if forany N € ¥ s.t. u(N) =0onehas {E C X| E C N} C X.
In case p(X) = 1, p is called a probability measure and (X, X, 1) a probability space.

Remark 1.2. From the definition of measure we deduce

I'The power set of a set is the set of all its subsets, including itself and ().
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Foundations of Quantum Mechanics

1(0) = 0;

Ey, By € X with By C Ey implies (Ey) < p(E») <— monotonicity
* given E1, By € ¥ one has W(E1N E2) + p(E1U Ea) = u(Eq) + u(Es);

given {Ep}nen, {Fntnen C X with E, C E, 41 and F,, O F,, 11, one has

p( UB) = lim p(B),  p( N F) = lim p(Fy).

neN neN B=rC3

Definition 1.4. Given a measure space (X, 3, i), the measure i is said
e finite, if u(X) < +00;
* o-finite, if X can be covered with at most countably many sets in > with finite measure;
* if X is a Hausdorff topological spaceE], w 1s said locally finite, if for any p € X there exists
G € ¥ open such that p € G and u(G) < +0o0.

Definition 1.5 (Regular Measure). Given the measure space (X, B(X), ), the Borel measure
is said inner regular (or tightEb if

u(E) = sup {pu(K) | K e¥ and K compact}, VE € X.
KCE

It is outer regular if

u(E) = Cinf {u(G) | G €% and G open}, VE e X.
oF

The measure g is regular if it is both inner and outer regular.

Definition 1.6 (Radon Measure). Let (X, B(X), 1) be a measure space with X Hausdorff topo-

logical space. The Borel measure y is said Radon if it is locally finite and tight.

Proposition 1.1. Let X be a proper metric space (i.e. any finite closed ball is compact) and 1 a

o-finite Borel measure on B(X). Then, y is regular.

Definition 1.7. Given a set X with a o-algebra > C P(X) on it, we provide two distinct measures
w,v: X—>10, +00].
* 1 and v are (mutually) singular (. L v), if there exists N € ¥ s.t. u(N) = (X~ N) =0;
* v is absolutely continuous with respect to 1 (v < p), if p(A) = 0 implies v(A) = 0.

Proposition 1.2. Suppose (i and v are tight Borel measures. Then, v < p if and only if u(N) = 0
implies v(N) = 0 for every compact set N.

ZNamely, given two distinct points in the space, they have two respective neighbourhoods which are disjoint.
3Some authors distinguish the inner regularity from tightness by requiring measurable sets to be arbitrary close

(in measure) to some closed set (inner regularity) or compact set (tightness).
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Definition 1.8 (Measurability). Given a measure space (X, Xy, i) and a topological space Y, a
function f: X — Y is said u-measurable if for any A € B(Y") one has

fHA):={zeX]| flz) € A} € Zx.
In case ¥ x = B(X), a u-measurable function f is called a Borel function.

Definition 1.9 (Continuous function). A function f: X — Y between X and Y topological
spaces is said continuous at x € X if for any open set G C Y such that f(z) € G one has f~!(G)

is a open set in X.

Remark 1.3. A continuous function (i.e. continuous at every point) is also a Borel function, but
not the converse. Consider for instance the Dirichlet function (which assigns 1 to rational numbers
and 0 to irrational numbers). For any open G C R one has

;

0, if {0,1} NG =10;
(@) = Q, ifle GANO ¢ G,

RNQ if0eGA1€¢G;

R if {0,1} C G.

In all cases, the preimage is a Borel set (Q is a countable union of points, i.e. closed sets). Hence

we exhibited a non-continuous Borel function.

Definition 1.10 (Support). Given X topological space and the measure space (X, B(X), x1), con-

sider a pu-measurable function f: X — C. One defines its (essential) support as the closed set

supp f := X'\ U G, Ny = {GQX‘Gopen,f:Ou—a.eEinG}.
GeNy

Proposition 1.3. Let (X, X x, 1) be a measure space and Y, Z two topological spaces. Suppose
f: X —Y is a u-measurable function and g: Y — Z a Borel function. Then, go f: X — Z

is p-measurable as well.

Remark 1.4. In particular, a continuous function composed with a measurable function f is

measurable, e.g. | f|, whereas the composition of Borel functions is again a Borel function.
Proposition 1.4. Sums and products of two complex-valued measurable functions are measurable.

Proposition 1.5. Suppose f,: X — R U {£oo} is a sequence of measurable functionsﬂ Then

inf fo(x),  supfu(z),  liminf f,(z),  limsup f,(z)
neN neN neN neN

are measurable as well.

4A property holds z1— a.e. (almost everywhere) if it is valid for all points in X ~. N with u(N) = 0.
3The standard topology of R U {00} is generated by the base {[- 0, a), (a,b), (b, +o0] | a,b € R}.
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Foundations of Quantum Mechanics

Remark 1.5. This last result implies that if f and g are measurable, so are max(f, g), min(f, g).

Definition 1.11 (Simple Functions). In a measure space (X, 3, i), we say that a measurable func-
timﬂ s: X — C is simple if its image is finite, namely if there exist a set of disjoint measurable

sets { Ay}, C X and values {ay}}_, C C for some n € N such that
- A, if p= oy;
s(z) =) arly(2), VeeX = s(X)={a},, s'({p})=
k=1 (),  otherwise.

Definition 1.12 (Lebesgue Integral - Simple functions). Given a measure space (X, >, ) and a

non-negative simple function s: X — [0, +oc] we deﬁne[] forall A €

/Ad,u(:c) s(x) = Zaku(AkﬂA), if s: x —> Zak]lAk(x).

k=1 k=1

Proposition 1.6. The integral for non-negative simple functions fulfils

i) /Adu(z) s(x) = /Xdu(x) Ta(x)s(x), Ae;

i) [ du@) s@) =3 [ du@)s@), {Adpen

nLéJNA" neN

iii) /Adu(x) [asi(z)+Bsa(z)] = oz/Ad,u(x) sl(x)+6[4du(x) So (), a,f>0, AeX;
v) ABeXx: ACB — /Adu(x) s(z) < /Bdu(w) s(x);

v) 51 <8 = /Ad,u(x) s1(x) < /Ad,u(x) so(x), Ael.

Definition 1.13 (Lebesgue Integral - Non-negative Measurable functions). Given a measure space

(X, 3, 1) and a non-negative measurable function f: X — [0, + o] we define

/du(az) f(x):= sup /du(x) s(z), Ael.
A A

s simple functions :
0<s<f

Theorem 1.7 (Beppo-Levi, Monotone convergence). Let f, : X —» [0,+00) be a monotone

non-decreasing sequence of non-negative measurable functions such that f,, —— f pointwise.
n— oo

Then,

lim [ du(z) fu(z) = /du(:r) f(x), VAel.

n— oo A

Corollary 1.8. For any non-negative measurable function f there always exists a monotone non-
decreasing sequence of non-negative simple functions s, : X — [0, +00) such that s, —— f
n— 0o

pointwise. Additionally, proposition holds also for non-negative measurable functions.

The characteristic function 1 4 is y-measurable iff A € ¥.
"Here we adopt the convention 0 - (+00) = 0.
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Definition 1.14 (Lebesgue Integral). For any real-valued measurable function f: X — R, s.t.

/Xdu(ﬁc) max{ f(z),0} < +00, and /Xdp(a:) max{—f(x),0} < +00,

one can define for any A € ¥

[ dut@) @) = [ duta) max{#(),0} = [ duta) max{~f(a). 0}

Similarly, in case f is complex-valued one can consider separately the integration of the real and

the imaginary part of f. We say f is integrable in case [, du(z) |f(z)| < +oo.

Proposition 1.9. Apart from point iv), proposition holds also for integrable functions.
Additionally, given f, g: X — C integrable one has for all A € %

/A du(x) f(z)

< / du(z) |f(@)].

Proposition 1.10. Let f: X — C be measurable. Then

/X (@) [f@)| =0 < f&)=0 u-ae

Moreover, in case f is either non-negative or integrable

WA)=0 = / dp(z) f(z) = 0.

Remark 1.6. Notice that the integral does not change if we add to the domain of integration a
set of zero measure or if we modify the value of the integrand along a set of zero measure. In

particular, two functions equal a.e. have the same integral.

Theorem 1.11 (Generalized Fatou’s lemma). If f,,: X — R is a sequence of real-valued meas-

urable functions and g: X — R some integrable function, then for all A € ¥

n—

[ dute) tmint o) < tmint [ dute) @), i Sz

A oo n— o0 A

limsup [ du(e) £,(0) < [ du(o) limsup @), h <o
A A

n— oo n— oo
Theorem 1.12 (Fatou-Lebesgue, Uniform Dominated Convergence). Let f,, : X — C be a se-
quence of complex-valued measurable functions such that f, —— f pointwise for some meas-
n— oo
urable f: X — C. Then, if there exists g: X — C integrable such that | f,,| < g, one has for all
AekX
lim [ du(z) |fu(x) = f(z)| =0, hence  lim [ du(x) fo(z) = / dp(x) f(z).
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Foundations of Quantum Mechanics

Theorem 1.13 (Riesz-Markov-Kakutani). Let X be a locally compacﬂ Hausdorff space and a
functiona:ﬂ (: C(X,C) —> C such that ((f) > 0 if f > 0. Then, there exists a unique Borel

measure |1 satisfying
6N = [du@) fl2), ¥FeCUX,C)

with . o-finite, outer regular and inner regular for the open sets (or for the Borel sets with finite

measure) and such that (X, B(X), u) is complete.

Remark 1.7. In case ( is the Riemann integral for (piece-wise) continuous functions, the previous
theorem gives rise to the definition of a particular measure |1 called Lebesgue measure. This tells
us that all tools from calculus like integration by parts or integration by substitution are readily

available for the Lebesgue integral on R.

Theorem 1.14. Given a non-decreasing, right—continuou function f: R — R, there exists a

unique regular Borel measure jis: B(R) — [0, + 00| satisfying

pr((a,0]) = f(b) = f(a), a<b and pp({z})=f(z) - lim f(z —e).

e— 0t

Two distinct functions provide the same measure iff they differ by a constant.

Remark 1.8. In the previous theorem, ¢ is called a Lebesgue-Stieltjes measure. Notice that the
value of the measure ji; at the singleton {x} is zero iff f is continuous at x. Moreover, in case
f i x —= x, then [ is the Lebesgue measure. Additionally, suppose f to be the Heaviside step
function (equal to 1 for non-negative x and to 0 in case x negative). Then, [y in this case is the

Dirac measure at 0, since j1;(A) = 1 in case 0 € A, Borel set, while j1;(A) = 0 otherwise.

Proposition 1.15. Let (X, 3, i) be a measure space andY C R. Then, consider f: X xY — C
s.t. v — f(x,y) is integrable YV y € Y and y — f(x,y) is differentiable j1— a.e. There holds

Fly) = / (=) f(zy)

is differentiable in Y if there exists an integrable function g : X — C s.t. ‘a% f(, y)‘ < g.
Moreover, x — %f(x, y) is pu-measurable Vy € Y and

£P0) = [ dute) £ 1(o.0),

Theorem 1.16 (Radon-Nikodym). Let i, v: 3 — [0+ 00| two o-finite measures. One has v < [

iff there exists a non-negative measurable function f: X — [0, +00) such that
V(A) :/ du(z) f(z), VA
A

The function f is determined uniquely p— a.e. and is called the Radon-Nikodym derivative Z—Z

of v with respect to .

8For any point p € X there exist G open and K compact such that p € G C K.
9We denote by C.(X; C) the set of complex-valued continuous functions on X with compact support.
10For a right-continuous function there holds f(x) = lim+ f(z+¢€) forall z € R.

e—0
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Theorem 1.17 (Lebesgue Decomposition). Let p,v : ¥ — [0, +00] be two o-finite measures.

Then, v can be uniquely decomposed as V = V. + Vsing With Vae < 1 and Vging L 1.

Theorem 1.18 (Refinement of Lebesgue Decomposition). Let A : B(X) — [0, +00| be the
Lebesgue measure on X C R and v another regular measure on X. Then, v = Vy + Ve + Vpp
with v,e < A\, while vse L A\ v, L X and vy L vy, where vy, is a pure-point measure, i.e.

Vpp = D, Ay 0y, where a, > 0 and 0, is the Dirac measure centered at x, € X.
neN

Remark 1.9. Last theorem highlights that from one hand v, is a discrete measure (or pure point
measure), while vy, must be continuous (since vs, L vyy,), namely it has non-zero values only on
uncountable sets of Lebesgue measure zero (since vs. L \). An example of a singularly continuous

measure is the Cantor measure.

Proposition 1.19. Let i1, v, A three o-finite measures on the same o-algebra.
e Ifv < \and 1 < X one has WAL — dv du o\ g,

dx T dx T an
°Ify<<u<<)\0nehasg—§\zg—l’;3—’;,)\—a.e. <— chain rule

In particular, in case ¥ < p and p < v, we have

= (27

1.2 BANACH SPACES

Definition 1.15 (Normed Space). Given X a vector space over C, we say that (X, ||-[/) is a

normed space if the space X is equipped with a norm, i.e. amap ||- || : X — [0, +00) fulfilling
D Ifllx =0« f=0,
i) [lafllx = el fllx, Va e C,
i) [[f +gllx < Ifllx +llgllx -
If condition 1. does not hold || - ||  is said a semi-norm.

Proposition 1.20 (Inverse Triangular Inequality). Given a normed space X, for any f,g € X
there holds

If = gllx = [ Fllx= llgllxI-

Remark 1.10. Every normed space X can be understood as a metric space, by introducing the

distance induced by the norm

dist(f, ) = [If = gllx -
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As a consequence, one can induce a topology on X as the set of the open balls

7= {Br(fo) | fo€ X, R> 0}, Br(fo) ={feX| |f - fllx< R},

Notice that any metric space is a Hausdorft topological space.

