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Five reasons why | like (and everybody should) Piero

@ He is a top-notch mathematician, of course.

@ He is a self-made man and mathematician. He’s not coming
from any school. He found his own way out of very little (this
is not very common in ltaly).

@ He is a top-notch advisor. He likes youngsters (this is not very
common in ltaly).

@ He's a builder, not an extractor. He built GSSI and this fixes
for him a neat place in the history of Italian math.

@ He likes Jazz music. | would compare him to

(pic from Wikipedia).
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Functionals and equations

@ We consider both integral functionals

Vi / F(x, Dv) dx
Q
@ and equations of the type
—divA(x,Du) =0.
@ The catch is of course given by the Euler-Lagrange equation

—divd,F(x,Du) =0.
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Ellipticity

@ Here by ellipticity mean that a conditions of the type
gi(x, |z)lg < 9:A(x,2) < ga(x, |z|)a

is verified for non-negative functions g1, g>: [0,00) — R.

@ That is, in the case of functionals
g1(x, [z)lg < 022 F(x,2) < ga(x, |2|)Lq -
@ Autonomous case

g1(|2))ly < 0;A(z) < g(|2])a -
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Uniform Ellipticity

@ Uniform ellipticity means

lim sup M < 0.

|z| =00 gl(X7 ‘ZD

uniformly with respect to x.

@ When 0,A(-) is symmetric (for instance in the variational

case)

highest eigenvalue of 0,A(x, z)
su _
z|>1 lowest eigenvalue of 0;A(x, 2)
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Nonuniform ellipticity

@ It is a classical topic.
@ When dealing with equations of the type

—div A(x, Du) = [right-hand side]

nonuniform ellipticity means that

ims highest eigenvalue of 0,A(xp, z)
| u =
2|00 lOWest eigenvalue of 9,A(xo, 2)

holds for at least one point xg [needless to say, 0,A(:) is
symmetric here].
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Nonuniformly elliptic classics < 70s

Ladyzhenskaya & Uraltseva (Book + CPAM 1970)
Gilbarg (1963)

Stampacchia (CPAM 1963)

Hartman & Stampacchia (Acta Math. 1965)

Ivotkina & Oskolkov (Zap. LOMI 1967)

Oskolkov (Trudy Mat. Inst. Steklov 1967)

Serrin (Philos. Trans. Roy. Soc. London Ser. A 1969)
Ivanov (Proc. Steklov Inst. Math. 1970)

Trudinger (Thesis, Bull. AMS 1967, ARMA 1971)
Leon Simon (Indiana Univ. Math. J. 1976)
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Nonuniformly elliptic classics > 80s

Trudinger (Invent. Math. 1981)
Zhikov (papers and books from the 80,/90s)

N.N. Ural'tseva & A. B. Urdaletova (Vestnik Leningrad Univ.
Math. 1984)

Lieberman (Indiana Univ. Math. J. 1983)
Ivanov (Proc. Steklov Inst. Math. Book 1984)
Marcellini (ARMA 1987, JDE 1991, Ann. Pisa 1996)
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Classics from Trudinger

THE DIRICHLET PROBLEM FOR NONUNIFORMLY
ELLIPTIC EQUATIONS!

BY NEIL 5. TRUDINGER
Communicated by F. John, January 23, 1967

Introduction. Let € be a bounded domain in E*. The operator

Qu

acting on functions u(x) € C*(@) is elliptic in Q if the minimum eigen-

value Mz, u, p) of the matrix [a¥(x, u, p)] is positive in @XE~+.
Here

U, 0y Y thsga; + 0, 4, 4s)

(e = vthz)y  p=(pr, -+ o)

and repeated indices indicate summation from 1 to #. The functions
a¥i(x, u, p), a(x, u, p) are defined in QX E~+1. If furthermore for any
M>0, the ratio of the i to minimum ei of
[a¥(x, u, $)] is bounded in @X(—M, M)XE" Qu is called uni-
formly elliptic. A solution of the Dirichlet problem Qu=0, u=¢(x) on
Qisa CO@)NCAQ) function u(x) satisfying Qu=0in @ and agreeing
with ¢(x) on 0%

When Qu is elliptic, but not necessarily uniformly elliptic, it is
referred to as nonuniformly elliptic. In this case it is well known from
two dimensional considerations, that in addition to smoothness of the
boundary data 92, ¢(x) and growth restrictions on the coefficients of
Qu, geometric conditions on 32 may play a role in the solvability of
the Dirichlet problem. A striking example of this in higher dimen-
sions is the recent work of Jenkins and Serrin [4] on the minimal
surface equation, mentioned below.

