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Transport equation

Cosmological transport equation:

Q(E, 1)
a(t)

1)
o T 3H(ON(E. 1) - 8E [n(E, t)b(E, t)] =

* b(E,t) = —%: energy losses equation (adiabatic + interactions).
* Qux L x g(E): injection term per unit comoving volume from astrophysical CR accelerators.

°* Qux Np x Rp,: injection term for secondary products of proton interactions with background target
photons

From protons to secondary products

0 VHE diff -
Qgﬁggn(EP, z) = Mp(Ep, 2) — Qways(E”’ 12) = ¢y (Er) E, ~0.1-100 Gev
Q.(E.(1+2),2) = ¢u(E) E, = 100TeV
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Solution

® The equation can be rewritten as:

dn(E, z) 9b(E', ) _|dt 3=
dz az [3H( )= 0B eeyen) B2 = |G| (142 AE(E 2).2)

* With solution:

n(E,z) [ dt / dt| Ob(E’, s) -

(1+2)° 7/2 % dzg‘ AAE(E, 2, Zg),Zg)EXP< 2 ds ds| OF ’E’:Eg(E,z,s) = n(E,2)
® Energy losses: adiabatic + interactions

dE 1 at
b(E,2) = {1 >+ @ |P(E z)]

Ey4(E, z, z): solution of the energy losses equation with the observed energy as initial data.

Sterile particles suffer only adiabatic losses: Ey4(E, z, zy) = ”Zg E.

1 E S Emax

e Injection term: Q(E,z) = L (v — 2)(1 + 2)" (5)77 %
RS R B EXP(1-¢E.) E> Enm
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Proton interactions
ONLY CMB APPROXIMATION (V. Berezinsky,
B(E, 2) 1dE / de’ én(e)o (e / de ”7(57 PRD, 2006):
“Ed °® B(E,z2)=(1+2)P°B(E(1 +2),z=0)
® b(E,z)=(1+2)?b(E(1+ 2),z=0)

: - db(E2) 3 db(E(1+2),2=0
Pair production: o PR — (14 2)° BECDE0

En = —(M,,+ Me) ~2-10'%eV
107 Froton energylossesoncms
~ —— T
PR+t — Per + € + € ) i
10-8 E E
Photo-pion production: T ool 1
o E E
_ Mi-M ~ 20 2 - ]
Eth_m 2-10"eV on CMB £ 10-0] .
. ) & F E
PR+ — A" — mo + Pcr 10-11L 4
PR+t — AT — my + Ner _u: ‘ | . ]
107 o o o 10l 102

PR+ — AT — per+ 7y + 7 ) Ep [eV]
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Diffuse proton spectrum

.mZO,Zmax:6 .mIO,Zmax:6
o Ep=10"eV, Emax = 1022 eV o Eo=10"8¢V, Enax = 102 eV
o L~2-10%ergMpc3yr' v=26 o L~3-10%ergMpc3yr~' v=3.34
e —DipModel e Auger Combined Fit, scenario1
1038 E 1038 iy E
— E — Hogs EERE E
T ] T F '===22:333=="“; {:
[ B & F i { B
T N 7 r t 1
> 1037F & 10371 g
¥ g B ' s E
£ r } } i E r } } 1
o~ [ i N [ 1
< r N K
3 %
@ 10%L : CATIES !
— ; : Zfl ; - ; ;
N S P 1 weor 1
[l 1 Lol 1
1035 L ‘1‘613 11 ‘1‘619 L1 ‘1‘0‘20 1035 ! ‘1‘613 11 xlwollg L1 ‘10‘20
Ep [eV] E, [eV]

Data from: Maurin et al., A&A 569, A32 (2014); Maurin et al., Univ. 6, 102 (2020).
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Production of secondary particles

PR+ — AT — o+ per = o = Y+

Ncr — Per + €7 + e

+ = AT = 1 N =
Per N o { T pt vy =t et oL+ ve

— =ut et +v
Per + 7 = AL = P+ T4 + T = ™ N,+l/_“ 'u, ,+Vf+'ue
T— = U +V,=>u —€ +lVetr,

Per+ 7 = pr+ € +e

® VHE neutrinos and ~-rays are produced through pions decay.

e Electron / Positron pair are produced mainly through the pair production, but also from the charged
pions decay.