Remark 1.11. By the means of remark[1.10} a normed space is naturally equipped with a notion
of convergence. Given f € X and a sequence {f,}nen C X converging to f in X as n grows

means

lfn = fllx —=0.

Notice that one can adopt the same notion of convergence for a semi-normed space, but the limit

is not unique in that case.

Proposition 1.21. Given {f,},en C X a Cauchy sequence in the normed space X one has

{IIfoll x tnen C Ry is a converging sequence.

Definition 1.16 (Banach Space). A normed space which is complete according to its norm is said

a Banach space, namely, every Cauchy sequenceE] admits limit in X.

Remark 1.12. Owing to Proposition the norm is continuous in a Banach space, namely
V{foilnenCX st f, —— f€ X, onehas | fullx —— |Ifllx-
n— 0o n— oo

However, the converse is false: a sequence of vectors whose norm converge is not necessary con-

vergent in X.

Definition 1.17 (Density). Let D be a proper subset of X, Banach. D is said to be dense in X if
VfeX I{fulnenC D st. f, —— f.
n — o0

Consider a complex vector space X endowed with two distinct norms ||-||, and ||-[|,. If there
exists ¢ > 0 such that || ||, < c¢||f||, for any f € X, we say that ||-||, is stronger than ||- ||, .
In particular, a Cauchy sequence in (X, ||- ||,) is also Cauchy in (X, || - ||;) and any dense subspace

of (X, ||]|,) is also dense in (X, ||-||,). Two norms are called equivalent if there exists ¢ > 1 s.t.

1
Sl < Afll < clfll, VieX

Theorem 1.22. Given X finite-dimensional normed space, all norms defined on X are equivalent.

Proposition 1.23 (Absolute Convergence). Let X be a Banach space and suppose { f,,}nen C X
N
be a sequence satisfying Y || fullx < +00. Then ) f, := lim »_ f, exists.

n€EN neN — O p=1

'TAll convergent sequences are also Cauchy, but the converse is not trivial in general!
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Definition 1.18 (Completion). Let X be an incomplete normed space and denote with X, X¢,
the vector spaces of the Cauchy sequences in X and the Cauchy sequences in X converging to 0,

respectively. One defines X the completion of X according to its norm ||- || as

X = XC/XCO’

namely, we identify Cauchy sequences whose difference converges to zero. Additionally, given

T = [c] € X, where ¢ = {c, }nen € X stands for a representative of the equivalence class, the

map || Z]| := lim ||¢,||, defines a norm in X (which does not depend on the equivalence class)
n—o0o _
and one has that (X, || - ||) is a Banach space.

LINEAR OPERATORS

Definition 1.19 (Linear maps). Given X, Y two normed spaces, we denote by .2’ (X, Y) the set
of linear maps between a subset of X and Y, namely A: ©(A) C X —Y

Ac ZL(X)Y) < Alaf+Bg)=a(Af)+B(Ag)eY, Va,BeC, f,geD(A).
Z(X) shall be a shortcut for £ (X, X). For any A € Z(X,Y) we denote by

D(A) C X the domain of A, namely a linear subset in which A is well-defined,
ran(A) the range of A, namely ran(A):={geY |3 feD(A) st. Af =g},
ker(A) :={f € ®(A)| Af =0} denotes the kernel (or null space) of A.

Moreover, the vector space .2’ (X, Y') can be equipped with the operator norm defined as follows

HAHK(X,Y) = sup [|Aflly-
fED(A):
Il x=1

Definition 1.20 (Bounded Operators). We denote by (X, Y") the space of linear maps between a
subspace of X and Y (both normed spaces), which are bounded according to the norm |- [| & y-
Also in this case, % (X) shall correspond to # (X, X).

Theorem 1.24. Given X a finite-dimensional normed space, one has £ (X,Y) = B(X,Y).
Proposition 1.25. #(X,Y') is a Banach space with respect to || - || sxy) ifY is Banach.

According to the previous definition we have that the space (X, C) corresponds to the set of
linear and bounded functionals defined on X. This space is called the dual of X and it is also

sometimes denoted by X *. Moreover, proposition [[.25]implies X * is a Banach, even if X is not.

Remark 1.13. Given X a normed space, another natural notion of convergence in X arises at

this point. We say that a sequence { f,},en C X converges weakly ro f € X if
[0(fa) —(f)] — 0,  Vee X"
n — 0o
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Foundations of Quantum Mechanics

In this case the so-called weak topology is naturally induced

Tw = {Bg(fo) | fo€ X, R>0},  Bg(fo) :={f € X[|((f) - L(fo)| <R, VieX'}

Clearly, this is a weaker notion of convergence, since for all { € X*
R O i P Ty T — )

Proposition 1.26. Given A€ Z(Z,Y) and B € £ (X, Z) one has AB:=AoB e Z(X,Y)and

IABl| 1 x.yvy < 1Al gzv) 1Bl #x,2) -
In particular, one has that the product of two bounded operators is bounded.

Definition 1.21 (Banach Algebra). A given X Banach space equipped with a product is called a
Banach algebra if such a product fulfils for any a,b,c € X

* associativity: (ab)c = a(bc), «a(ab) = (aa)b=a(ab), YVaeC;

e distributivity: (a +b)c =ac+be, a(b+c¢) =ab+ac;

+ continuity: [|abl| < [lally [bll-

Notice that this product is not commutative in general: ab # ba.

An example of Banach algebra is the space of bounded operators % (X ) with X Banach, endowed

with the product by composition. This kind of Banach algebra has an identity element

Ix:fr—=f xllgx =1

Proposition 1.27. Let the function f: C — C be represented by a power series with radius of
convergencd] R > 0

f)=)_ £,  |d<R

JENp

Moreover, let A € B (X) be s.t. || Al g < R Therﬁ because of propositions and

> HA = f(A) € B(X).

Jj€Np

Definition 1.22 (Invertibility). We call a densely-defined, injective map A € Z(X,Y)
* invertible if ran(A) is dense in Y. In this case there exists a unique densely-defined injective
map A~ € Z(Y, X) such that D(A™1) = ran(A), ran(A™!) = D(A) and

AATWp =, Vi eran(d), A lAp=¢, VoecDA);

* boundedly invertible if there exists a unique injective operator A~! € (Y, X) such that
ran(A~1) = D(A) and

AA ' =1y, A 4¢=¢, VoéeDA).

12We remind that such a series converges absolutely if z is in a compact contained in the open disk of radius R.
13 A map in .Z(X) raised to the zero power is by definition the identity map 1 x.

Page 11



‘ ‘ ! D. Ferretti

Proposition 1.28. Given A € £ (X,Y') densely-defined, one has

i) A is injective iff ker(A) = {0}. Moreover, ker(A) is closed according to the topology
induced by |||y if A € B(X,Y);

ii) Ais boundedly invertible iff ran(A) is dense and there is some ¢ > 0 s.t. |AY|ly > ¢

inf
PeD(4)
iii) A is boundedly invertible if there exists some B € £ (X,Y') boundedly invertible satisfying
sup || Az — BM’Y HBAHE(Y,X) <1l

YED(A)ND(B):
1l x =1

Definition 1.23 (Continuity). A € Z(X,Y) is continuous if, given { f,,},,en C ©(A), one has

fo—— fin X, with fe D(A) = Af, —— Af inY.

n— o0 n— oo

Proposition 1.29 (Boundedness is Continuity). A linear map is continuous iff it is bounded.

Definition 1.24. Given A, A € Z(X,Y) we say that A is an extension of A if
- Af = Af,  V[eD(A);

* D(A) CD(A).
In this case we denote A C A. Itis clear that A = Aiff A C Aand A C A.

Theorem 1.30 (BLT - Bounded, Linear Transform). Given A € #(X,Y), with Y a Banach
space and ©(A) dense in X, there exists a extension A € B(X,Y) s.t. O(A) = X and

HAH_Z(X,Y) = HAHX(XY)'
Remark 1.14. According to theorem there is no ambiguity in providing a densely-defined

and bounded operator, since there exists only one possible norm-preserving extension everywhere-
defined.

Theorem 1.31 (Banach-Steinhaus). Let X be a Banach space and Y a normed space. Given a

family of bounded operators F' C % (X,Y) fulfilling sup ||Af|ly < +oo for any fixed f € X,
AcF

then

sup [|A]] g x,y) < +o0.
AcF

1.3 HILBERT SPACES

Definition 1.25 (Sesquilinear Forms). Let § be a vector space over C. Amap s: H x §H — Cis

said a sesquilinear form if it is anti-linear in its first VariableEr] and linear in the second one, i.e.

1%This is the convention adopted by physicists.
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¢ 8(a1f1 +a2f27g) = @18(f17g) +@28(f2ag)’ vfl)f?ag € 57 Q1,0 € Cv

s(f,ongr + aaga) = ars(f,g1) + aas(f, g2), V£ 91,92 €9, a,ay €C.

Definition 1.26 (Inner Product). A sesquilinear form in $) is said
* positive if  s(f, f) > 0, Vfen~{0}
« symmetric if  s(f,g) = s(g, f), VfgeH.
A positive and symmetric sesquilinear form (-, -)g is called inner product.

Definition 1.27 (pre-Hilbert Space). A complex vector space that is endowed with an inner

product is said a pre-Hilbert space.

Notice that any pre-Hilbert space is also normed, since one always has the induced norm
[-lg = V{5 s
Proposition 1.32 (Cauchy-Schwarz-Bunjakowski inequality). Let $) be a pre-Hilbert space and

f,q € 9. Then,
[(Fy adsl < N Fllg llglls -

Moreover, equality holds iff f = ag for some oo € C or g = 0.

Theorem 1.33 (Jordan-Von Neumann). Let X be a normed space. Then, X is a pre-Hilbert space
(namely, there exists an inner product associated with || - || ) iff the parallelogram identity holds,
ie.

If +allx + 1 —glx =21fIx +2llglx. VSgeX

In this case the inner product is defined via the polarization identity

{f, 9)x = i (If + g% = I1f = allx + il f —iglly —illf +iglx)-

Definition 1.28 (Hilbert Spaces). Given §) a pre-Hilbert space, it is called Hilbert space if it is

complete according to the norm induced by its inner product.

Theorem 1.34 (Riesz). Given $) a Hilbert space, for any linear and continuous functional { € $*

there exists a unique vector p; € ) s.t. for any ¥ € )

(W) = (e Vs, el = 1l 5.0y -

Remark 1.15. Notice that, owing to propositionm given a convergent sequence { f, }nen C 9
in a Hilbert space with f, —— f € $, we also have hm (fn, 9 s = {f, 9)5, namely, the map
fr—{f, g)sis contlnuou@for any g € .

Moreover, because of theorem [1.34] the weak convergence in a Hilbert space is represented in
terms of inner products

lim ((¢,) = (), VL€ H = Tim (o, ) = (@, ), Yo €N

n— 00

SClearly the same is true for any map sending g — (f, g)s with fixed f € $.
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We denote a sequence {t, },en C $ weakly converging to ¢ € §) in the following way

Y ——
n — 00

Proposition 1.35. Given $) Hilbert space, let ) € $ and {{,}nen C 9 s.t. 1, —— ). Then,
n— oo
i) [|¥]lg < liminf [|1y |4 ; <— The norm is lower semi-continuous in the weak topology
n— 00
ii) sup |9l < +00;
neN
iii) v, —— — limsup [|[¥nllg < |94 ;
B=E€ n— oo

iv) if {n}nen C 9 is such that ¢ —— ¢ € $, one has im (¢y, Pn)s = (1, P)s.

ORTHOGONAL SUBSPACES

Definition 1.29 (Orthogonal Complement). Let M be a proper subset of a complex Hilbert space
$). We denote its orthogonal complement by M+ := {¢p € | (¥, ¢)y =0, Ve € M}.

Remark 1.16. Let M be a proper subset of $), complex Hilbert space. Then
* M~ is closed according to the topology induced by ||-||;, because of the continuity of the
inner product;
» M+ defines a Hilbert subspace of §;
o M is dense in $) iff M+ = {0};
o M+ = M, namely the closure of M according to the norm ||- -
Exploiting this last property one can also prove that M is closed iff every weakly converging

Cauchy sequence in M has limit in M.

Theorem 1.36. Suppose $ a complex Hilbert space and M C $) closed. Then, there exists a
unique decompositio of any vector i) € $) so that

Y=+, @/)//GM,@/)LEML.

Additionally,
min |14 = ¢l = ¥ = wylls = Yulls.

Definition 1.30 (Orthogonal Projections). We say that P € % ($)) is an orthogonal projection if

PQZP) <Pw7 @)ﬁ:<w7 P@)-VJ? V@a¢€ﬁ

Proposition 1.37. Suppose P € () orthogonal projection with P # 0 and set M = ran(P).
Then,

i) | Pllggy=1

16Tn this situation we write ) = M & M~+.
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ii) Py =1 forally € M and M is closed;
iii) ¢ € M+ implies P € M+ and thus P € M N M+ = {0}.

Definition 1.31 (Direct Sum). Let $; and $, be two complex Hilbert spaces. We define their
(orthogonal) direct sum £); @ $)2 as the space composed of couples (11, 102) € $; X 2 endowed

with the inner product

(1, 2), (@1, 02))me5: = V1, ©1)5, + (P2, ©2)5,-

Unsurprisingly, ;@ $2 is a Hilbert space. It is a common use to write ¢); + 15 instead of (¢, 12)
thinking of $); and $), as two orthogonal and complementary Hilbert subspaces of the bigger
Hilbert space $); @ 9.