Giuseppe Mingione

Hopf, Cac

On the Regularity of Generalized Solutions
of Linear, Non-Uniformly Elliptic Equations

Nei S, TRUDINGER

Communicated by J. C. C. Nrrscue

1. Introduction
‘We consider in this paper the simplest form of a second order, linear, diver-
gence structure equation in » variabies, namely

o f2)o

where the coefficients @'/, 15/, jSn, are measurable functions on a domain @
in Bocidesn  spce E°. Fllowiag th wal summation convestion, repeted
indices will indicat suminaton from 1 10 . We asume alvays that 122

Eaquaton (1.1 i lipic in i thecoufcent matrix () (/) 5 positive
almost everywhere in 2. Let 4(x) denote the minimum eigeavalue of (x) and
set

an

2) H= sup la%Go)l
50 that !
3 )IEPsa &8s u@1E)?

for o £a", se0, Wo vl aythat iuaton (1) b mfirmyelpic o 0 e
function 7(x)=u(x)/A(x) is essentially bounded i

bounded, then equation (1.1) s referred to s non- m../wm/, We note here
that uniformly elliptic equations for which 4" is unbounded have sometimes been
referred to as degenerate ellptic [9).

Uniformly elliptic equations of the form (1.1), with bounded 4™ and 4, have
been exteasively studied in the lterature, two of the major results being a Holder
estimate for generalized solutions, due to DEGIORG [1] and Nasw [11), and a
Harnack inequality, due to Mose [7). The purpose of this paper is to extend
these results o a class of non-uniformly ellptic equations. In order to accomplish
this, our methods differ substantially from those previously proposed and hence
may be considered as new proofs of the original results. Various features of our
proofs do coincide, however, with techniques in Mosex’s two papers (6], 7]
An essential difference s that in order to obtain the stronger results we need to
extract more information from the equation.
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Classics from Leon Simon

T413

INTERIOR GRADIENT BOURDS FOR NON-UNIFORMLY
ELLIPTIG PARTIAL DIFFERENTIAL EQUATIONS
OF DIVERGENCE FORM
by

Lels SINON

A Thesis submitted for the Degree of
Doctor of Philosophy
in the University of Adelaide,
Department of Pure Mathematios,
December, 1971+

Giuseppe Ming;

Interior Gradient Bounds for Non-uniformly
Elliptic Equations

LEON SIMON

In (1] Bombieri, De Giorgi and Miranda were able to derive a local interior

thus extending the result previously established

Their method was to use test function arguments together
with a Sobolev inequality on the graph of the solution (Lemma 1 of [1)). A much
simplified proof of their result was later given by Trudinger in [12].

Since the essential featurcs of the test function arguments given in (1] general-
ined without much difficulty to many other non-uniformly elliptic. equatior
it was apparent. that interior gradient bounds could be obtained for these other
equations provided appropriate analogues for the Sobolev inequality of (1] could
be catablished Lodyahenkaya and Uraltaewa obained muh insqusitcn
(4], Temma 1) for & rather largo clas of cquation, including the minimal
surface equation as  speial ase. They
for i class ofcquntions

§20f (5] bolev incquality blished on certain generalized
submanifolds of Beon spac. T the spocal cae of nonparsmetrc hyper-
surfaces in R of the form z,., = u(z), where u is & C* f
open subset @ C R, the incquality of

were thus able to obtain gradient bounds

5] implies

o (e se L[5 onn o
for each non-negative C' function h with compact support in 2, where
v = (14 |Duf’)"

=w /o, hi=1,m

nd whene it constant depending only on . (So the discusion n §2 bilow)

The quantity H appearing in this inequal n fact the mean curvatu
the hypermiface ., = 1(s) and in the specal case when H = 0 (ie. hen 1
=
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The variational setting

@ For local estimates the variational setting

v »—>/ F(x,Dv) dx
Q

turns out to be the most appropriate one.