® Leptons and v-rays produce EM cascades through multiple pair production & Inverse Compton
interactions on CMB and EBL target photons — Calorimetric estimate of the total energy injected in
EM cascade with universal shape fixed by the target fields.

* Neutrinos suffer only adiabatic energy losses (at least for z < 10)

A. Cermenati (GSSI) SimProp Jamboree, 13 - 6 - 2024 9/16



Photopion Cross Section modeling

Distribution of final products:
_ v all flavour productlon KA cross section

® We rely on parametrized function @; fitted from 10 17; T T T T T SRR
Monte Carlo simulation of proton - photon F ]
interaction performed by SOPHIA " 1
(Mticke, CPC, 02/2000). - U 3
e Describe the energy distribution of the o g ]
secondary products E 1l i
(S. R. Kelner, PRD 78, 034013 (2008)) = 107°F 3
5 r ]
aN dEp - i ]
= /dEfpnp(Ep)”w(e)q’i(U, X) X 10-20 _:
F|— n=o05 E
da(n X) E; 4¢Ep o ]
®; , X ’ y ==, 1nN= r n=20 N
/(77 ) dx Ep K m;2)C4 10-21 T BT SR o
. . . 1074 1073 102 0.1 1

® Parameters are given as a function of the ratio X = EWE,

P= n7253> )

A. Cermenati (GSSI) SimProp Jamboree, 13 - 6 - 2024 10/16



Diffuse neutrino spectrum

Solution of the transport equation:

Zmax d
0ME)= & [T o | 2| 1+ 2)BE(1 4 20).20)
1
Eg,V(El,,Z,Zg) E ((1 —:_zzg))

v

With injection term:

E)(Ey,z):/ dE, EoToEr.2) x R(Ex Ep.2)

v

RV(EVvEPvZ) = / dén’Y(E,Z)Zyi(bj(Ep,Ey,E)
Eth(Ep)

v,

A. Cermenati (GSSI)

Neutrino Mixing:

1
qbuu ~ §¢u—allflav.

1077 e e O e
E e CF1, (CMB only)
—— CFL, (CMB+EBL)
T’T - | DIP (CMB only)
- -8 —— DIP (CMB+EBL)
50 4 e SR s
I F - - IceCube 90%CL
n L ]
N
) —.
e 10 E
] E
: £
O 1070
g E
R T
INFY
8 E
10,127 R T A YT IR
1014 1015 1016 1017 1018 1010
E, [eV]

Data from: C. Kopper, PoS ICRC2017, 981
(2017).
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Gamma-ray cascade

Propagation of the cascades Cascade development

PP:y +yeeL — € + e, E5h < ESYP ® O-rays(2): total EM emissivity from protons at a
given epoch.

* fh(2)= mﬁ(z) PP threshold on EBL.
)

. . P (2 € (2)
Dichromatich model * (2) = EBL e 5 energy of CMB photons

IC: e+ vyemB — YHE + €, Ncve >> NesL

upscattered through IC by an e~ /e™ produced
eem(2) =(1+2)-6.3- 107 eV, eesL(2) ~ 1 eV. at the minimum energy by PP.
v

E \"%2
= L,NLJ'Y raYS(Z) (EX&)) 2 * EW = eX(Z)
= - E'y - ife
e PR (sa)  ola) <5 <dha) v
X (@) 0 if: E, > efh (2)
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Gamma-ray cascade

Cascade development

e Stage I: leading particles with E, > Eftys lose small fraction of energy in each collision
f=[1/log2Ee/me].
e Stage II: multiplication regime with VHE ~-rays producing pairs on EBL, that upscatter CMB photons.

e Stage lll: low energy regime with no more ~-rays with enough energy to produce pairs on EBL; the
cascade only proceed through the IC of remnant electrons and positrons on the CMB.

Universal shape:

e Kinematic of the Inverse Compton Scattering: E' = 4T%ecms o< E5
dEe

Number of photons in the cascade: dn,(E,) = ge(Ee) =

e Conservation of the total energy in the muIt|pI|cat|on reglme:
Ei = EQ(E) = E(Ge(E) + G,(E)) = e(Ee) ~ 5 &
® Pairs are not produced in the low-energy regime: ge(Ee) = const.