More generally, given {),, } ,cn a set of (at most) countable complex Hilbert spaces, we define

P 9n :={zwm Un € Hn ZHwn||;n<+oo}

neN neN neN

where the inner product is

< Z s 2 wk>€B = Z <§0n7 %)m

jEN keN neN

Definition 1.32 (Tensor Product). Let £, and $), be two complex Hilbert spaces. Let %, (1, $2)

be given by the set of linear combinations of n couples in 1 X )2

Fn($91,92) = {i:laj (%’7%’) W’ja@j) €N XNy, aj € C}-

Then consider the quotient

U yn(ﬁhf)2)/N,

neN

where the equivalence is described in the following
* (Y1492, 0) ~ (Y1,0) + (Y2, 0);
* (¥, 01+ @2) ~ (U, 01) + (¥, 02);

o (), ) ~ (¥, ) ~ (Y, ap), aeC.

We define the tensor product §); ® $) as the completion of nLEJN‘gz n (91, yj2>/N according to the

norm induced by the inner product

((W1,92), (01, 02)) 5189 = (Y1, 1)6, (Y2, ¥2)52-
A couple (¢, @) € $H;® $H, is denoted by ¥ ® .

Remark 1.17. Notice that, as simple cases, one has @ C = (5(N) and H @ C"* = H".
neN
Moreover, an equality 1 ® p = ' ® ¢’ holds when there is some o € C . {0} such that = ay)/

and p = a~ 1y
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Definition 1.33 (Unitary Operator). A bijective map U € Z (£, H2) is said a unitary operator

between two complex Hilbert spaces if

<US07 U¢>f)2 = <90a 77D>5§17 VSOJ/J € ~617

or, equivalently (due to the polarization identity), if

U, = 1¥llg,, V€
In this case $); and ), are said to be unitarily equivalent through U.

Proposition 1.38. Given $1, 9o complex Hilbert spaces and M C §),, one has
UM+ = (UM)*, VU € B($H1,92) unitary.

Remark 1.18. Because of the previous proposition one has that, whenever two Hilbert spaces are
unitarily equivalent, each orthogonal subspace in )1 has its own unitarily equivalent representa-

tion in $)s, so that the structure of the orthogonal components is preserved.

COMPLETE ORTHONORMAL SYSTEMS

Lemma 1.39. Let {¢; i1 be an orthonormal se in a complex Hilbert space §). Then for any
1 € $) one has

n

¢=¢//+¢L7 1/}//: Z<90j71/1>.690j7 <90j777bi>5§:07 VjE{l,...,n}.

J=1

Additionally,

2 2, <
Yl = llvolly + le<%7 sl
]:
Remark 1.19. Notice that in the previous lemma, for any ¢ € span{y;} one has

1Y = ¢l = ll¥ll,

since equality is attained for ¢ = 1y because of theorem

Moreover, there holds the so called Bessel inequality

2 n
191l = 2 15, U)ol
J:
This implies that everﬁ in case n — 0o, the series Z;’il [(@;, ¥)s|* converges. In particular,

13 i VYo @ill3 = D05 (@i, ) |* for any n,m €N, hence {377 (@), V)5 @j}nen is
a Cauchy sequence in $) iff {377, [{p;, ¥)s|* tnen is Cauchy in R
In other words, Z(;L (pj, V)g p; is a well-defined vector in $).

In the sense that (p;, ¢r)s = 0k, Vi ke {l,...,n}.
'® Actually, the Bessel inequality implies that 3° . ;|(;, 1) |* converges for any interval J. Indeed, in this case,

(@5, ¥) s # 0 at most for a countable number of indices j € J.
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Theorem 1.40 (Complete Orthonormal System). Given {¢;};en an orthonormal set in the com-

plex Hilbert space %), the following statements are equivalent

i) span{y;};en is dense in $);

ii) Vi € Honehas ="y (@;, V)s ¥;; — {{pj,¥)5}jen€ L2(N) are the Fourier coefficients.
jEN
iii) ¥ ¢, € $ one has (9, V)s = D (@, vi)s{®i, V)& +— Parseval equality.
JEN

) (p;, ¥) =0, VjeN = ¢ =0.

The previous theorem also holds for an orthonormal set {¢; } ;< ; with J interval.

A complete orthonormal system is also called an orthonormal basis.

Theorem 1.41. Every Hilbert space has an orthonormal basis. If a basis is countable, then every
other possible basis is. The dimension of a Hilbert space is the number of elements composing the

basis.
Definition 1.34 (Separability). A Hilbert space with a countable orthonormal basis is separable.

Remark 1.20. Every infinite-dimensional, separable and complex Hilbert space §) is unitarily

equivalent to (5(N). Indeed, let {¢;};cn C $ be an orthonormal basis, then define the operator
U:H—6(N),  U:¢— {{p), ¥)}jen.
One can prove that U is a bijection and there holds HU¢HZ(N) = ien l9i V)sl* = ‘WH; :

Proposition 1.42. Given an orthonormal basis {¢;}jen in a complex, separable Hilbert space

$), one has that any operator A € (%) is uniquely characterized by its matrix-elements A;; :=
(pi, Apj)g since for all 1 € $

AY =3 a;() pj,  where a;() = 3 Aj ok, V).

jEN EEN

However, % ($) is not separable if dim $) = + oo (we do not have a countable base for % (5))).

Proposition 1.43. If {¢; }jen and { @y }ren are two orthonormal bases for $) and $, respectively,
then the set {0;® P} (j,k)en2 is an orthonormal basis for £ @ 9.

1.4 OPERATOR TOPOLOGIES

In this section we provide a brief description of the major families of bounded operators one

could deal with, highlighting their main properties.

Definition 1.35 (Adjoint Operator). Given two Hilbert spaces 1,2 and a bounded operator
A € B(91,92), we define its adjoint A* € B (9, 1) as

(0, A"y, = (Ap, ¥)g,, YV € N1, € Ho.
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Proposition 1.44. Let A, B € (91, 92) and C € B (92, 93). Then,
i) (A+B)" = A*+ B, (aA)" =aA*, VaeC;
i) A = A,
iii) (CA)" = A*C* € B (93, 91);
iv) ker(A*) = ran(A)*;
v) ||A||?7(51,52) = ||A*A||z(m) - ||AA*||£Z(.62)'

Remark 1.21. In particular, there also holds || Al| 4, 5,) = A" 46, .6,) - Indeed,

2 * * *
1Al 25,,50) = 1AA™ | ) S NAl s ) 1A N 00y = AlLs9,90) < 1A 0,50

hence, in particular one also has || A*|| 45, 51y < 1A | 46,60 = Al A,.50)» Providing the

result. This means that the anti-linear map * : A — A* is continuous in A ($1, ).

Definition 1.36 (C*-algebra). Given a Banach algebra a and an involution * (i.e. a map equal to
its inverse), we say that (a,*) is a C*-algebra if

* (a+b)* =a*+ b, (va)* =aa*, VaeC,

o (ab)* =b*a”,

* llallg = lla*all, = laa*l,-
Definition 1.37. A sub-algebra of the C*-algebra (a,*) is said an ideal i C a if
abei, ba€i, Vaei bea.

Moreover, if 1 is closed under the involution it is said a *-ideal.

A *-homomorphism is a map h: (a,**) — (b, *?) such that
h(ab) = h(a)h(b), h(a*) = h(a)*.

In particular, if there exists an identity element e € a and b is *-homomorphic to a, then also b

must have an identity element, e.g. h(e) (h is not necessarily injective).

Remark 1.22. If there exists an identity element in the Banach algebrae € a:ea=a, VYa€a
(or neutral element), then ee* = e* and (ee*)* = e, therefore e = e*. This also implies that for

any invertible b € a one has b* is invertible, since
blo=bbl=e = bO )V =0H=e = GBH=0"N
As an example, () is a C*-algebra if equipped with the anti-linear map * : A — A*.

Definition 1.38. An element a of a C*-algebra (a,*) is said to be

e normal, if aa* = a*a,
* self-adjoint, if a* =a,
* unitary, if a‘a = aa* = e,
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* orthogonal projection, if a®=a=a",

* non-negative, if dbea: a=0b.
Proposition 1.45 (Characterization of Normal Operators). Given N € A (5)), one has
NN*=N'N <= [[NY||l g =IN"Ylgg, VYEH.

The same result can be generalized for N € Z($)) in case D(N) = D(N*), provided a proper

definition of the adjoint for densely-defined linear maps that shall be disclosed in section [2.1

Definition 1.39 (Compact Operators). A bounded operator K € % ()1, £),) is said compact if

V{tn}tnen C H1: ?ﬁnm@Dth, Kiﬁnmfﬁb in .

Remark 1.23. By definition, given By € % ($2,93), Bs € B (93,91) two bounded operators
and K € (91, $2) compact one has

B1K € B($1,93) is compact, KBy € #($3,$2) is compact.
For instance, the set of self-adjoint compact operators is a *-ideal of (B ($),”).

Theorem 1.46 (Canonical Form of Compact Operators). Let K € B ($1,$2) be compact. Then

there exists a couple of orthonormal sets {¢, }nen C 91, {@ntnen C 92 and positive numbers

{80 (K) }nen C loo(N) such that

K = ZSH(K><¢W '>f,)1§0n7 K* = Z Sn(K)<90na '>5§2 ¢n'

neN neN

Moreover; there holds || K| 4, 4,)= max $n(K).

One has K¢; = s;(K)p; and K*p; = s;(K)¢;, hence s;(K), which are called the singular
values of /&, are defined as the square root of the eigenvalues of K K* € A ($3) or K*K € % ($1).
A compact operator is said of finite rank in case its singular values are eventually zero.

In case K € () is self-adjoint one can choose ¢,, = 0, ¢y, with o, € {—1,1} so that ; s;(K)
are the eigenvalues of K. Together with proposition[I.42]this argument proves the following result.

Proposition 1.47. Let A € B () be self-adjoint. Then
A is compact <= there exists an orthonormal basis of eigenvectors of A.

Definition 1.40 (Operators Topologies). Given A € Z($1, $2) and a sequence of linear maps
A, € Z(91,9) Wiﬂ'ﬂ@(/l) = liminf ®(A4,,), we say that
n— oo

» A, converges uniformly to A, denoting A, —— A if

n— o0

Ve>0 INeN:Vn>N Sup{||An¢—A@/J||m v € N DA, [9ll,,= 1} <e

Here, given a sequence of sets {S,, }, ey we mean liminf S, := (J [ Sj.
aadcS neNj>n
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» A, converges strongly to A, denoting A, —— A if

n— 00

Ve>0 INEN:Vn>N A — Al <e, Ve N D(A4,);

n>N

» A, converges weakly to A, denoting A, —— A if

n — 00

Ve>0 INEN: V>N |(p, Auth — A)s,| <€, Vo € Hy, Voo ) D(Ay).

n>N

Remark 1.24. As suggested by the names, the uniform convergence implies strong convergence

which also implies the weak one. Additionally,

o if {A }neny C B(9H1,92) and A, —— A € B(H1,92), as a consequence of proposi-
n— o0

tion|1.20} one has || Ay || 45, 5, — 1Al 455,550

o similarly, given {A,}nen C L (91, 92) such that A, —— A € L (91, 9), one has

n— oo

|Anp — AP|%. = | Antl%, — 2Re (AY, Auth)s, + [|AY[Z,, Vi € D(A) ND(A,),

hence, since one also has A, —— A, the previous expression implies
n— oo

Ve>0 INeN:Vn>N |40, |Adll,,l<e,  Vee N D(A).

n>N

Remark 1.25. Given {A,},en C L (H1,92) s.t. A, —— A€ L(H1,92) and K € B (2, 93)

n— o
compact, one has

KA, —— KAc Z($1,93).

n — o0

Proposition 1.48. Consider {A,}pen C B (92, 93) such that A, —>— A € B ($2,9s3) and
n— oo
Ke%(ﬁl,ﬁg). Then
A K —— AK € #(91,93) <= K iscompact.

n— o0

Additionally, in case { Ay Ynen C B (92) are normal with A, —— A € B (), one also has

n— 00

KA, —— KA € #($9,91) <= K iscompact.
n— oo

Proposition 1.49 (The Space of Compact Operators is Closed). Let { K, },,en C B ($H1,92) be a
sequence of compact operators such that K,, —— K € B ($1,9s). Then, K is compact.
n— o0

Corollary 1.50. One can always write a compact operator as a limit of finite rank operators.

Remark 1.26. Suppose {A,}nen C B(H1,92) and A € B (91, 92). Then, the anti-linear map

* 1 A —— A* is continuous in the weak-operator topology, namely

A, —— A = AT " A%

n — 00 n— 00

However, this is not the case for the strong-operator topology, unless we restrict ourselves to the

set of normal operators (see proposition [I.43)).
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Proposition 1.51. Let {A, },en C B (91, 92) be a sequence of bounded operators. Then,
i) if {A, }nen is Cauchy in the weak-operator topology, then sup ||An||$(f31 6g) < 003
neN ’

i) Ay n;"oo A — HA”£(~"J1,~62) s lggio%f ”A”“f(fn,fm) ;
iii) if sup [|An|l g5, 5,) < +00 and Aptp ——— At in $, for any 1 in a dense subspace of 1,
neN ? n— oo

one has A, —— A.

n— oo

Proposition 1.52. Let {A, }hen C B (H1,92) and { B, }nen C B (93, 91). Then,
i) A, —— Aand B, —— B = A,B, —— AB;
n— oo n — 00 n— oo

i) A, —— Aand B, —-—— B — A,B, —— AB;

n— o0 n — 00 n— o0

iii) A, —— Aand B, —— B =— A,B, —— AB.

n— o0 n — o0 n— o0

We can notice that the product by composition is continuous in the strong-operator topology (we

already know that it is continuous in the uniform-operator topology too).