@ The Euler-Lagrange reads as
—divd,F(x,Du) =0.
@ Nonuniform ellipticity reads as

highest eigenvalue of 0,,F(x, z)

lim Ra,r(x,)(z) = lim

[ ;
|z|— o0 |z—so0 lowest eigenvalue of 0,,F(x, z)
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Polynomial Nonuniform Ellipticity

@ This happens, when, for |z| is large,

Ro,F(x,)(2) = |z|° for some § > 0
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Polynomial Nonuniform Ellipticity

@ This happens, when, for |z| is large,

Ro,F(x,)(2) = |z|° for some § > 0

@ These are usually formulated prescribing
2P 21y S 0. (x,2) S 121924
so that

Rapr()(2) S |2]977, for |2] large, 1< p<gq.
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Polynomial Nonuniform Ellipticity

@ This happens, when, for |z| is large,

Ro,F(x,)(2) = |z|° for some § > 0

@ These are usually formulated prescribing
2P 21y S 0. (x,2) S 121924
so that

Rapr()(2) S |2]977, for |2] large, 1< p<gq.

@ These are called (p, g)-growth conditions in Marcellini's
terminology. They describe a general situation in which
polynomial nonuniform ellipticity occurs. They usually couple
with growth conditions on F(-)

2P S F(2) 2|9 +1 and l1<p<gq.
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Recent gap bounds miscellanea

o Bella & Schaffner, CPAM 2021 — Analysis & PDE 2021

3<1+
p n—1

= Du € L}y, [n > 2,scalar case].

@ Schaffner, Calc. Var. & PDE 2021

2
9 <1 +—— = Duecl] [n> 2, vectorial case].

p n—1 loc
@ Hirsch & Schaffner, Comm. Cont. Math. 2020
1 1

P q n-—

00
loc -

1:>ueL
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Two different ellipticity ratios

For nonautonomous functionals of the type

v*—)/ F(x,Dv)dx.
Q

We have the pointwise ellipticity ratio

highest eigenvalue of 0,,F(xg, z
R(’)ZF(XO,~)(Z) = zz ( )

lowest eigenvalue of 0., F(xo,z)
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The nonlocal ellipticity ratio

@ The nonlocal ellipticity ratio is defined by

sup,ecp highest eigenvalue of 0., F(x, z)

R B) =
0:F (2, B) infxep lowest eigenvalue of 9, F(x, z)

where B is a ball.

@ In general it is
RazF(xo,-)(Z) SJ Raz/:(z, B) VXO e B.

@ The second ratio usual detects milder, non traditional forms of
nonuniform ellipticity.
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Two different notions

@ The integrand F(-) is nonunifomly elliptic if

sup ROZF(xo,~)(Z) = 0.
x0;|z|>1

@ We call it softly nonuniformly elliptic if

sup Ra,F(x,)(2) <oo but lim Ry,r(z,B) =00
x0,|2[>1 2| =00

for at least one ball B.

o We call it uniformly elliptic if

sup Ro,r(z,B) < c.
B,|z|>1

@ Discussion in De Filippis & Min. ARMA 2021.
@ See also Beck & Min. CPAM 2020.
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A functional of Zhikov

Zhikov considered, between the 80s and the 90s, the following
functional

Vi /(Dv|’J + a(x)|Dv|?) dx a(x) >0
Q

motivations: modelling of strongly anisotropic materials, Elasticity,
Homogenization, Lavrentiev phenomenon etc.
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Soft nonuniform ellipticity

The double phase functional

Vb—>/Q(]Dv\p—l—a(x)]Dv\q)dXE/QF(X,Dv)dX

allows for treating Holder coefficients but is pointwise uniformly
elliptic, in the sense that, whenever we freeze xg

highest eigenvalue of 0., F(xo, z
RazF(xo,~)(Z) = zz ( )

lowest eigenvalue of 0,,F(xo, z)
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Soft nonuniform ellipticity

