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OVERVIEW

•Gravitational wave transient catalog

•Tests of blackhole nature using spin-induced multipole moments

•Constraints from the gravitational wave transient catalogue

•Combining information from multiple events

•Future prospectives: more accurate models, more sensitive 
detectors
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TIME-DOMAIN GRAVITATIONAL WAVEFORM MODEL OF A 
BINARY BLACK HOLE MERGER



O1:  Sep  2015 
to Jan 2016 O2:  Nov 2016 to Aug 2017

O3a: April 2019 to Oct 2019
O3b:  Nov 01 2019 to Mar 2021
O4 is going on from 24 May 2023
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Public alerts for 39 events already in O4
https://gracedb.ligo.org/superevents/public/O4/
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FIRST DETECTION, THIRD TRANSIENT CATALOG WITH ~100 
MERGERS, AND MANY MORE!

• Provides information about source parameters- masses, spins, orientation, location 
etc. [astrophysical properties] 

• Possibility of performing several tests to check the consistency of detected signal to 
that of binary black hole mergers in general relativity [strong-filed tests of general 
relativity]

• We can use waveform models that allow parametrised deviations from general 
relativity to perform such tests [requirement of waveform models and efficient techniques]

• Given the statistical uncertainties in various consistency tests, black hole mimicker 
models, such as boson stars, gravastars etc., can not be completely ruled out [tests of 
black hole nature]
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TESTS OF BINARY BLACK HOLE NATURE USING GRAVITATIONAL 
WAVES

•Inspiral-based tests of binary black hole 
nature:

•Spin-induced multipole moments
•Tidal deformability
•Tidal heating
•…

• Tests based on the post-merger signal:
•Quasi-normal-mode ringdown 

analysis
•Late ringdown echoes
•…

[Cardoso et al., Phys. Rev. D 95, 084014 (2017);  Nathan K. Johnson-McDaniel et al., Phys. Rev. D 102, 123010 (2020); Maselli et al., 
Phys. Rev. Lett. 120, 081101 (2018); Pani et al., Phys. Rev. D 80, 124047 (2009); Chirenti and L. Rezzolla, Classical Gravity 24, 4191 
(2007); Cardoso et al., Nature Astron. 1, 586 (2017), 1709.01525]

https://arxiv.org/search/gr-qc?searchtype=author&query=Johnson-McDaniel,+N+K


• Deformations due to the spin of a compact object lead to spin-induced multipole 
moments, which are unique for a Kerr blackhole given mass and spin. 

• Spin-induced multipole moment coefficients are unity for Kerr BHs, while for other 
objects the value is different and will vary depending up on the internal structure of 
the star.
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(m1, χ1, κ1)

(m2, χ2, κ2)

Spin-induced moment 
parameters (inspiral): 

‣

‣

‣

κBlackholes = 1

κNeutronStars ∼ 2 − 14

κBosonStars ∼ 10 − 150

[R. O. Hansen et. al, 1974; B. Carter et al, 1971; Poisson 1998; Pappas 2012 (a);  Pappas 2012 (b); F. D. Ryan; 
1997; N. Uchikata et. al; 2016; Vaglio et al. 2023; Vaglio et al. 2022; Pacilio et al. 2020; ]

https://pubs.aip.org/aip/jmp/article-abstract/15/1/46/224289/Multipole-moments-of-stationary-space-times?redirectedFrom=fulltext
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.26.331
https://arxiv.org/pdf/gr-qc/9709032.pdf
https://arxiv.org/pdf/1211.6299v1
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.108.231104
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.55.6081
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.55.6081
http://adsabs.harvard.edu/cgi-bin/bib_query?arXiv:1607.03593
https://arxiv.org/abs/2302.13954
https://arxiv.org/abs/2203.07442
https://arxiv.org/abs/2007.05264
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 Can we distinguish black holes from other compact objects using the gravitational 
wave measurements of spin-induced multipole moment coefficients?



•To perform the null-test, we need:

•A parametrized waveform model with explicit  
dependence,

•A parameter estimation algorithm, Fisher matrix 
analysis? Bayesian analysis?