Definition 1.41 (One-Parameter, Strongly-Continuous Unitary Group). A one-parameter, strongly
continuous unitary group is defined as a family of unitary operators {U (t) };cr C B ($) satisfying
* U(0) = 1g;
s U(t+s)=U)U(s)=U(s)U(1); <— hence U(t)~'=U(-t), by picking s=—t.
$ U(t) = Ults).
The above definition identifies a group, since
* there exists the neutral element U(0);
* the operation of the group, namely the product by composition, is associative;
» for any element U (¢) there exists its inverse U (—t).

To such a (abelian) group there can always be associate an infinitesimal generator

e YO 1 _ 1 Uo—o
Gy i=ilim =2, VyeD(G) ={pecH|3 Jim Me=el.
Remark 1.27. Assume for simplicity that G € B (). Then, it is straightforward to see that G is
self-adjoint (we shall provide the notion of self-adjointness for unbounded operators in the next

chapter).

Theorem 1.53 (Stone’s theorem). Suppose U (-) is a strongly continuous, one-parameter unitary
group on $). Then, the associated infinitesimal generator A is densely defined and self-adjoint and
U(t)=e " forallt € R.

Remark 1.28. The Stone’s theorem ensures that, given a generator, there is only one correspond-

ing strongly continuous, one-parameter unitary group.

Corollary 1.54. Suppose U(t) = e~ "' leaves invariant a dense subset ® C D(A). Then, A is
essentially self-adjoint on ®.
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Definition 1.42 (Unitary Representations). Given a group (G, -), we say that p: G— Z () is a
unitary-representation of GG in §) itFEI

> pg € H($) is a unitary operator for all g € G;

* p. = 1y, if eisthe neutral element of G (namely,e-g=g-e=g, Vge€Qq);

* PsPt = Ps-t Vs, ted. <— hence p,_1=p;!

Remark 1.29. Notice that, given the (abelian) group of symmetry of translations in the real axis,
i.e. (R, +), one has that a one-parameter, strongly-continuous unitary group {U (t) }+cr C % (9)
is, by definition, a unitary-representation of (R, +) in $.

Definition 1.43 (Equivalent Representations). We say that two unitary-representations of the same

group p: G—AB(9), p': G— B ($)) are equivalent if
JU € #(9H,%') unitary operators.t.  p, U = Up,, VgeQqG.

Definition 1.44 (Irreducible Representations). A unitary-representation p of a group (G, -) in the
complex Hilbert space ) is said reducible if there exists a proper Hilbert subspace X C §) s.t.

P € X, ViyeX, ged.
Similarly, p is said irreducible if it is not reducible.

Remark 1.30. A given reducible unitary-representation p: G — % (%)) can be written in terms

of its@ (at most countably many) irreducible unitary-representations {0’} as follows

pg=> 0P, VgeQG,

jEN

with {P;};en orthogonal projections satisfying P;P, = 0;,P; and > P; = 14 (if {0’} are fi-
jeN

nitely many, P; is eventually the zero operator in this notation).

In other words, because of proposition the irreducible unitary-representations induce a de-

composition of §) in terms of orthogonal subspaces

5=E9%, 9 :=ran(p).

JEN

2In case (3 has infinite elements and it is a Hausdorff topological group, we also require the unitary representation
to be a strongly-continuous homomorphism: if {g, }nen C Gis s.t. g, —— g € G, then py, — B
n — 00 n — 00

2I'Such a decomposition is not unique!
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2. AXIOMS OF QUANTUM MECHANICS

Here we provide the Von Neumann (axiomatic) formulation of Quantum Mechanics (1955).

1. Pure states. Given $) a complex and separable Hilbert space, the associated

with an isolated physical system is represented, at a fixed time, by a vector (or unit ray)

iy e 0enl llols=1,  with
pr~py =  FOc0,2n): ¢p1= el

2. Observables. Every a is represented by a linear map A € Z($)) defined max-
imally on a dense subset ©(A). The expectation value for a measurement of a, when the
system is in the pure state [¢)), 1) € D(A) if]

Eyla] = (Y|AlY) = (¥, Ap)s € R.

3. Dynamics. The time-evolution is implemented by a strongly-continuous, one-parameter
unitary group {U(%)}+cr whose generator corresponds to the observable associated with the

energy of the system.

4. Measurement. When a measurement of an observable a is performed on a pure state
|6), ¢ € D(A) and the result of such a measurement is the number A € R, then the system
will in a pure state |¢), ¢ € D(A) which satisfies

Ap = dop.

Remark 2.1. One can also provide a description of quantum systems in a so-called mixed state,

where the knowledge of the system itself is not maximal.

Remark 2.2. We shall see that the second axiom actually identifies the class of densely-defined,
self-adjoint operators.

At this point we just mention that requiring (1, A)g € R means

Im<w7 AQﬁ)ﬁ = Im<A¢, w>55: 07

hence
<¢7 A¢>ﬁ - <A77Z)7 ¢>5’J

! According to the Dirac notation (| := 1), and (¢ |)) = H’(/JH% = 1 does not depend on the equivalence class.
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Remark 2.3. Let H,D(H) € Z($) be the (time-independent) observable associated with the
energy of a system in the pure initial state |1o), 1y € D(H). Moreover, let {U(t)}icr be the
strongly-continuous one-parameter unitary group describing the dynamics. Then the Schrodinger

equation

i 5 1e) = M), v € D(H)
is solved (uniquely) by |1;) = U(t)|vo) for all t € R. Indeed, by construction

Ut+s)%o = U)o _ . Uls) —1s

S s—0 S

iU ()4 = i lim (t)vo = HU(t)to.

Conversely, because of Stone’s theorem we know the dynamics is given by U(t) = e~*"!, so that
for any initial pure stateﬂ|@/)g>, o € ) we have the time-evolution given by |i;) = U (t)|¢g). We
will provide the meaning of a function of an unbounded operator in section

Notice that the dynamics is a unitary representation of the symmetry associated with the group of

time-translations (we are indeed assuming a time-independent Hamiltonian).

Remark 2.4. The last axiom is an abdication of the theory in describing universally the phe-
nomena of reality, since it makes distinction between the quantum (microscopic) world and the

measuring apparatus (which is macroscopic and outside the theory).

In light of remark [2.2] a further understanding of the notion of self-adjointness in .Z () \ % ()
is required. However, for unbounded linear maps we don’t have the BLT theorem [1.30] therefore
A € Z(91,92) is not ambiguous only in a given domain of definition D (A).

We denote by A, ©(A) such an unbounded operator (sometimes it is written as A | D (A)).

2.1 UNBOUNDED OPERATORS

Definition 2.1 (Symmetric Operator). A densely-defined operator A, D(A) € .Z($) is said sym-

metric (or hermitian) if
(p, AP}y = (Ap, )5, Y, € D(A).
Proposition 2.1. A, D(A) € Z(9) is symmetric iff (v, AY)g €R for each ) € D(A).

However, a symmetric operator cannot be associated with an observable, since we still need to

require maximal definition (namely, such a symmetric operator must not have a proper extension).

2From one hand a pure state satisfying the Schrodinger equation at time ¢ must be in D (), whereas the dynamics

define the evolution in all $) (since it is bounded).
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CLOSEDNESS

Definition 2.2 (Closed Operator). Given a densely-defined 7,©(7) € £ (91, 92) we say that
T,9(T) is closed if V{1, },eny C ©(T) such that ¢, —— 1) in $); one has
n— oo

1Ty — ¢|ls,—— 0 forsome p € H; = Y eDT) A p=Ty.
n— oo
In other words, 7', ©(T") is closed if for any convergent sequence in ), that makes convergent the

sequence {71y, }nen C H2, one finds the limit of v, in ©(7") (in principle it is only in £);).

This is the closest property to continuity one can demand for unbounded operators.

Definition 2.3 (Closable Operator). An operator A, ©(A) € Z (91, H2) is closable if there exists
an extension A, D(A) € £ ($,, ) that is closed.

Definition 2.4 (Graph). Given A, D(A) € Z($1, $2), we define its graph sef|as
G(A) ={(y,AY) € Hx H2| Y € D(A)}.
One can also introduce the graph norm in the subspace ©(A) as
19 llgea = 1915, + 14%Il5,, Vo € D(A).
Definition 2.5 (Closure of an Operator). Given a closable operator A, D(A) € Z (91, H2) we
define its closure A, D(A) € Z($1, H2) as the unique closed extension of A, D(A) satisfying

ACA, G(A) =9 (A).
Here the topology that selects the closed sets in £); X )5 is the one induced by the graph norm.

Proposition 2.2. Any closed operator has closed graph and closed kernel.

Proposition 2.3. Given A, D(A) € £(H1,92) closed and B € B ($3,91). Then, the operator
AB,D(AB) € Z($3,%2) is closed, with ®(AB) = {¢ € 3| By € D(A)}.
Moreover, if C € B (99, $3) is boundedly-invertible, CA, D(A) € £ ($1,93) is closed.

Theorem 2.4 (Closed Graph). Given the operator A, $H, € L ($1,$2) one has
A€ AB(9H1,9) < A 9H isclosed.

There are indeed pathological examples for which an unbounded operator can be everywhere-
defined, if it is not closed. For instance, consider the separable Hilbert space $) with {goj } jeN an
orthonormal basis and B, the projection onto span{y,};con. Then let A, € Z($)) be given
by
¢ ¢
Sobpargp, if RBeenth = Y arpp, withl € N, {az}_, C C, {br}io, C2N;
Ay = ¢ k=1 k=1

0, otherwise.
In other words, if ¢ has a non-zero projection in the space of finite linear combinations of even
elements of the basis, A acts multiplying each term by its label, while it returns zero otherwise.

Since Ao, = 219, it is clear that || Apg,||; — +00, hence A, § is unbounded.
n— oo

*Notice that (4 (A), [|- ¢ (a)) € D(A) ® ran(A).
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Definition 2.6 (Adjoint Operator). Given a densely-defined operator A, D(A) € £ (H1, H2), its
adjoint A*, D(A*) € Z($2,91) is defined by

@(A*> = {w € 9o ‘ =|RVAS 1 <¢7 A90>f32 = <\Il7 30>f_)17 Vgp S Q(A)}a
A =0,
This definition is not well-posed if ©®(A) is not dense in $);, since there would be an orthogonal

complement of D (A) which makes ambiguous the definition of A*y) =¥ + o, withp, € D(A)*.

Remark 2.5. Observe that, given A, D(A), B,D(B) € £ (91, H2) densely-defined with A C B,
the condition in the definition of the domain for the adjoint operator must be stricter (holding in a

larger set) for B rather than A, resulting in a smaller domain B* C A*.

Proposition 2.5 (Closed Adjoint). For any densely-defined A, D(A) € £ ($1,$2) one has that
its adjoint A*, D(A*) € L (92,91) is closed. Moreover, A,D(A) is closable iff A*,D(A*) is
densely-defined, in which case one has A = A** and (A)" = A*.

Remark 2.6. We know that the adjoint of a bounded operator is bounded. Moreover; since A**= A
one has for any densely-defined and closable A,D(A) € £ ($1,$2) that

A€ B(H1,9:) = A" € B(H2,91).

Proposition 2.6. Any normal operator A, D(A) € Z(9) (namely, such that ©(A) = D(A*) and
AV, = [|A*|lg for all o € D(A)) is closed.

Proposition 2.7. Given A,D(A), B,D(B) € Z($H1,92) and C,D(C) € L (92, H3) all densely-
defined with ®(C A) = {¢p € D(A) | A € D(C)} dense in 1, one had]
i) A*+B*C (A+B)", (@A) = aA*, VaeC; — D(A+B)=D(A)ND(B)

ii) A*C* C (CA)%;

iii) ker(A*) = ran(A)*;

iv) if A,D(A) is invertible, then A*,D(A*) is invertible and (A*)~1= (A~1)".

Additionally, if A, D(A) is also closable with ker(A) = {0}, then (A)~' = A-1.

Remark 2.7. Proposition|2.7)iv) implies that the inverse of an invertible, closed operator is closed.

Proposition 2.8. Let A, D(A) €. Z($) be closed and =z € C. Suppose there exists ¢ > 0 such that
I(A=2)Ylls >cllvlly, Vi eD(A).
Then, ran(A — z) is a closed subspace of $).

Proposition 2.9. Ler S,D(S) € Z(9) be a symmetric operator. Then, S,D(S) is closable,
S,D(S) is also symmetric and there holds

SCScCs <— (S* may not be symmetric!)

“In points i) and ii) equality holds in case B and C' are bounded.
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In light of the previous proposition, we know that everywhere-defined symmetric operators must

be closed and therefore, thanks to theorem 2.4 one has

Proposition 2.10 (Hellinger-Toeplitz). An everywhere-defined symmetric operator is bounded.

SELF-ADJOINTNESS

Definition 2.7 (Self-Adjoint Operator). We say that a symmetric operator S, D(S) € Z(9) is self-
adjoint if S = S*. Additionally, we say that S, D(S) is essentially self-adjoint if S C S = S*.

Proposition 2.11. A self-adjoint operator is maximally defined.

Indeed, there is no way of finding a proper extension for a self-adjoint operator that is symmetric
since, assuming there exists a symmetric extension S, D (S5) € .Z($) of the self-adjoint operator
S, D(S) € Z($), one has

scsScsScs =S — S§=26.

Definition 2.8 (Positivity). A symmetric operator S, D(S) € £ () is non-negative (or positive
semi-definite) if
(¥, S)g 20, V¢ eD(9).