In the double phase case

vr—>/Q(|Dv|p+a(X)|Dv|q)dXE/QF(X,Dv)dX

we have (with BN {a(x) = 0} # 0)

sup,cpg highest eigenvalue of 0,,F(x, z)
infxcp lowest eigenvalue of 0,,F(x, z)

Ro.F(z,B) =
~1+ HaHLoo(B)]z|q’p — 00

VS

highest eigenvalue of 0,,F(xo, z)

R : =
0:F(x0.)(2) lowest eigenvalue of 0,,F(xo, z)
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A counterexample

Theorem (Fonseca, Maly & Min. ARMA 2004)

Taken>2, BCR" ande,oc >0, 0< a < 1. There exists
a(-) € C%%, a boundary datum ug € W1>°(B) and exponents p, q
satisfying

n—e<p<n<nt+aoa<qg<nt+a-te
such that the solution to the Dirichlet problem
U mvin /B(|Dv|p + a(x)|Dv|?) dx
v € up + WyP(B)

has a singular set of essential discontinuity points of Hausdorff
dimension larger than n — p — o.

One point singularity: Esposito, Leonetti & Min. JDE 2004.
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Many years later

Let u € WH(Q), Q C R”, be a local minimiser of the functional

Vi /(;Dv|p +a(x)|Dv|9) dx  0<a()e CoQ)
Q

with
<1+

T |Q
S|9

Then
Du is locally Holder continuous.

e Colombo & Min. ARMA (2 papers) 2015
@ Baroni, Colombo & Min. Calc. Var. 2018.
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Soft Nonuniform ellipticity, special structures

w / F(x, Dw) dx
Q

R(x,z) <1, R(z,B) = .
Based on the methods on the papers with Baroni and Colombo:
@ De Filippis & Oh JDE 2019.
@ Byun & Oh Analysis & PDE 2020.
@ Karppinen & Lee IMRN 2021.
@ Hasto & Ok JEMS 2022; ARMA 2022.
@ Baroni JDE 2023.
@ Baasandorj & Byun Memoirs AMS, to appear.

The frozen integrand z — F(xg, z) is uniformly elliptic.
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Pointwise nonuniform ellipticity

@ This does not happen for basic model examples as

v»—>/ F(Dv) dx_/l-:(x,Dv)dx
Q

under genuine non-uniform ellipticity
|z|P~2Iy4 < 0.,F(z) < 2|97 %14
o Freezing yields

highest eigenvalue of 0, F(xo, z)
Raz’:_(XOv') ~

lowest eigenvalue of 9,,F(xo, z)
__ highest eigenvalue of 0,,F(z)

~ _ ~ |z|97P.
lowest eigenvalue of d,,F(z)
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Classical Schauder estimates

@ Solutions to
—Au= —div(Du) =0

are smooth.
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Classical Schauder estimates

@ Solutions to
—Au= —div(Du) =0

are smooth.

@ How much of such regularity is preserved when adding
coefficients (ingredients)?

—div (A(x)Du) = —(A¥(x)Dju)x, = 0.

Giuseppe Mingione Hopf, Caccioppoli and Schauder, reloaded



Classical Schauder estimates

@ Solutions to
—Au= —div(Du) =0

are smooth.

@ How much of such regularity is preserved when adding
coefficients (ingredients)?

—div (A(x)Du) = —(A¥(x)Dju)x, = 0.

@ The matrix A(-) is bounded and elliptic

vig < A(x) < Lly.
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Classical Schauder estimates

@ As Du and A(x) stick together we have
A()e C¥ = DueC™ O<a<l.

@ Similar results hold for equations not in divegence form

@ This kind of results where first obtained by Hopf (1929),
Caccioppoli (1934) and Schauder (1934), in various forms,
and are today known as Schauder estimates (see also some
contributions of Giraud). They have also parabolic analogs.

@ This is a basic tool in elliptic and parabolic PDES and in the
Calculus of Variations.
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Classical Schauder estimates

@ The original proofs involve heavy potential theory, as many
others early elliptic results.