•Spin-induced quadrupole moments start to appear at 2PN in 
the post-Newtonian phasing formula. Higher order 
contributions at 3PN and 3.5PN are also available.

κ
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[C. K. Mishra, A Kela, Arun, G Faye Phys. Rev. D 93, 084054 (2016); Krishnendu, Arun, Mishra, Phys. Rev. Lett. 119, 
091101 (2017)]

https://arxiv.org/abs/1601.05588
https://arxiv.org/abs/1701.06318
https://arxiv.org/abs/1701.06318
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(m1, χ1, κ1)

(m2, χ2, κ2)

Spin-induced moment 
parameters (inspiral): 

Introduce one parameters 
deformation of the form, 

 and κ1 = 1 + δκ1 κ2 = 1 + δκ2

 vanishes for black holes and the 
value vary for other compact 
objects like neutron stars, boson 
stars depending upon their 
internal composition 

δκ

Note: One can extend this test to higher order multipoles, currently the 
spin-induced octupole tests are implemented
[Saini and Krishnendu, 2023]

Measure the symmetric combination,  assuming δκs δκa = 0
Krishnendu, Arun, Mishra, Phys. Rev. Lett. 119, 091101 (2017)

https://arxiv.org/abs/2308.01309
https://arxiv.org/abs/1701.06318


• Posterior on binary parameters: 

• Main ingredients: 

• Likelihood , the data from  event  carries a signal  plus 
coloured Gaussian noise

• Prior  on 

• Evidence  

• 1-D marginalised posterior on ,  

p(θ, δκs |dj, H) =
π(θ, δκs |H) L(dj | θ, δκs, H)

Znbh
j

L(dj | θ, δκs, H) jth dj hj(θ, δκs)

π(θ, δκs |H) {θ, δκs}

Znbh
j = ∫ π(θ, δκs |H)L(dj | θ, δκs, H) dθ dδκs

δκs p(δκs |dj, H) = ∫ p(θ, δκs |dj, H) dθ
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BASICS OF BAYESIAN ANALYSIS: POSTERIORS, BAYES FACTORS 
AND COMBINING INFORMATION FROM MULTIPLE EVENTS 



• Joint likelihood analysis (Restricted method): Assumes universal value for  
irrespective of the source properties

• Hierarchical method:  from the posterior on  and , 

• Mixture likelihood approach: Given the population of events, what fraction of non-
BBHs are present? 

δκs

p(δκs |α) = N(μ, σ2) μ σ

p(δκs |d) = ∫ p(δκs |α) p(α |d) dα

L(dj |θ, δκs, fnbh) = (1 − fnbh)L(dj |θ) + fnbhL(dj |θ, δκs)
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BASICS OF BAYESIAN ANALYSIS: POSTERIORS, BAYES FACTORS 
AND COMBINING INFORMATION FROM MULTIPLE EVENTS 

[Isi, Chatziioannou, Farr, PRL 123, 121101(2019); M Saleem, Krishnendu,  Abhirup Ghosh,  Anuradha Gupta, W 
Del Pozzo, Archisman Ghosh, K G Arun, PRD 105, 104066 (2022)]  

http://Hierarchical%20test%20of%20general%20relativity%20with%20gravitational%20waves
https://arxiv.org/abs/2111.04135
https://arxiv.org/abs/2111.04135


SPIN-INDUCED QUADRUPOLE 
ESTIMATES FROM GWTC-2
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LVC; Phys. Rev. D 103, 122002 (2021)

• IMRPhenomPv2

• Inspiral-
dominated 
events

https://arxiv.org/pdf/2010.14529.pdf


SPIN-INDUCED QUADRUPOLE 
ESTIMATES FROM GWTC-3
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• IMRPhenomPv2

• Inspiral-
dominated 
events with non-
zero spin effects

https://arxiv.org/abs/2112.06861


ESTIMATES FROM COMBINING 
INFORMATION FROM MULTIPLE EVENTS
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LVK, 2021