S, D(95) is said lower-bounded by v € R, or S > 7, if S — 71, D(S) is non-negative. Addition-
ally, S, D(5) is positive-definite if there exists v > 0 s.t. S > .

Remark 2.8. Because of proposition [2.7)iv), one has that if a self-adjoint operator is invertible

(i.e. injective in this case), then also its inverse is self-adjoint.

Theorem 2.12. Given S, D(S) € £($) a symmetric operator, it is essentially self-adjoint iff one
has that S — z,9(S) and S — z,9(S) are boundedly invertible for some z € C \. R. Moreover,

ran(S — z) =ran(S — 2) and S,D(S) isclosed <= ran(S—z) is closed.
If S > a for some a € R, z can also be chosen in the interval (- 00, a).

In particular, a positive operator is essentially self-adjoint iff it is boundedly invertible.

Proposition 2.13. Suppose A, D(A) € L($1,$2) densely-defined and closable operator. Then
A*A, D(A*A) € L ($:) is self-adjoint with D(A*A) = {1 € D(A) | A € D(A*)}.

Theorem 2.14. Let A, D(A) e L ($H) and U € B (5, $)') unitary. Setting A', D(A') e L($)') as
DA)={Yen Uy eDA}=UD(4), AY=UAU",

one has A, D(A) is (essentially) self-adjoint iff A, D(A’) is (essentially) self-adjoint.
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Theorem 2.15 (Criterion for self-adjointness). Let S,D(S) € Z(9) be a symmetric operator.
Then, if there exists z € C \ R s.1.

i) ker(S*— z)= ker(S*— z) = {0} we have S,D(95) is essentially self-adjoint;

ii) ran(S — z) =ran(S — z) =9 we have S,D(S) is self-adjoint.

If S > a for some a € R, z can also be chosen in the interval (-0, a).

The point i) of this theorem can be rewritten in light of proposition[2.7)iii) and remark[[.16]yielding

S, () is essentially self-adjoint if ran(S — z) = ran(S — z) = $) for some z € C \ R.

Corollary 2.16. Given S,9(S)€.Z(9) symmetric, if there exists an orthonormal basis of eigen-

vectors of S, then S is essentially self-adjoint.

Definition 2.9 (Relative Boundedness). Given A, D (A), B,D(B) € Z($) with D(A) CD(B),
we say that B, ©(B) is A-bounded (or relatively bounded with respect to A, ©(A)) if there exist
a,b> 0s.t.

1BY[lg < allAdlly+bllvllg, Vi € D(A).

The infimum of the values of a for which the previous upper bound holds is called A-bound of B.

Theorem 2.17 (Kato-Rellich). Let A, D(A) € Z($) be (essentially) self-adjoint and B,D(B) €
Z(9) symmetric and A-bounded with A-bound a < 1. Then, the operator A+ B, D(A) is (es-
sentially) self-adjoint. In this case, B,®(B) is called a Kato-small perturbation of A,©(A). In

case A, D(A) is bounded from below by v € R, then A+ B,9D(A) is bounded from below by

Y= max{a|7| + b7 13(1}‘

In order to obtain an observable from a symmetric operator S, D(.S) € .Z (%)), we need to find an
extension of S, ©(.S) that is self-adjoint. In case S, D(5) is essentially self-adjoint, by definition
we know that S, D(S) is the unique self-adjoint extension one could find, otherwise there might
be several (possibly infinite) distinct self-adjoint extensions for S, D (S), or none at all. In the

following we provide some sufficient conditions for the existence of such self-adjoint extensions.

Definition 2.10 (Deficiency indices). Given a symmetric operator S, D (S) € Z($)), we define its
deficiency indices 1+ (S) as

n+(S) := dimran(S 4 1) = dim ker(S* F 7).

In particular, in case 7, (S) = n_(.S) = 0, owing to theorem we know that S, D () is essen-
tially self-adjoint.

Theorem 2.18. Given a symmetric operator S,D(S) € L (9), there exists at least one self-adjoint
extension for S, D(S) if its deficiency indices 1+ (S) are equal to each other.

Definition 2.11 (Conjugation Map). An anti-linear involution is said a conjugation if it is an

isometry. Namely, C': ) — §) is a conjugation if
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* Clay +Bp) =aCy +BCyp,  a,B€C, p,9 €H;
o« (7 = 1g; <— this implies C is surjective: Yy €6 I p=CoeH: p=Cyp
* (Cp, C)g = (o, ¥)s, Yo, ¥ EH.

Additionally, an operator A, ©(A) € Z () is said C-real, with respect to the conjugation C' if
* CD(A) CD(A); +— actually ¢2=1, implies D(A4)=C2D(A)C CD(A), thus D(A)=CD(A)
» ACy = CAY, Vi € D(A).

Theorem 2.19. Let S, D(S) € Z(9) be a symmetric operator which is C-real for some conjug-

ation C. Then, there exists at least one self-adjoint extension for S, D(5).

Theorem 2.20 (Friedrichs Extension). Let S,D(S) € £ () be symmetric and lower-bounded
with S >~ € R. Then, there exists a unique self-adjoint extension which is lower bounded by .

From the physical point of view, axiom 2 associate the expectation of an observable in a pure state
with a specific quadratic form, that is a sesquilinear form evaluated with the same vector in both
its arguments. This suggests that one could rephrase the construction in terms of these objects
instead of self-adjoint operators. However, to this end, it is required to understand in which case
it is possible to associate a quadratic form to an observable. This shall be the content of the next

section.

2.2 QUADRATIC FORMS

Definition 2.12 (Quadratic Forms). Given $) a complex Hilbert space, amap ¢: Q C $H —C is
called a quadratic form if
+ glav] = laPaly], aeC veD;
* g+l +al— o] =2q[¥] +2q[¢],  Ve,¥ e
If ¢[¢)] € R for all ¢y € 9 and Q is dense in ), we say that ¢ is hermitian.
Moreover, in case there exists 7 € R such that ¢[¢)] > v |WH523 for all ¢ € Q, we say that the

hermitian quadratic form ¢ is lower-bounded by .

Remark 2.9. Since a quadratic form q satisfies the parallelogram law, one can always associate
with it a sesquilinear form s, via the polarization identity. Additionally, such a sesquilinear form
must be symmetric in case q is hermitian. Finally, in case q is lower-bounded by v € R we can

define an inner product in Q given by

(@, ¥)g = 8¢(0,¥) + (1 = V), ¥)s-

Consequently, this inner product induce the norm
2 2
-1l = al-T+ @ =N 1-5-
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The completion of Q with respect to ||-||, shall be denoted by £),.
Observe that ||-||, is stronger than ||-| 5 in Q.

Definition 2.13 (Form Domain). Given A, ©(A) €. Z($) self-adjoint with A > v € R we set

qa: QA) CH—R as qa:— (VA—7o, VA—vP)s + 7 I¥ll5
and we call Q(A) = D(v/A—~v) D D(A) the form domain of A.

Definition 2.14. A quadratic form ¢: Q C $) — C is bounded in case

sup |g[¢]| < +oo0.
PeN:
llvlls =1

Clearly, in case g is hermitian and bounded, one has that |- [| , is equivalent to || -[|; -
Definition 2.15 (Relative Form-Boundedness). Given A, D(A) € Z () a self-adjoint operator
with A > v € R, a quadratic form ¢ : Q C  — C, with Q(A) C Q is called relatively

form-bounded with respect to ¢4 if there exist a, b > 0 such that

)l < aqal] + (0 —an) [lg, Yo €A
The infimum of the values of a for which the previous upper bound holds is said relative bound.

Definition 2.16. A lower-bounded quadratic form ¢: Q C $) — R is closable if for every Cauchy
sequence {1, }nen C Q with respect to || - || one haﬂ

Yo ——0inH = |[Jth, — 0.

n— o0

In case a quadratic form ¢ is closable, one has its closure q: $,— R defined as

qy] = nh_{nooq[wn]? V{tntnen €O & ||thn— wm”qm 0, [[thn— waJm 0.

Remark 2.10. We stress that closability ensures that ), is an actual subspace of $). Indeed, con-
sider a Cauchy sequence { ¢, }nen CQ with respect to || - ||, (hence nli_}moo |pnll, exists) converging
to ® € $),. We know that ¢,, has limit in $), since ||-||, is stronger than ||- || , e.g. ¢n — o,
therefore one has

]2, = tim |62 = tim_glo] + (1) 813
Now, by way of contradiction suppose §), 2 ). This means we can find another Cauchy sequence

{®ntnen CQ with respect to ||-||, such that

6113, = Tm flgall2= lim_glp] + (1 - ) 8]

Indeed, o, —— ¢ in §) since ||-||5, is stronger than |- | o in $ N $4. Therefore, it is clear that
n— oo

|on— Gnllg—— 0 and, because of closability, ||on,— ¢n ||q———> 0. This means the two Cauchy
n— 00 n— oo
sequences { oy, tnen and { ¢y, tnen are equivalent, namely they have the same limit ® = ¢ € §). We

have just shown that ), C $), but this is a contradiction. Hence the hypothesis $), 2 $) is false.

>Since |||, is stronger than || -||; in Q, one has |4, |, —0 implies |95 || —0 but not the converse!
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Definition 2.17 (Closedness). A closable quadratic form ¢ : Q C £ — R is closed if £ is a

Banach space with respect to ||-||, or, equivalently, if §, = Q.

By construction, given a closable ¢: Q C $§ — R one has ¢: $, C $H — R is closed, since §, is

complete with respect to |||, .

Theorem 2.21. Given a self-adjoint operator A,D(A) € Z£($) such that A > v € R and a
hermitian quadratic form q: Q C $ — R that is relatively form-bounded with respect to q with
relative bound a < 1. Then, ga+ q: Q(A) C $H— R is closed and bounded from below.

Theorem 2.22 (KLMN- Kato, Lions, Lax, Milgram, Nelson). Let ¢: Q C $) — R be a lower-

bounded and closed quadratic form. Then, denoting by s, the sesquilinear form associated with

q, there exists a unique self-adjoint operator A, D (A) € £ ($)) such that

D(A) ={YeQ[IVenH: slpy)=(p Vs, Veel

A =0,
In particular, under the hypothesis of this theorem one has ¢[¢)] = (¢, Av)g for any ¢ € D(A)
(here Q DO D(A) is the form domain of A). Additionally, it is also true the converse: any self-

adjoint and lower-bounded operator is uniquely associated with a closed and bounded from below

quadratic form.

Corollary 2.23. Let q be a quadratic form as in theorem If q is also bounded, one obtains
that A, (A) is bounded as well, with

sup |q[v]| =||A )
sup o] = 4l
llllg=1

Remark 2.11. In particular, corollary implies that for self-adjoint operators there holds

||A||,$(.6): sup (¢, AY)sgl.
PYED(A):
I¥ll5=1

In conclusion,

Proposition 2.24. Given A,,,D(A,) € L($) a sequence of symmetric operators such that

Ve>0 IANEN:Vn>N |qa 0] —av]l<e, Vo€ QA,)

n>N

for some lower-bounded and closed quadratic form q : liminf Q(A,) C $ — R, one has
n— 0o

A, —=— A, namely, the unique self-adjoint and lower-bounded operator associated with q.
n— oo
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2.3 RESOLVENTS AND SPECTRA

Definition 2.18 (Resolvent Set). Let A, D(A) € Z () be a closed operator. The resolvent set is
0(A):={z€C| A— 2z,D(A) is boundedly invertible}.
Moreover, we set the resolvent map R 4: o(A) — A ($) as
Ra:z+— (A—2)"L.

Remark 2.12. We stress that, because of remark IZE for any value z € C s.t. A— z,D(A) is
invertible, one has (A — z)™!, ran(A — 2) € Z(8) is closed. Hence, in order to have a bounded

inverse, it is enough to check that A — z is bijective, in light of theorem

Proposition 2.25 (Resolvent Identities). Let A, D, B,© € Z($) closed. Then,
i) Ra(2)" =Ra(2), Vze€o(A)={2€C|z€ (A}
i) Ra(z) — Ra(w) = (z —w)Ra(2)Ra(w) = (z — w)Ra(w)Ra(2),  Vz,w e o(A);
iii) Ra(z)—Rp(z) = Ra(2)(B—A)Rp(z) = Rp(2)(B—A)Ra(z),  Vz€ o(A)No(B).

Points ii) and iii) are called first and second resolvent identity, respectively.

Definition 2.19 (Spectrum). Let A, D (A) € £ () be closed. The spectrum is defined as
g(A) =C\ p(A4).

In particular, we decompose the spectrum as follows: 0(A) = 0,(A) U 0c(A) U 0yes(A), with

* 0,(A):={z€C|IYpeD(A): AY = 29, ¢ # 0}; <— A-z,D(4A) is not injective
* 0.(A)={z€C| ker(A—2z)={0}, ran(A—z) C § is dense}; <—¢E%1{A).||(A—z)w||ﬁ:o

* 0pes(A):i={2€C| ker(A—2)={0}, ran(A —2) C $ not dense}. 9]l g=1
We call them, respectively, point, continuous and residual spectra.
Additionally, in case dimker(A —z) =n > 1, z € 0,(A) is called eigenvalue of A, ©(A) with
multiplicity n (in case n = 1 it is a simple eigenvalue) and any non-null ¢ € D(A) satisfying
Azp = zv) is an eigenfunction associated with 2. In case |||, = 1, the unit ray |¢)) is called an
eigenstate of A, ©(A).