= T 410" eV s By T p. 10" eV = £, = § S cous = ::fLE%MOOMeV

€EBL EBL
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Diffuse Gamma-rays background

Solution of the transport equation:

Injection from pair production

All the energy goes into pairs:

c Zmax dt
(B = [ oo | (14 )8 E,(1 + 20020 .
St 47 Jo g dzg I e Ujee(z):/dEPnP(EWZ)EPBee(Ep’Z)
(1+ z)
Eq(E, 2,z E,
01(E4,2,20) = T(1+2) ) e A
T e P, ]

Injection from photo-pion

Q(E;, 2) = [@x(2) + Teeo(2)] X f(E, 2)

T+ +

=
o
1

-
T

-
o
0

/dEE _(E,2) + Qo (E, 2) + Q4 (E, z)]

E2 Ny rays(Ey) [MeV cm=2 571 5171

10*5» -
= TED dEp Fu sl m L sl el sl
Q(E,z) = No(Ep, 2) x Ri(E, Ep, 2) 10° 107 10° 10° 100 107 10°

E Ep E, [eV]
Ri(E, Ep, z) = / “ deny (e, 2)®i(Ep, E  €) Data from: A.A. Abdo, Physical Review
€th(Ep

) Letters 104.10 (2010).




Gamma-ray cascade

Reference values

e 2 PP
efhe = M~ 400 Tev, 8 — Me 200 Gev, x(2) = cepL(2) ecms(2) 100 MeV

€cmB €EBL 3 emL(2)

v

e Adiabatic: Ho~7-10""yr—"
* |IC Scattering on CMB (ecus ~ 6 - 10~* eV, ncys ~ 400 cm—3):

7o' = cornems ~ 3-10"*yr~' Thompson regime: E, < GTAEB ~ 400TeV, E, ~3GeV E2

2

1
Eo ) KN regime: £, > 7 ~ 400TeV, E, ~ E.
€

Exn

e Pair Production on EBL (egg ~ 107%-1¢€V, nggr =~ 1 —10~2cm™3):

=1 30‘7’ Me
Tic =~

8 Te cous

cheyg ~ 1+ 10_4 yr_1 < ovs

Top A CoppNea, ~2-107° =107 yr~! at the o-peak: E, ~ 100 -1 TeV), opp = % (E,er = 4m3)

e Path-lenght: (lic) = kpc, (lpp,ear) =1 —100Mpc, (lpp,cus) ~ 10 KpCEpey




End of the calculations

presentation
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Cosmology

UHECR travels cosmological distances — Cosmological model of the expansion of the Universe J

Metric in an expanding Universe

9w ax'dx” = ds® = c?df® — &(t)dx?

A-CDM model
® FLRW metric. ® Solving General Relativity equation:
e Cosmological constant A associated with 8:G
dark energy. Guv + NG = e Vs

e Cold - Non Baryonic Dark matter )
® |sotropic stress-energy tensor T,, and

; ; o P
* Cosmological Equation of State: £ = w. e

Ho ~ 70km Mpc =3 s~

S oo at 1 _ _ 3 ] N .
a'(h=1+z e 7(1 A H(z) = Ho/(1 4+ 2)3Qum + Qa; g,v, N(()).;B(Dark+Baryon|c)
A R U.
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Continuity equation

Noether Theorem: continuity equation — energy losses to be added "by hand”

1

759 9"0. (Vo) = Q

Time component, Jo=n

1
a(t) ot

- (2(tn(E, 1) = % + BH(t)n(E, t)

QD‘Q;

Spatial component

® For a source at a given location, exists a preferential direction é:

Ji = —a(t)écn(E, t) = _afig) (—a%t)cé)-(a”gi X) | 8";’2 x) 4 8”2,’;_; X)> — 2 (BB Ven(E X, 1)

® For identical, uniformly distributed sources the net current J; = 0 everywhere.
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Boltzmann equation

Boltzmann equation in General Relativity

8f v Of

Relativistic gas in gravitational field: p*—~—— — I, p"p o0 = (C(f, P))con + Qs
. of a(t) ; of
FLRW metric: = = alt )p rl = (C(f,P))con + Qs
First-order Momentum average: = (Zt + 3H(t)n — [EH(t)n] ={(C(£,P))con), + (Qs)