•Even though 
the individual 
events are 
poorly 
constrained the 
combined 
result is 
promising

Hierarchica
l approach

 Joint 
likelihood 
posterior

https://arxiv.org/abs/2112.06861


1. With 2G detectors, single event constraints are uninformative, 
need population inference to look for non-BH signature in the 
data

2. Before we make that conclusion: the spins, mass ratio and the 
signal-to-noise ratio are crucial

3. Waveform model with higher harmonics and full precession 
can lead to better constraints

4. Future detectors
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POPULATION INFERENCE OF SPIN-INDUCED 
QUADRUPOLE MOMENTS AS A PROBE FOR BH 

MIMICKERS
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• Mass distributions: Model-C in 
GWTC-2

• Spin distribution: Default 
model in GWTC-2

• Three different distributions 
for  to create non-BBH 
signals 

• Uniform [-40, 40]

• Gaussian with 

• Gaussian with 

δκs

μ = 25,σ = 5

μ = − 25,σ = 5

Population models created from the 
injected binary signals

Employing IMRPhenomPv2 waveform model and 
parameter estimation is performed using 

LALInference
[M Saleem, Krishnendu,  Abhirup Ghosh,  Anuradha Gupta, W Del Pozzo, 

Archisman Ghosh, K G Arun, PRD 105, 104066 (2022)]  

https://arxiv.org/abs/2111.04135
https://arxiv.org/abs/2111.04135


20[M Saleem, Krishnendu,  Abhirup Ghosh,  Anuradha Gupta, W Del Pozzo, Archisman Ghosh, K G Arun, PRD 105, 104066 (2022)]  

POPULATION INFERENCE OF  FROM SIMULATED BINARIES 
USING HIERARCHICAL INFERENCE 

δκs

https://arxiv.org/abs/2111.04135
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[M Saleem, Krishnendu,  Abhirup Ghosh,  Anuradha Gupta, 
W Del Pozzo, Archisman Ghosh, K G Arun, PRD 105, 
104066 (2022)]

Overall tendency to support 
BBH signal: biased single 
event estimates, prior on , 

 assumption in the 
recovery

δκs
δκ1 = δκ2

https://arxiv.org/abs/2111.04135
https://arxiv.org/abs/2111.04135
https://arxiv.org/abs/2111.04135


EFFECT OF HIGHER HARMONICS AND 
CONSTRAINTS FROM A FULLY PRECESSING MODEL
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• Fully precessing models 
from IMRPhenomXP 
family, comparing the 
results to the higher 
mode version, non-
precessing version and 
dominant model version 
for simulation 

[Divyajyoti NLN, Krishnendu, C K Mishra and C K Mishra, in preparation]

[PRELIMINARY]



EFFECT OF HIGHER HARMONICS AND 
CONSTRAINTS FROM A FULLY PRECESSING MODEL
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[Divyajyoti NLN, Krishnendu, C K Mishra and C K Mishra, in preparation]

[PRELIMINARY]



•Selection bias studies: Efforts to include the exotic compact 
object signatures in the initial template bank generation

• Efforts to simultaneously measure the tidal-deformability 
parameter and spin-induced quadrupole moment parameters

24

[Chia, Edwards, Wadekar, Zimmerman, Olsen, Roulet, arXiv:2306.00050, Tejaswi Venumadhav, Barak 
Zackay, Matias Zaldarriaga; Vaglio et al. 2023; Vaglio et al. 2022; Pacilio et al. 2020; Narikawa, Uchikata, Tanaka, 
Phys. Rev. D 104, 084056 (2021)]

https://arxiv.org/abs/2306.00050
https://arxiv.org/abs/2302.13954
https://arxiv.org/abs/2203.07442
https://arxiv.org/abs/2007.05264


WHAT DO WE KNOW ABOUT THE 
CONSTRAINTS FROM FUTURE DETECTORS?