Remark 2.13. If A, D(A) € Z(9) is self-adjoint, we have o,.s(A) = (), owing to proposition

Theorem 2.26 (Unitary Equivalence). Let A, D(A) € ZL(9) closed and U € B (9, H') unitary.
Setting A, D (A") € L(9') the closed operator given by

DA)={Yen|UYeDA}=UDA), Ay =UAU*Y,
one has o(A) = 0(A’) and 5,(A) = 0,(4).
Definition 2.20. Given a self-adjoint operator A, ©(A) € Z () we say that
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* gaisc(A) is the set of isolated eigenvalues with finite multiplicity;
* Tess(A) = 0(A) N\ 0gisc(A).

In other words, ges(A) is the union between the continuous spectrum, the set of accumulation

points in 0,(A) and eigenvalues with infinite multiplicity. Moreover, o.s(A) is a closed set.

Proposition 2.27. Let A, D(A) € L ($) be closed. Then,
i) the resolvent set p(A) is open in C (hence, o(A) is closed);

i) [Ra()ll o) 2 Fwimocmyy V2 € o(A);
iii) RA(Z) = z (Z_Z())”RA(ZO)”‘H, VZ,ZO c Q(A) : ”RA<ZO)”3(.VJ) < m;
neNg

iv) if A,D(A) is bounded, then {z € C| [|Al| 455 < |2[} C 0(A) and for such values of = one

has the Neumann series i
Ral(z) = _Z L
J€No
Proposition 2.28. Let A, D (A) € .Z(9) be closed and invertible and B € B (5)). Then,
o (A {0}=(a(A)~ {0}, Ap=z¢p <= A=z, zeo,(A){0};
> RBB*(Z) = %(BRB*B(Z)B*— 1), RB*B(Z) = %(B*RBB*(Z)B — 1) and
o(BB*) ~ {0} = o(B*B) \. {0}.

Definition 2.21 (Compatible Observables). We say two bounded operators A, B € % ($)) com-
mute if AB — BA =: [A,B] = 0.In case A,D(A) and B,®(B) are unbounded, we say they

commute if there exist some z; € p(A) and 2, € o(B) s.t.
[Ra(21), R(22)] = [Ra-(21), Rp(22)] = [Ra(21), Rp+(22)] = 0.
Additionally, in case both A, D(A) and B, ®(B) are self-adjoint, they are said compatible.

Definition 2.22 (Singular Weyl Sequence). Given A, D(A) € £ () self-adjoint operator, we say
{¥n}tnen C D(A) with ||¢),]|, = 1 for all n € N is a Weyl sequence for A, D(A) if

| Ay, — 25| g—— 0, for some z € C.
n— oo

It is called a singular Weyl sequence if additionally there holds v,, —— 0.

n— 0o

Proposition 2.29. [f there exists a Weyl sequence for A, D (A) € £ (9), self-adjoint operator, with
parameter z € C, then one has z € o(A).

Moreover; if such a Weyl sequence is singular, then z € ges(A).

Proposition 2.30. Suppose A,D(A) € L(9) is closed with o(A) # 0 and B,D(B) € Z(9)
closable. Then the following are equivalent
i) B,9(B) is A-bounded;
ii) D(A) € D(B);
iii) BR (%) is bounded for one (and hence for all) z € o(A).
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Moreover, if B, (B) is A-bounded, its A-bound is not larger than in(fA)HBRA(z) 5 -
zZ€0

Definition 2.23 (Relative Compactness). Let A, ©(A) € Z($) be a closed operator with resolvent
set o(A) # (). An operator B, D(B) € .Z(9) is called relatively A-compact if

+ D(B) 2 D(A);

* BRa(z)€ ZA(H) is compact for some (and hence for all) z € p(A).

Clearly, a compact operator is relatively compact with respect to any other operator.

Proposition 2.31. Let A, D(A) € Z(9) be self-adjoint and K, D (K) € £ (9) relatively compact
with respect to A, D (A). Then, K,D(K) is A-bounded with A-bound equal to zerd'}

Proposition 2.32. Let A, D(A) € Z(9)) be self-adjoint and B,D(B) € Z($) symmetric and
A-bounded with A-bound less than 1. If K, D(K) € £ () is relatively compact with respect to
A, D(A), then it is also relatively compact with respect to A+ B,D(A) € Z(9).

Theorem 2.33 (Weyl). Let A,D(A), B,D(B)€.Z(9) be self-adjoint operators. If
Ra(z) — Rp(z)€ B($) is compact for some z € o(A) N o(B),
Then, 0ess(A) = Tess(B).

Remark 2.14. Let K, D (K) € Z($) be a self-adjoint operator which is relatively compact with
respect to A, D(A) € L(9) . Then, because of the second resolvent identity one has

Rark(z) — Ra(z) € B(9H) is compact forall z € p(A+ K) N p(A).

Thus, this is a particular case for which the Weyl’s theorem applies. In other words, the

of a self-adjoint operator is

Corollary 2.34. Let S,D(S) € £($) a symmetric operator with finite deficiency indices equal to

each other. Then, all its self-adjoint extensions have the same essential spectrum.

Proposition 2.35. Let P € B ($)) be an orthogonal projection. Then P is positive semi-definite
and, if P # 1g and P # 0, one has o(P) = o,(P) = {0, 1}.

Proposition 2.36. Let U € B () be unitary. Then, 0(U) C {z € C| |z| = 1} and eigenfunctions

corresponding to distinct eigenvalues are orthogonal.

Proposition 2.37 (Riesz-Schauder). Let K € % ($)) be compact. Then, o(K) ~ {0} = 0gisc(K),
such eigenvalues are either finite or countable with {0} as accumulation point, i.e. oos5(K) C {0}

(it might be empty).

SThis does not imply that K, (K) is bounded! It could happen that || K¢ ||, < €[|Av|y + L[[¢]ly, Ve> 0.
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Proposition 2.38. Given a real-valued ji-measurable function f: X — R, the multiplication op-
erator] | My, ®(My) € £ (L*(X, du)) is self-adjoint (and bounded in case f is essentially bounded)
and

o(Mp)={AeR|p({zeX: |f(x) - A <e})>0, Ve>O0}.
Additionally, if 1 < v, with v the Lebesgue measure, one has o (M) = Oess(MjF).

Theorem 2.39. Let A, D (A) € Z($) be symmetric. Then,
i) all eigenvalues are real and the corresponding eigenfunctions are orthogonal;
ii) A, D(A) is self-adjoint iff o (A) C R;
iii) A,©(A) is self-adjointand A>veR <=  o(A) C[y,+00);

iv) if A, D(A) is self-adjoint, ||R(2)]| 4, = m, Y z € o(A). Moreover,

info(A) = inf (i, AY)s, supo(A) = sup (¥, AY)s.
YeED(A): YED(A):
¥l =1 Ill=1

Remark 2.15. In case an eigenvalue \y € R is not simple, two distinct corresponding eigen-
functions does not have to be orthogonal to each other, however, exploiting the Gram-Schmidt

technique, one can always provide an orthonormal set of eigenfunctions spanning ker(A — \o).

FURTHER OPERATOR TOPOLOGIES

Definition 2.24 (Norm- and Strong-Resolvent Convergence). Given a sequence of self-adjoint
operators A,, D(A,) €Z($) and A, D(A) € Z(9) self-adjoint we say

A, converges to A in the norm resolvent sense if R 4, (2) — Ra(z) forone z € T,

» A, converges to A in the strong resolvent sense if R 4, (2) ﬁ Ra(z) forone z € T,
where I := C \ [0(A) U nLEJNU(An)}.

Remark 2.16. We stress that uniform convergence implies norm resolvent convergence whereas
strong convergence implies strong resolvent convergence.

Moreover, given z € I' \ R such that R 4, (2) #) R a(z), one also has R 4, (z) ﬁ Ra(z).
In conclusion, if a sequence of operators converges in norm (or strong) resolvent sense for one

zo € I, than it converges for all z € T'.

Proposition 2.40. Suppose A,,D(A,) € L (9) self-adjoint operators converge in the strong
resolvent sense to A, D(A) € L (). Then,

g itAn 5 e”A, t € R.

n— oo
Proposition 2.41. Let A,,,© € Z($) a sequence of self-adjoint operators and A,D € £ ()
self-adjoint. Then, A,, converges to A in the norm resolvent sense if there exist two sequences of

positive numbers {a, },cn and {by, }ncn converging to zero such that

1A= A)¥lly < anlltlly +bollAG],, Vo €D.
T(Mpy)(x) = f(x)y(z), Yo eD(Mf)={p € L*(X,dp) | fy € L*(X,du)}.

Page 35



D. Ferretti

Theorem 2.42. Let A,,D(A,) € Z(9) be a sequence of self-adjoint operators. If A,,,D(A,)
converges to a self-adjoint operator A, D(A) € L (9) in the strong resolvent sense, one has

n — 0o

o(A) C lim o(A,),

where equality holds in case A,,, ©(A,) converges to A,D(A) in the norm resolvent sense.

2.4 SPECTRAL THEOREM

In this section, our goal is to give a meaning to f(A),D(f(A)) for some function f and an
unbounded self-adjoint operator A, ®(A) € £ (), so that, provided a time-independent Hamilto-
nian H, D (H) € £ ($) describing the energy of a system in the initial pure state |¢g), 1o € $ one
always has the unique solution |1;) = e~¢7!|¢)y) associated with the time evolution (¢); solves the
Schrodinger equation if 1) is in the dense subspace © (), which is invariant under the action of
the dynamics, i.e. e D(H) = D(H)).

Definition 2.25 (Projection-valued Measure). Let B denote the o-algebra of Borel sets in R. A

projection-valued measure is a map

P:B—%A(H), P : Q+—— P(Q), orthogonal projection

satisfying
* P(R) = 1g;
o given {Q, },en C B pairwise disjoint, one has
S P(y,) —— P(Q), with Q = |J Q, €B. <— strong o-additivity
k=1 oo neN

Remark 2.17. Instead of strong convergence one could just require weak convergence, since a
sequence of projections weakly converging to a projection, converges also strongly

P, —2= P = [Pt — PYIl} = (¢, Patb)s + (&, P} — 2Re(Pyh, Puh)yy —— 0.

n— o0

Proposition 2.43. A projection-valued measure satisfies the following properties
i) P(0) =0;
ii) PR\ Q) =14 — P(Q), vV e B,
iii) P(QQUQs) + P(Q1N Q) = P(2) + P(s), vV, €95;
iv) P(Q1)P(Q2) = P(Q)P(1) = P(Q1 N Qy), V1, Qs € B;
v) 9,268 : Q3 CQy = P(Q) — P() = P(Qa\ Q) > 0. <— monotonicity

Remark 2.18. All maps 1, : B — Ry given by py(+) == (¢, P(:))s = HP()wa~j define a
finite regular (see proposition Borel measure on R for a given 1) € $) with j1,(R) = Hzﬂ”% )

Page 36



Foundations of Quantum Mechanics

Definition 2.26 (Spectral Family - Resolution of the Identity). Given a projection-valued measure
P, we call the map Ep : R — A ($)) defined by Ep : A — P((-o00, A]) a resolution of the

identity and each operator E'p(\) a spectral projection.
Proposition 2.44. A resolution of the identity fulfils
i) Ep(X) is an orthogonal projection for each A € R;
ii) Ep(A1) < Ep(Xg) for Ay < Ag;

iii) Ep(A+¢€) ;J Ep()), A €ER,; <— strong right-continuity
e—0

iv) Ep(\) —>—— 14, Ep(\) —>—0.
A— + o0 A— —00

Remark 2.19. We stress that the regular Borel measure ji,(-) = (¥, P(-)9)s can be thought of

as the Lebesgue-Stieltjes measure associated with the non-decreasing, right-continuous function

A <¢v EP(A)¢>557 since M¢<(a7b]> = <¢a P((’Oovb])’@mfﬁ - <¢7 P((*OQ@])%U)&-

[ty 1S the spectral measure associated with P.

Definition 2.27 (Functional Calculus - Simple functions). Given a simple function s: R — C

and a projection-valued measure P, we define its functional calculus as the map P satisfying

P(s) = /dEp Zak (), S:x — Zak]lgk(x), Q) €B.
R

k=1

In particular, for any Q2 € B we have P(1g) = P(Q2).

Remark 2.20. Given a projection-valued measure P, there holds

(5 PO = S on P06l = D) = [ d(4) 0
| P(s wHﬁ Z ]ak| | P( Qk)wHﬁ /d,u¢(>\) |s()\)\2. «—— {Qx}}_, are pairwise disjoint

Equipping the vector space of simple functions with the sup norm, we infer that the linear map P

is continuous between the normed space of simple functions and the bounded operators. Indeed,

1Pl = sup [[P(s)lgq) = sup sup [P(s)¥llg=1.
Islloo=1 oot iyt

Since the normed space of simple functions is dense in the Banach space of complex-valued,
bounded Borel functions, denoted by B(R, C), owing to theorem one has the following.

Definition 2.28 (Functional Calculus - Bounded Borel functions). Given a projection-valued
measure P and its functional calculus for simple functions, we define P : B(R,C) — £ (9)

as its unique extension to a bounded linear operator in .2 (B(R, C), # (%)) with norm 1.
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There still holds for any f € B(R,C)

W, P(F)Y)s = / dis(N) FON),
1Pl = / dis(N) [FO)P.

Theorem 2.45. Given P a projection-valued measure, one has its functional calculus for complex-
valued, bounded Borel functions P(f) = / dEp(N\) f(N) satisfying
R

P(f)"=P(f), V[feBRC)

(Pl PUW)s = [N TSN, ¥g.f € BRO).
R
Additionally, if f,, —— f pointwise and {|| f,|| . }nen is a bounded sequence, one has

P(fa) —— P(f).

n— 00

Remark 2.21. This theorem highlights that the functional calculus for bounded Borel functions
of a projection-valued measure is a *-homomorphism between the C*-algebra of B(R, C) with
involution given by the complex conjugation and the C*-algebra (A ($),*). As a consequence,

one has for any () € B

pr(syp(@) = (P(f)¥, P(QP(f)Y)s Z/Qduw(/\) IfP = dupryy = | fPduy.

