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Exercise 18. Consider the operator A : L
2(R2) ! L

2(R2;R2) defined as
Fourier multiplier by

A(#) := F
�1

✓
i⇠?

|⇠|
F(#)

◆
,

where ⇠
? := (�⇠2, ⇠1).

1. Show that A commutes with derivatives, i.e.

A(@↵
#) = @

↵A(#)

for every # 2 S(R2) and every multiindex ↵ 2 N2.

2. For all s � 0, use Point 1. and the density of S(R2) in H
s to show that

A : Hs
! H

s is linear and bounded.

3. Show that divA(#) = 0 (in the sense of distributions) for all # 2 L
2.

Exercise 19. Consider the surface quasigeostrophic equations (SQG)a on R2

8
><

>:

@t#+ u ·r# = 0,

u = �A(#),
#|t=0 = #0,

(11)

where

• A is the operator defined in Exercise 18,

• # : [0, T ]⇥ R2
! R is the unknown,

• u : [0, T ]⇥R2
! R2 is a vector field, which is obtained from # by applying

the operator A at each time t 2 [0, T ], i.e. u(t, ·) = A(#(t, ·)).

Let s > 2. In analogy to the local well posedness theory for the Euler
equations in H

s:

1. give a reasonable definition of strong solution to (11), using the integral
form of the equation;

2. show that any strong solution (as defined in Point 1.) is continuously
di↵erentiable in space and time and it solves the equation in di↵erential
form;

aThe SQG equations arise in the study of atmospheric dynamics and it is also considered
an interesting model to study an easier global regularity problem closely related to the 3D
Euler regularity problem.
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3. show that, for all #0 2 H
s, there exists a unique strong solution # 2

C([�T, T ];Hs) to (11) where

T :=
1

Csk#0kHs

and Cs is a constant depending only on s.

Exercise 20. Show that for s > 0, ⇠, ⌘ 2 Rd,

|h⇠i
s
� h⌘i

s
|  Cs

�
h⌘i

s�1 + h⇠ � ⌘i
s�1

�
h⇠ � ⌘i.

Exercise 21. Let f 2 S(Rd). Let m 2 N. Show that

kr
i
fk

L
2m
i

 Ci,mkfk
1� i

m
L1 kr

m
fk

i
m

L2

for all 0  i  m.

Deduce that the following three norms on H
m are equivalent

kukHm := kh⇠i
m
ûkL2

kukHm :=
mX

i=0

kr
i
ukL2

kukHm := kukL2 + kr
m
ukL2 .

Exercise 22. Show rigorously that the strong solutions to the Euler equations
constructed in the lecture are indeed strongly continuous as maps (�T0, T0) !
H

s.
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