25



POSSIBILITIES WITH 3G DETECTORS: SIMULTANEOUS 
MEASUREMENT OF TWO PARAMETERS

26[Krishnendu, C K Mishra, Arun., PRD D 99, 064008 (2019)]

•  errors using 
Fisher information 
matrix analysis

• Nearly equal mass 
binary with spins: 

 and located at 

• Regions with less than 
accuracy

1 − σ

(0.9,0.8)
400Mpc

10 %

https://arxiv.org/abs/1811.00317


POSSIBILITIES WITH 3G DETECTORS:IMPROVEMENT 
COMPARED TO 2G DETECTORS

27[Krishnendu, C K Mishra, Arun., PRD D 99, 064008 (2019)]

•  errors using 
Fisher information 
matrix analysis

• Nearly equal mass 
binary with total mass 

 and located at 

• Order of  
factor improvement

1 − σ

30M⊙
400Mpc

∼ 40 − 50

https://arxiv.org/abs/1811.00317


SUPER-MASSIVE AND INTERMEDIATE 
MASS BINARY BLACK HOLES

28[Krishnendu and Yelikar, Class. Quantum Grav. 37 (2020) 205019]

•  errors using 
Fisher information 
matrix analysis

• Model 1 and 2 are 
astrophysical 
population models 
proposed for super 
massive binary BHs 

• Around 60% of the 
sources provide 

1 − σ

Δκs ≤ 1

https://arxiv.org/abs/1811.00317


SUPER-MASSIVE AND INTERMEDIATE 
MASS BINARY BLACK HOLES

29[Krishnendu and Yelikar, Class. Quantum Grav. 37 (2020) 205019]

• Model 1 and 2 are 
astrophysical 
population models for 
intermediate mass 
binary BHs 

• Around 85% of the 
sources provide 

 for DECIGO 
with lower cut-off 
frequency 0.001Hz

Δκs ≤ 1

https://arxiv.org/abs/1811.00317


•Bayesian implementation

•More accurate waveform models
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SUMMARY
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•The gravitational-wave astronomy community is awaiting for its forth 
transient catalog. 

•Tests to distinguish binaries composed of black holes from other objects 
including exotic compact objects is one of the fundamental physics 
questions. 

• Applicability of spin-induced quadrupole moment based tests on inspiral 
dominated signals with non-vanishing spin effects are promising.

•Increased detector sensitivity and improved waveform models are crucial.

•Complementary analyses: tidal deformability measurements and tidal heating 
measurements



Thank you!
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• Challenges with asymmetric binaries: waveform model, data analysis technique…

•
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Post-Newtonian waveform with spin-induced quadrupole moment terms 
(for slide 7)

h̃(f) =
M2

DL

r
5⇡ ⌫
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Spin-Induced quadrupole moment terms at 2 PN, 3 PN, 3.5 PN terms are available 
in the literature. In addition to that, 2 PN amplitude corrections to the spin-
induced coefficients are also been calculated.  [C. K. Mishra, A. Kela, K. G. Arun]

The leading order (3.5PN) spin-induced octupole moment coefficient in the 
phasing also calculated 
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Post-Newtonian waveform with spin-induced quadrupole moment 
terms (for slide 7)



TWIN LIGO OBSERVATORIES. SITUATED IN THE 
UNITED STATES, HANFORD AND LIVINGSTON. 

4KM ARM LENGTH. SEVERAL SCIENCE RUNS 
DURING 2002-2010. THE FIRST DETECTION WAS 

IN 2015 DURING THE FIRST OBSERVING RUN, 
GW150914

VIRGO 3KM ARM LENGTH DETECTOR, IN 
ITALY. JOINED THE LIGO NETWORK ON 

GEO600, 600 M 
ARM LENGTH. 
LOCATED IN 
GERMANY

JAPANESE DETECTOR, 
KAGRA (KAMIOKA 

GRAVITATIONAL 
WAVE DETECTOR). 

LARGE-SCALE 
CRYOGENIC 

DETECTOR (3KM)
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More info: waveform model: 40, 20, 0.6, 0.5 Pv2, backward fast FFT, time axis is set to 
zero such that the instantaneous frequency is 40Hz
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