Additionally, the functional calculus P maps non-negative functions in non-negative operators.

Next we want to define the functional calculus of a projection-valued measure for unbounded
Borel functions. Since we expect the resulting operator to be unbounded, we need to set a domain

of definition
DP(f) ={ven|fel’ R duy)}

This is a linear subspace of §) since, given ¢, ¢ € ©(P(f)) one also has o+ € D(P(f)) for
all a, 8 € C since

Hay+50(2) = [|IP(Q) (e + Bo)ll5, < 2|al® [Pl + 2181 | P(Q)ell
= 2|af’uy () + 2|8 e (),
hence f € L*(R, du,) N L*(R, du,) implies f € L*(R, diiay+5,)- Notice that in case f is bounded
D(P(f)) = $ since juy is finite. Furthermore, ®(P(f)) is also dense in $).
Indeed, let ) € $H and 2, = {A € R | |f(N)| < n} € B. Then, ¢, := P(Q,) € D(P(f)) for all

n €N since duy, = Lo, duy, hence || f{| 72 g, dug,) ST [%]|, - Moreover, one also has

19— nlls, = (L — P(2) %15 = IP(R N Q) lly = oy (RN ),

B=ves keN keN
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Finally, for any Borel function f, set f, = 1o, f € B(R,C) which defines a Cauchy sequence
in L*(R, du,) for any given ¢ € D(P(f)). Therefore, the sequence of vectors { P(f,) % }nen is
Cauchy in $), since

I(P(fa) = PUfu))¥llg = IP(fa— fin) ¥l Z/Rduw(A) () = fn(W[F ——— 0.

7, M — 00

Hence lim P(f,) exists in $) by completeness.

n— oo
Definition 2.29 (Functional Calculus). Given a projection-valued measure P, for any f complex-

valued Borel function we define its functional calculus P(f),©(P(f)) as the strong limit of
P(f,), provided { f, }nen C B(R,C) s.t. Hf"_fHLZ(R,d#w)m 0 for all v € D(P(f)).

Theorem 2.46. For every Borel function f, the densely defined linear operator
P = [dB0) 1), D(P()) = (¥ € 9| f € PR du)}

is normal (hence closed) and satisfies for all 1) € D (P(f))

1P = / dis(N) [FOVE, (0, P(f))s = / dpis(N) FON).

R

Additionally, for any f, g Borel functions and o, 3 € C

i) P(f)" = P(f);
ii) aP(f) + 6P(g) € Plaf + Bg),  D(aP(f)+BP(g)) = D(P(f] +1g]);
iii) P(f)P(g) € P(fg),  D(P(f)P(g)) =D(P(fg)) ND(P(9g)).

Notice that in case f is real-valued, P(f), D (P(f))€-Z($) is a self-adjoint operator.
Now, let Fy.,(2) = (¢, Ra(z)y)s for a given self-adjoint operator A, D(A) € £($). This

function is holomorphic for z € p(A) and satisfies

N T T [kl
Fs. = . . < 9
a;9(Z) = Fay(2), |Fa.4(2)] < Tme|

and ImFy 4(2) = Imz ||Ra(2)¥| -

In particular, Fj.,, is a Herglotz—Nevanlinna functiorﬂ

Lemma 2.47. Any Herglotz—Nevanlinna function F such that |F(z)| < % for some M >0 can
be written uniquely as the Borel transform of a finite Borel measure pp (with up(R) < M) given

by the Stieltjes inversion formula, namely

1
F(z) z/d,up(/\) ) , <— Borel transform
R — 2z

b+9d
pr((a,b]) = lim  lim —/ dA ImF(\ +ie), pr({A}) = lim eImF(\ +ie).

§—=0Te—0t T +6 e— 0t
According to this lemma, for each ¢ € §) there exists a unique finite Borel measure /14, S.t.

1
_z.

0. R = [ deay(V) 3

8Such functions are holomorphic on the open upper half-plane with non-negative imaginary part.
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Lemma 2.48. Given A, D(A)€.Z(9) self-adjoint and ) € *B, the quantity

col@) = [ duaol) 1ah) = (0, PA@))s
R
is a spectral measure, with projection-valued measure Py.

Theorem 2.49 (Spectral theorem). For any self-adjoint operator A, D(A) € £ ($)) there exists a

unique projection-valued measure Py such that
wld) = [dunsr A= [ dBn )2
R R

where the form domain of A is Q(A) = D(|A|Y?) = {w €N ) /Rd/m;d,()\) Al < +oo} and the

domain can be rewritten as ©(A) = {w €N ’ /RduA;w()\) N < +oo}.

Proposition 2.50. Let A, D(A) € L ($) be self-adjoint. Then, ran(Ps({\o})) = ker(A — \).

Theorem 2.51. The spectrum of A, D(A) € L ($) self-adjoint is given by
o(A)={AeR|Pi(A—€,A+¢€) #0, Ve>0}

Additionally,

Oaisc(A) = {A € 0,(A) | Fe >0 : dimran(Pa(A — e, A+ €)) < +00},
Oess(A) = {\ € R| dimran(Ps(A — e, A\ +¢)) = +00, Ve >0}.

In particular, P4 ((a,b)) = 0 if and only if (a,b) C o(A).
Corollary 2.52. We have Py(c(A)) = 1 and PAo(R N o(A)) = 0.

Remark 2.22. We stress that the spectral theorem implies Py(A — \) = A. If we now assume
AeB(H), then we know o(A) is bounded (i.e. compact), D(Py(A — N\)) = $ and

A% = Py(A — N Pa(A — A) = Pa(A — A?),

since Py is a *-homomorphism (indeed f| 4y is bounded even if f : X\ —— X is not). Hence,
for any polynomial p we know that Pa(p) = p(A). By the Stone—Weierstrass theorem, the set of
polynomials is dense (according to the sup-norm) in the space of real-valued continuous functions,

so that for any continuous function f we can define the bounded, self-adjoint operator f(A) as

(b, £ = (0, Pa(f) 00 = [

dpap(A) fF(A), Vi eh
o(A)

Guided by these motivations for any A, D(A) € £ (9) and [ complex-valued Borel function, we
define the operator f(A) := Pa(f), withD(f(A)) ={v € H| f € [*(c(A),dpa.y)}

Page 40



Foundations of Quantum Mechanics

Theorem 2.53 (Spectral Mapping - Bounded Borel functions). Let f : R — C be a bounded
Borel function and A, D (A) € Z(9) a self-adjoint operator. Then, f(A) € % (H) and

o(f(A) = f(e(A),  [If(ANze)y=1fllzeo(ocay -

Proposition 2.54. If two self-adjoint operators A,D(A) € Z($) and B,D(B) € £ (9) are
compatible then [f(A), g(B)] = 0 for any f, g bounded Borel functions.
Additionally, the following are equivalent
i) A, D(A) and B,D(B) are compatible;

ii) [e7"4 e7 "Bl =0 forallt € R;

iii) A, D(A) commutes with e=*'Z for all t € R;

iv) B,D(B) commutes with e~*** for all t € R.
Assuming B bounded (not necessarily self-adjoint), it commutes with A, D(A) iff BA C AB. In
this case one has Bf(A) C f(A)B for any f Borel function, where equality holds in case f is
bounded.

Proposition 2.55. Let A,D(A) and B,D(B) be self-adjoint operators in £ ($)) with non-empty
point spectrum. A and B are compatible if and only if they have a common orthonormal basis of

eigenfunctions.

We would like to extend theorem [2.53] for unbounded Borel functions. To this end, let us consider

Ny ={P(g)v|g € LR, duy)} CH

which is a closed subspace since L?(RR, dy,,) is complete and ¢, = P(g, )1 converges in §) if and
only if g,, converges in L*(R, djiy).

Lemma 2.56. Given 11, € % ($)) the projection onto $),,, one has
Iy P(f) € P(f)ly,  IyP(f)Ily = P(f)Iy.
Remark 2.23. Observe that I, D(P(f)) = D(P(f)) N $, and
D(P(f)NHy ={P(9)¥ €H|g€ L (R, dpy), [ € L*(R, dpp)y)}

={P(9)vY € H| g€ L*(R,duy), f € L*R,|g|*duy)}
={P(9)v € 9| g€ L[R,duy), fg € L*(R,duy)}.

This means that for any ¢ € I1,D(P(f)) one has a g, € L*(R, duy) such that g, f € L*(R, du.,)

and

P(f)p=P(f)P(g,) = P(fg,)" € Hy.

We introduce the unitary operator

U¢Z .6¢—>L2(R, duw)
P9y — g.
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One has U, I, D(P(f)) = {g € L2(R, djsy) | fg € LA(R, duy)} = D(M;), thus
Uy P(f)ILy = My Uy,

where M;, D (M;) € L (L*(R, duy)) is the multiplication operator by the function f.

In case £, = $ one has that the operator P(f), ©(P(f)) is unitary equivalent to the multiplication
operator by f. In such a case v is said cyclic. Otherwise, a set {1, },en C $ is called a spectral
basis if ) = @ $y,, where 9, L Hy,, forall n £ m.

neN
Theorem 2.57. For every projection-valued measure P, in an infinite dimensional, separable
Hilbert space there exists a spectral basis {{,}nen C $ (at most countable). Moreover, one
has the unitary operator

U: 99— P LR, duy,)

neN

Ully, =Uy,, UP(f)= M;U,
UD(P(f)) = D(My) = {{gn}ner € D PR, duy,) | {Fontnen € D PR, dpus,)}.

neN neN

Definition 2.30 (Maximal Spectral Measure). Given a spectral basis {1, },en C 9, a spectral
measure [, such that ,, <, for all n € Nis called a maximal spectral measure and ¢ € §) is

the corresponding maximal spectral vector.
Lemma 2.58. For every self-adjoint operator there exists a maximal spectral measure.

Theorem 2.59 (Spectral Mapping). Let f: R — C be a Borel function and A,D(A) € £($) a

self-adjoint operator. Then, denoting by 1. its maximal spectral measure
o(f(A) ={zeC|pu(f"(B(2) >0, Ve>0}, B(z)={weC||w—z| <e}.

In particular,

a(f(A)) C f(a(A)),
where equality holds if f is continuous and the closure can be dropped in case, in addition, o(A)

is bounded or |f(\)| ——— +00.
A— 400

Definition 2.31. Given a spectral measure /i, : B — [0, +00] associated with some projection-
valued measure on §), we define (see theorem (1.18))

* 9ac = {1 € H| py is absolutely continuous};

* 95 = {1 € H| 1y is singularly continuous};

* Hpp = {¥ € H| 11y is pure point}.

Proposition 2.60. One has ) = Hac D Hse D Npp-

Definition 2.32 (Spectral Types). Given a self-adjoint operator A, ©(A) € £ () and a maximal

spectral measure /1, (with 1) maximal spectral vector) we set
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* the absolutely continuous spectrum o,.(A) = o(Als,.);

* the singularly continuous spectrum oy.(A) = o(Als.. );

* the pure point spectrum o, (A) = 0(Alg,,)-

In particular, proposition [2.60|implies that two unitarily equivalent self-adjoint operators preserve

the classification of the spectrum given in definition[2.32]

Remark 2.24. We stress that o,,(A) = M (it is the set of eigenvalues together with possible
accumulation points) and o.(A) = 0ac(A) U 0sc(A) U (opp(A) N\ 0,(A)). Additionally, the es-
sential spectrum is the union of the absolutely continuous spectrum, the singularly continuous
spectrum and the elements in the pure point spectrum which are either isolated eigenvalues of

infinite multiplicity or accumulation points. In summary,

UdiSC<A> C Up(A) C Upp(A)> UaC(A) U USC(A) - UC(A) - JeSS(A)-

Theorem 2.61 (RAGE theorem). Let A, D (A) € Z(9) be self-adjoint and { K, },en C Z(9) a
sequence of relatively compact operators with respect to A, D (A) with K,, —>— 1. Then,
n— 0o

n—ooT —+o0o

. . I —
lim lim T/Odt HKne “‘wuﬁzo <~ Y E Nie D Heo,

lim sup H(]lg — Kn)e*”AwHﬁ =0 <= Y€ Ny

n—00 ¢t>(

Remark 2.25. This theorem gives a qualitative characterization of a Hilbert space $) in terms of
the maximal spectral measure of a self-adjoint operator acting on $). In particular, considering
the Hamiltonian of a quantum system H, D (H) € £ (), the subspace $),;, is composed of bound
states, that’s to say, vectors whose evolution is arbitrarily improbable outside a compact (think of
$ as [*(RY) and K,, as the compact operators multiplying by 1 Bn(0))- Conversely, for a scattering

state one has an arbitrarily small (time-average) probability of staying in a compact region.

Theorem 2.62 (Global Probabilistic Interpretation). Given a complex and separable Hilbert space
9, for any self-adjoint operator A, D(A) € L(9), there exists a measure space (X,3,v), with v

o-finite, a unitary operator U : § — [*(X,dv) and a real-valued, v-measurable function h s.t.

UD(A) = {¢ € IA(X, dv) | hip € LX(X, dv)}
UAU*Y = h, Vo € UD(A).

