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Short review on lectures 1 & 2



Lecture 1: Variational approximation

Choose a manifold M ⊂ H.

Determine u(t) ≈ ψ(t), u(t) ∈ M as follows:

1. ∂tu(t) ∈ Tu(t)M

2. ∥i∂tu(t)−H(t)u(t)∥H = min∂tu(t)!

Parametric approximation chooses

M =
{
Φ(q) : q ∈ CN

}
for Φ : CN → H with Φ′(q) of constant rank for all q.



d = 2



Lecture 2: Variational magnetic Gaussians

H(t) = 1
2(−iε∇x −A(t, x))2 + φ(t, x)

u(t, x) = exp
(
i
ε

(
1
2(x− qt) · PtQ−1

t (x− qt) + pt · (x− qt) + ζt
))

Magnetic momenta: vt := pt − ⟨A⟩, Υt := Pt − ⟨A′⟩Qt

Variational equations of motion:

q̇t = vt, v̇t = vt+ ⟨∇ ×A⟩+ Eε(qt, vt, Qt,Υt),

Q̇t = Υt, Υ̇t = Υt × ⟨∇×A⟩+ Eε(qt, vt, Qt,Υt)Qt.

Norm and observable accuracy: O(
√
ε) and O(ε2).



Time-integration



Let tn = nτ for n ∈ N and step-size τ > 0.

Use a time-stepping scheme to compute

(qn, Qn, pn, Pn, ζn) ≈ (q(tn), Q(tn), p(tn), P (tn), ζ(tn))

and then un ≈ u(tn).

For a scheme of order p ≥ 1, we have for any T > 0 a constant

c > 0 such that

∥un − u(tn)∥ ≤ c
τp

ε

for all tn ≤ T .



H =
1

2
(−iε∇x −A(t, x))2 + φ(x)

with

A(t, x) =

(
sin(x1 + x2 + αt)

− sin(x1 + x2 + αt)

)
, α ∈ {0,1}

φ(x) = sin(x1 + x2),

ε = 10−3,

T ∈ {8,200}.









The convenient modi�cation

u(t, x) = exp
(
i
ε

(
1
2(x− qt) · PtQ−1

t (x− qt) + pt · (x− qt) + ζt
))

t 7→ Im(ζt) is a continuous normalisation.

Im(ζt) = Im(ζ0) +
ε
2 (ln |detQt| − ln |detQ0|)

Im(ζn+1) = Im(ζn) + ε
2

(
ln |detQn+1| − ln |detQn|

)



Runge�Kutta on one slide

ẏ = f(y), y(0) = y0

yn+1 = yn+ τ
∑s
j=1 bjξj for n ≥ 0

ξj = f(yn+ τ
∑s
k=1 ajkξk) for j = 1, . . . , s (s stages)

b ∈ Rs, A ∈ Rs×s

If A is lower triangular, then only f evaluations are needed.

Otherwise, one needs nonlinear solves.



Boris on one slide

q̇ = v, v̇ = v ×B+ E with B = ∇x ×A

qn ≈ q(tn), vn ≈ v(tn − 1
2τ)

1
τ

(
qn+1 − qn

)
= vn+1

1
τ

(
vn+1 − vn

)
= 1

2

(
vn+ vn+1

)
×B(tn) + E(tn)

v×B =: B̂v with B̂ = −B̂⊤ allows to introduce a Cayley transform



Conventional multi-Gaussians



HD molecule

4 particles: 2 electrons, 1 proton, 1 deuteron

The center of mass

R =
1

M1 + . . .+M4

4∑
n=1

Mnrn

can be separated.

� 3 pseudo-particles: 2 pseudo-electrons, 1 pseudo-proton



H =
3∑

n=1

−
1

2mn

(
∂2xn + ∂2yn + ∂2zn

)
+
q0qn

|rn|

+
2∑

n=1

3∑
m=n+1

qmqn

|rm − rn|

+
2∑

n=1

3∑
m=n+1

1

MD
(∂xn∂xm + ∂yn∂ym + ∂zn∂zm)

Charge: qn = ±1

Mass: mn ∈ {0.9997,1224}, MD = 3670





Discretisation

u(t, x) =
N∑
n=1

cn(t) exp(−(x− qn)
⊤An(x− qn))

cn(t) ∈ C, qn ∈ R9, N = 1000

An = A⊤
n ∈ R9×9 with Re(An) > 0 and anti-symmetrised for the

2 pseudo-electrons

in time: implicit Runge�Kutta method of order six
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Thank you.