Collisional term
e Collision with a distribution of target: C = [ dp.(f.f — f.f)c(1 — Bcosh)odQ
e The target distribution is not modified: f, = f, = J dp.f. = ny(e)de
® Energy loss: [(f' — f)c(1 — Bcost)odQn, (e)de = Z(f [ c(1 — Bcost)adQn, (€)dedE)
* Taking the momentum average: = 2 (n(E)b(E));
with b(E) = [ ¢(1 — Bcos)o(E, €)n(e)dedEdS

rn

©

il
.
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Formal solution

¢ |'ll show the methodology to obtain the formal solution of the transport equation for the physical
density in the comoving coordinates; the equation reads:

on(E, t)
ot

+ 3H(t)n(E, t) — a% [n(E, t)b(E, 1)] =

® Exploiting the derivative wrt. to the energy:

on(E, t)
0E b

an(E,t) dE _ ab(E, 1)

(E. 1) - 0E dt  OE

n(E,t) =

d _ Ob(E, 1)
— 5 g In(E. Ob(E, 1] = - OF n(E, 1)

¢ The total derivative wrt. time can be collected along the "energy-path” E4(E, t, ') described by the

solution of the energy losses equation dE/dt = b(E, t):
dn(E,t) _ on(E,t)  on(E,t) dE

dt B ot 9E at
® Finally, we move the equation into redshift multiplying by the Jacobian |dt/dz|
iE,2) Ob(E',2)
dz dz [SH( T E—E,(E.2) n(E, z) (1 +2)° Q(E4(E, 2), 2)
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Formal solution

® The Green function of the associated homogeneous equation:
at Ib(E', s)

G(E, z,7') =EXP (—/ ds| [SH( ) - ToE

_ (42 (/ ds‘ at ’é?b(E’ s)

E’:Eg(E,z,s):| )
E’_Eg(E,z,s)>

® From the homogeneous equation one can also obtain the derivative of the Green function:

aG _ | dt _ Ob(E',z)
dz dz {BH( ) =4 E’:Eg(E,z):| G

® The solution of the homogeneous equation:

(1+z) ds| O

at
ds

Ib(E', s)
oE'

omo _ ( +Z)
"™ (E, z,z5) = A(zs)G(E, 2, zs) = (zs)mEXP < /z ds E/:EQ(E,z,s)>

® This solution represents a density present at redshift zs that propagates to redshift z < zs
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Formal solution

e Our equation is a first degree, ordinary, complete differential equation with variable coefficients
e A common solving method for this class of ODEs, given their Green function, is to make the ansatz:

dn dA dG
n(E,z,zs) = A(z,z5)G(E, z,zs) = el EG AE
e Substituting into the original equation a particular solution is obtained:
dA(z, zs)
25|20+ 2 A E D). e (E 220 =

Zs
A(z,zs):/ dzg

dt ~ _
|+ 2 0EE 2 2206 (E 2.2

at ~ G(E,z,z
| mraEE 2z GRS

Zs
n(E,z,zs) = az, <
( S) /z J (E,Zg,Zs)

e Itis easy to see that G(E, z, zs)G™'(E, zg, zs) = G(E, z, z,)
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Formal solution

® The full solution is given by the sum of the homogeneous and particular ones:

N(E.2) = Alzna) G(E. 2.20m) + [ | | (14 25)° QUES(E.2.20) 2)G(E 2.2
z g

® Imposing as Initial data a e density IS zero at Z = Zmax- y Zmax, Zmax) = 1 = Zmax) = U =
Imposing as initial data that the density i t G(E 1=A 0

dt

dt| 9b(E', s)
ds

o] =4

E’:Eg(E,z,s)>

n(E,z):/ ™ dz —’MQ E,(E. 2, zg), zg)gj/;)?Exp (/gds

The term (1 + z5)® comes from the physical injection term.
The term (1 + 2)3/(1 4 z4)® comes from 3H(t) (expanding volume element).
Solving the equation for the comoving density with the same methodology:

~ [ dt| Ob(E’, s)

_ n(E 2)
E'=Ey(Ezs)) (14 2)3
1 E S Emax
EXP (1- ££.) E > Emax

7‘ Q(E4(E, z, z5), zg)EXP (/ ds|—
. . = c _'\/
® Injection term: Q(E, z) = E%(v -2)(1+2)" (E%) X {
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Point source:

Transport equation:

w ﬁ Vi + 3H(1)| n(E, %, 1) — (n(E %, )b(E, 1)) = Q;aft)t)as( %)
an(g,tr, D 4 [(c8+ H(t)7) - Vs + BH(D)] n(E.T. 1)~ 3?5( n(E, 7, t)b(E, 1)) = Q(E, 1)5°(F — )

® The solution is found with the same methodology, but in Fourier space to deal with the §-function.
® The solution depends on the source location Xs — Zs.

w5 (E) = (1 +2)QAUE(E, z:)) dFg

4rcd? e (E:%) d. = (14 2)*da
Integrating over a uniform sources distribution: ZZ ’gt’4 cdi(1 + 2)°
Zmax at| - dE, dt
PS -
n(E) = [ oV @ (E) = [ dz| G| (2105 (E.2) FEE 2 ‘d 4mcdk(1+ 2)
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Diffusive regime and magnetic horizon

Transport equation

0 Q(E)53

J, = D(E)Vxn(E) = V24 3H(t)] N(E) = 5 (MEID(E)) = 5y 8°(% — )

on(E) {D(E)

ot a2(t)
Exp (- %k -
t dEy ( (1+z)24>\(Eg,z)) _ at 2
B(E) = [ dz| G| QE(E, ) FE(E ) — LFBAL \(E, 2) = [ o | |1+ DIE(E )

Integrating over the source's distribution:

47rX X2
/ dxgdmx5ns(z)nbxi(E, 2) / dxg @n ,\)g 2 EXP (_4;> -1

Magnetic Horizon:

® The spectrum for a uniform source's distribution is universal.

¢ In the diffusive case, this is valid as long as the diffusive length is larger than the mean separation
between sources: I ~ 2&) > (ds)
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Solution for nuclei
Does NOT CONSERVE the nucleus type

Amp 5 MeV

threshold: ¢ ~5MeV = Ey, ~ 5 = En~3-A-10"®eVon CMB

€t

Photodisintegration conserves the energy/nucleon — write the transport in terms of Lorentz factor.
® |t can be treated as a decay in the transport equation, with characteristic timescale:

1dE_1dA_ 1 _ ¢ /,phdis,/ n, (e, 2)
Edt_Adt_TA(F,z)_2r2/d€€UA (€) | de—=5—

The transport equation becomes:

na(r,z) = (1 + z)°

W . [3H(z)+ 1 ab,h(r,z)} ‘dt

ma(C,z)  or dz

at| ~
&|ara)

With solution:
Zmax
nA(F) :/ ng
0
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Photodisintegration

Photo-hadronic model
® PSB model: empirically determined cross n(T, A z,2g) = /zg
z

o| ot
az

1
TA(rg(r7 Z, S), S)

sections for single nucleon (GDR) and multi
nucleon emissions.

® TALYS: Computational tool which simulates 107
nuclear reaction, including a-particle emission

hard nitrogen injection

— le+38 T T T T T 3 s *:
z F PSBoy, — 71 — = &
5 FTALYS 640 ——- zZ=2 1 <
> 1e:3T T 3.7 — 3 =~ 3
Il E - E = 1
2 fes36 1 3
o] H IS oy A e S S ]
W 1e+35 - E
175 18 185 19 195 20 205 JETTT ERTT R
log,g(E/eV) 1010 1011 1012
r

Figure: R. Alves Batista, JCAP, 10/2015
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Chain of differential equations

® Transport equation for secondary nuclei:

ana(l, z) 1 0ba(T,2)] | dt _ s|dt] nan(r,2)
oz 8H(z) + 7a(T, 2) ar dz Ml 2) = (1+2) dz | 7a:1(T, 2)
® Transport equation for secondary protons:
on(T, z) _oby(,2)] | dt B s|dt| o na(l,2)
oz {SH(Z) ar az n(r,z)=(1+2) dz| T 7a(T, 2)
® For secondary nuclei, the injection term is: ZDA(FQ) = —2Na1(Ty).

® For secondary protons, the injections term depends on all the other species.

® To take care of all the nuclear species, a chain of ODE should be solved:
® Protons and primary nuclei ODE's should contain the injection from both the sources and the other species.
® Secondary nuclei has only the injection term from photodisintegration.
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