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Exercise 1. Let u : I x R? = R be a continuously differentiable vector field
satisfying sup, ||[Vu(t, )| p~ < co. Let X, A : I x R? — R? be the associated
flow map and back-to-labels map respectively and J(¢,a) := det V, X (¢,a) the
associated Jacobian. Show that

(i) X satisfies
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(ii) A satisfies A +u-VA =0, Al;—o = id,
(iii) J satisfies Oy J(t,a) = J(t,a)(divu)(t, X (¢,a)), J(0,a) = 1.
Exercise 2. Let f € W11(R?). Show that

0;f=0foraljel,...d
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Exercise 3 (Laplace equation). Let Q C R?. Let u € C?(f2). Show that

(i) Au =0 if and only if
u(z) = ][ w(y)dS(y) = ][ w(y)dy for all By(z) CC Q.
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Such u’s are called harmonic maps (on Q).
(ii) Let u be harmonic on 2. Prove that v € C*.

(iii) (Liouville’s Theorem) Let u be harmonic on R%. Show that u bounded
implies u constant.

Exercise 4 (Poisson equation).
(i) Find all radial maps u satisfying Au = 0 on 2 = R¢\ {0}.
u being radial means that there is g : (0,00) = R such that u(z) = g(|z]).

(ii) Show that all u’s from the previous point are in L{ (R?). What is Au in
D'(R?)?



(iii)

(iv)

Define, for « # 0, the Newton potential

filog|:1:|, d=2,
N(./E) = { 27(1 1 d>

d(d—2)ag |z|?—2> >3,

where oy is the volume of the unit ball in R¢. Show that for all f €
C>(R%), the map u := N * f solves

—Au = f. (1)

Here N x f denotes the convolution between N and f. Note that this convolution
is well defined because N € Llloc(Rd) and f has compact support.

Let d > 3. Show that N x f is the unique bounded solution solution (up to
additive constant) to (1).