Remark 2.26. According to this theorem and the 2™ postulate, the expectation value of an ob-

servable a represented by the self-adjoint operator A, D(A)€ L (9) is
Ela = (o, Ap)s = [ dv(@) @@ Up =,
X

Po(a €)= (5. 1a(A) ey = [ #(0) L@ = [ o) W, 0em.
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This means that observables can be thought of as real random variables on the probability space
(X, %, [¢]*dv) (notice |||l = 1 implies 191l 22(x, 4y = 1)- This is the reason why sometimes it is
convenient to treat the observables as time dependent rather than the states (i.e. the probability

spaces). For instance, assuming D (H) C D(A) (then e "D (H) C D(A)) one can write

At) = e'MAe (U, Aty = (o, A(t) o) s, Vo € D(H)
for A, D(A) e L(9) self-adjoint. In physics literature this is known as the Heisenberg picture.
One can extend the same (global) probabilistic interpretation for a set of compatible observables.

Theorem 2.63 (Joint Probabilistic Representation). Given a complex and separable Hilbert space
9, for any set of compatible self-adjoint operators { A;, D (A;)}., C L(8), there exist a measure

space (X, X, v), with v o-finite, a unitary operator U : § —s [*(X,dv) and a set of real-valued,
v-measurable functions {h;}| s.t.

UD(A) = {¢ € IA(X,dv) | iy € L*(X,dv)}
(UA;U*Y)(z) = hy()y(z), Vi € UD(A).
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In this chapter we introduce some relevant observables associated with a quantum system
in a pure state. First, we consider the cyclic group Z/QZ = ({0,1}, + mod 2). A unitary rep-
resentation of this group in L?(R%) can be given by p,, with a € {0,1} where p; = 1 while
p1 is the parity operator II : ¢)(x) — (—a). Such unitary operator satisfies, by construc-
tion, 11> = 1, hence it is self-adjoint (it is symmetric and everywhere-defined). In particular,
o(Il) = oess(I1) = {—1,+1}.

Next, we take into account the group of translations given by (R?, +) and two associated unitary

representations in L?(R¢)

PR B(PRY),  (po¥)(@) = bla — ),
FR B(PRY),  (ho¥)(@) = ().

In both cases, we can write these representations as follows

d d
pv:Hpvie“ p’U:HpUieia U; =0 €,
i=1 =il

where {e;}%_, is the canonical basis of R%. One can check that both p,, ., and p,, e, are strongly-

continuous, one-parameter unitary groups for v; € R. Let’s therefore compute their generators

S I pvlel_]]- 7_1
P, = Zq}ilino —Ui Y(x) = —i axﬂﬁ(wl
T p~viei —1 o
p = lvlilglo T (x) = ;¢ (x).
The operator P = —iV is known as the momentum operator and () is the position operator

(multiplying by the function  — x). By the Stone’s theorem we have for all v € R?

Pv = eiiv.Pa Q(P) = H1<Rd)7
fo=e™Q, D(Q) =y € PRY | w(w) € IR, du)}.

One has 0(Q;) = 0..(Q;) = R and o(P,) = 0..(P;) = R. Additionally, for any ) € L*(R%) such
that ¢ € ©(P,Q;) N D(Q;Fy) there hold the so called Weyl relations

(@, Piltp () = i djx ) ().
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Theorem 3.1 (Heisenberg Uncertainty Principle). Consider two symmetric operators A, D (A)
and B,D(B) in £($) . Then, for any ) € ©(AB) N D(BA) one has

I(A = (A)) ¥l 1B — (B)o) ¥l = 51(0, [A, Bl)sl,  (Ady == (¥, A)s.
Remark 3.1. In the previous theorem, in case A and B are associated with two observables a and
b, the result can be rephrased as

Vary(a)Vary(b) > 7 Ey [c]?,

1
1
where c is the observable associated with i[A, B]. This implies that

in the pure state |1), ) € §) (the left-
hand side cannot vanish) in case E|c| # 0. In particular, this implies that in case the system is in
the pure state |@), p € D(AB) N D(BA), with ¢ a given eigenstate of A, D(A) (if there is any),

then either Var,(b) = + 00 or E,[c] = 0.

However, p and p are two equivalent unitary representations of the translations, since Vv € R?

Fpo = po F, (Fy)(p) = W lim dx e " P1(x),

with F: [*(R?) — L*(R?) the unitary Fourier transform.
In accordance with classical mechanics, if the pure state |)), 1 € L?(R?) represents a quantum
particle, its kinetic energy H, is defined as ﬁ]ﬂ with m > 0 the mass of such a particle. Clearly

‘H, and P; are compatible observables and the momentum is conserved in a free motion.

Theorem 3.2 (Noether’s theorem). If a self-adjoint operator A, D(A) € £ (9) is compatible with
the Hamiltonian of a quantum system H,D(H) € L (9) (thus e """A C Ae "M Vit € R), then
D(A) is invariant under e~"'" and A is a conserved quantity, i.e. for all 1y € D(A)

(o, Atho)s = (Y1, A, Yy = e ey € D(A), t €R.

We stress that, given a pure state |1)g) with ¢ € ©(H) an eigenstate of the Hamiltonian with
eigenvalue £ € R, one has that its evolution in time is simply e "% |¢p) = e " E|hg) ~ [1g). In
other words, eigenstates of the Hamiltonian stay the same over time.

In general, a widely studied class of operators in Quantum Mechanics in L*(R%) is

Ay,
H==d 22+ 3 Vi(m—a), e

i=1 ' 1<i<j<N
where the so-called potentials V;; are the multiplication operators by the (radial) real functions
Vi;. Operators of the form () are called Schrodinger operators.

Theorem 3.3. Given H, H*(R™)e ¥ (L2 (RIN )) a Schrodinger operator, in case each pairwise
potential Vi; € L} (R?) satisfies
(L2 4 L)RY),  ifd > 3;
max{—V;;,0} € ¢ (L' + L™)(R?), for some € > 0;
(L' + L) (RY).
Then, one has H, H*(R) is self-adjoint and lower-bounded.
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Then, take account of the group (R, -) and the unitary representation in L?(R?) given by

(1) (@) = Ap(Ae), A ER,.

Notice that p.-s is a strongly-continuous, one-parameter unitary group for s € R. The associated

generator 1s
D=1(Q P+P Q) =Q P-i¥1, DD ={ye2R)|z Vi) [*(R dz)}.

D is known as the dilation operator.

Next, we consider the matrix group of rotations SO(3) represented in L*(S?) as follows
pr = P(R'2), Y € [*(S*), Re€SO(3), £ cR*: || = 1.

One can always decompose a rotation in R? as a combination of three consecutive (counterclock-

wise) rotations around the axes identified by the canonical basis {e; }?:1
R(tl,tg,tg) = Mg(tg)MQ(tQ)Ml(tl), tz S [0,271'),

1 0 0 cos(t) 0 sin(t)
Mi(t)=| 0 cos(t) —sin(t) ]|, My(t) = 0 I 0 ;
0 sin(t) cos(?)

cos(t) —sin(t) 0
Ms(t) = | sin(t) cos(t) 0
1

Therefore, a rotation by a given angle ¢ around the axis e; is pas, ) : ¥(2) — w(Mj_l(Q) x)

which turns out to be a strongly-continuous, one-parameter, unitary group with generator

3
4 E : 0
LJ =1 €jke Lk Oxy
k, =1

called angular momentum (here ¢, is the Levi-Civita symbol). In other words, L = Q A P and
3
[L?, L;] =0, [Lj, Xx] =1 ) €re Xo, Xk € {Ly, Qr, Pr},
=1

with L? = L3 + L3 + L3. Concerning the spectrum, one has that L and one single L; (e.g.
without loss of generality L) have a common orthonormal basis of eigenfunctions )y ,, (known

as spherical harmonics) with
L%/)g}m = €(£+1)@Z)g7m, Lglﬁg’m: m@/)g,m, ! e No, me : ]m| < /.

o(L%) = oaie(L?) = {L(L+1) | L €Ny}, o(Ls) = oae(Ls) = Z.
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Our last example will be given by the action of the matrix group SU(2, C) in the Hilbert space C?,

SU(2,C) := { [g _aﬁ]

In particular, given the Pauli matrices {o;}?_,

o _[o1 [0 i [t oo
L 2“1 o | S |

one has for any @ = (a1, as,a3) € R?

where

a,BeC: |a|2+|ﬁ|2:1}.

Uj(a;) := cos(a;) 1 —isin(a;) o; € SU(2,C), Vije{l,23},

since ov; = cos(a;) — 10,3 sin(a;) and 8; = —i’ sin(a;)(1 — d;3). Our representation of SU(2, C)

in C? shall be given by

puw = U®) = Us(2) Us(2) U1 (L) € SU2,C), t = (t1,ta,t3) € R

2 2 2
. 3 . . .
One can verify that {Ui (%)}1:1 are three strongly-continuous, one-parameter unitary groups with

generators S; = %ai, which are known as /5 — spin operators. In this situation the spectrum is

simply o(S;) = 0qisc(S;) = {j: %} and once again
3
[S2,8:] =0,  [S;,Se] =143 €jreSe,
i=1

where S? = 5% + S7 + S2. This is due to the fact that the Lie algebras associated with the Lie
groups SO(3) and SU(2, C) are isomorphic.
This construction can be generalized in order to obtain a unitary representation of SU(2,C) in

C?st1 with s € %N , obtaining the s — spin operators satisfying
3
S2ZS(S+1)]1, [Sj,Sk] :iZEjkgSg.
¢=1

In this case one has a common orthonormal basis of eigenvectors v ,, € C?**! for both S? and

Ss3, provided by v, = €541 With {e; ?i—{—l the canonical basis of R%**! and

52¢37m:8(8+1)¢8,m7 S3¢s,m :mws,my m & {—8,—8 +1,...,8}.

More precisely, one has the explicit entries of such matrices (let j, k € {1,...,2s+1})

(St)je = 452088 (s 1)+ k= 1) =k,
(82)ju = 20528 /(s +1)(j + b —1) =k,
(Sg)jk = (8 +1-— ]) 5j,k-

For instance, in case s = 1

1 010 1 0 —2 0 100
Ssi=—|[10 1], So=— 111 0 —i |, S3=10 0 0
v2 010 V2 0 0 0 0 -1
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Proposition 3.4. Given S a spin operator acting on C***! and a, b € R? one has

[@a-S,b-S]=i(aNb)-S,
Rob=1Tr[e"*5(b-8)e'* 58],

— 2

iax

where R, € SO(3) is a rotation by an angle |a| around the axis generated by a = o]

Remark 3.2. From the previous proposition we find that a generic element of SU(2,C) denoted
by U(a) (in our case U(a) = e'%"5) is mapped into an element of SO(3). This map is surjective,
but not injective. Indeed, in case s = 1/2, one can exploit the fact that (a - o)? = |a|* 1 in order
to explicitly compute

—ia-S

e = COS(M) 1-—-7&< sin(m)
2 la| 2

which is in SU(2,C) since o« = COS(‘%') = Z% Sin(l%‘) and f = % sin('%‘). Here one can
consider the couple of elements

Ula) = cos('%') 1- id-asin(%‘), U(2ra —a) = — cos(‘%') 11— id-asin(%‘),
where we took the angle |a| € [0, 27). By the statement of the previous proposition, both elements

of SU(2, C) are associated with the same rotation. Actually, one has the following isomorphism
50(3) 2 5V2C) 1 gy

In general, in the one-particle Hilbert space L?(R?) @ C?st! = [2(R,, r’dr) @ [*(S*) @ C?s+!
one can define the total angular momentum givenby J =1 L1+ 1®1® S.

In conclusion we want to convince the reader that in case the quantum system exhibits a symmetry,
we know, by the means of the Noether’s theorem, that there shall be a conserved quantity.
More precisely, given a group (G, -) and a Hamiltonian H, © () € £ () we say that G is a

for H,©(H) if there exists a unitary representation p: G — % () such that for all
g € G one has p, and H, D (H) commute, namel pg®(H) CD(H) and p,H p;; = H on D(H).
Notice that in case there are two equivalent representations p and p of the group GG, namely there

exists a unitary operator U € Z () such that p,U = Up, for all g € G, one has
pH C Hp, <= pH CHp,,

where H' = UHU* and ©(H') = UD(H). However, in case a quantum system whose energy
is described by the Hamiltonian #,®(#) has a group of symmetry, we still need to understand
which is the conserved quantity, since we know that the unitary representation of the group com-
mutes with the Hamiltonian, but it is not in general an observable (i.e. a self-adjoint operator).

Therefore, suppose the group of symmetry for a Hamiltonian H, D(H) € Z($) is a topological

'Actually, p,©(H) C D(H) for any g € G implies D(H) C p,~1D(H), hence p, D (H) = D(H).
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group (G, -) and suppose there exists a group homomorphisnf|y: (R, +) — (G, -), i.e. a continu-
ous map satisfying
)t+s)=3(t)-3(s), VYt seR,

from which one also obtains that 7(0) is the neutral element of G and j(—t) = j(¢)~'. We stress
that this means the image of ) is in general an abelian subgroup of G (surjectivity is not required).
In this situation, since p is a unitary representation, one has

Py0) = L, Py(s+t) = Pi(s)-3(t) = Py(s)Ps(t)> Ps(t) — Ps(to)-

t—to

Now it should be clear that {p,«) }:cr is a strongly-continuous, one-parameter, unitary group,
hence, by Stone’s theorem we know there exists a unique self-adjoint operator G, ©(G) € £ (9)
such that p,) = e~'*9 and since p, commutes with H,D(H) for any g € G one also has that
G,9(G) is compatible with the Hamiltonian and it is a conserved quantity of the system, by

Noether’s theorem.

ZNotice that there is always the trivial case for which 7 maps all real numbers in the neutral element of the group,
but in this situation the generator of the corresponding strongly-continuous, one-parameter, unitary group is the zero

operator, which is not interesting.
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