@ Similar results hold for equations not in divergence form.

@ Modern proofs have been given by Campanato, Trudinger and

Leon Simon. All these proof rely, in a way or in another, on
perturbation/comparison methods.

@ In turn, all these proofs require that the estimates involved are
homogeneous. This is the crucial point.
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Nonlinear Schauder estimates

@ Nonlinear theory is a more recent story, dating back to the
80s, by Manfredi (see also papers by Giaquinta & Giusti,
DiBenedetto, where first results are obtained under additional
assumptions). Based on Uraltseva & Uhlenbeck theory.

@ A model example is given by the p-Laplacean equation with
coefficients

—div (c(x)|DulP~2Du) = 0
c(:) € CO@
0<v<c(x)<L.

@ Extends to general equations of the type
—divA(x,Du) =0

modelled on the p-Laplacean operator according to the
classical assumptions of Ladyzhenskaya & Uraltseva.
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Non-differentiable functionals

@ What happens when dealing for instance with classical model
functionals as

Vi /[F(Dv) + h(x, v)] dx
Q
when y — h(-,y) is not differentiable, but only Holder?
@ As h(-) is not differentiable, the Euler-Lagrange equation
—div9,F(Du) 4+ 9,h(x,u) =0

does not exists.

@ This is done in classic papers by Giaquinta & Giusti (Acta
Math. 1981, Invent. Math. 1983 ) from the beginning of the
80s.
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Schauder in the uniformly elliptic setting

@ Classical fact 1. For solutions to
—div (c(x)|DulP~2Du) = 0

and, more in general, uniformly elliptic equations with
p-growth we have

c(-) is Holder => Du is Holder.

@ Classical fact 2. For minima of non-differentiable functionals
v /[c(x)|Dv|p +h(x, v)] dx
Q

and, more in general, uniformly elliptic integrals with
p-growth, we have

c(+),h(x,-) are Holder = Du is Holder.
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Two classical issues

@ Open problem 1. Schauder for nonuniformlly elliptic. For
solutions to

—div (c¢(x)A(Du)) =0, Ra(z) =~ |z|97P

and more general, equations with polynomial nonuniform
ellipticity

coefficients (like c(+)) are Holder = Du is Holder.

@ Open problem 2. Nondifferentiable functionals. For minima of
non-differentiable functionals

vis /Q [F(Dv) + h(x, v)] dx

and, more in general, of integrals with polynomial nonuniform
ellipticity, it holds that

coefficients (like h(-,-)) are Holder = Du is Holder.
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Discussion. A Lieberman’s review.

AMERICAN MATHEMATICAL SOCIETY

Select alternative format v

Publicati results for "Author=(giaquinta) AND Reviewer=(li )"
MR0749677 (85k:35077) Reviewed Citations
Giaquinta, M. (I-FRNZ); Giusti, E. (I-FRNZ) From References: 22

Global C'“-regularity for second order quasilinear elliptic equations in divergence form. From Reviews: 1

J. Reine Angew. Math. 351 (1984), 55-65.

3560 (35B65 49A22) Os-Fx
Review PDF | Clipboard Make Link

It is by now classical that solutions of the Dirichlet problem for a divergence form elliptic equation: div A(x, u, Du) = B(x, u, Du) in
Q, u=g on dQ, are Ck“ if ¢ € C** for any nonnegative integer k # 1, under suitable hypotheses on the coefficients A and B.
Moreover, the reviewer has proved this result for k = 1 [Comm. Partial Differential Equations 6 (1981), no. 4, 437-497;
MR0612553] assuming, among other things, that A has Holder continuous first derivatives and that B is Holder continuous.
The present paper provides an alternative proof of this regularity result for k = 1 by means of some interesting techniques
developed by the authors to study the regularity of minima of functionals [Invent. Math. 72 (1983), no. 2, 285-298;
MR0700772]. Basically, they freeze the coefficient vector A at a point and then use a perturbation argument.

As well as being applicable to minimization problems, their method allows weaker smoothness hypotheses, namely, A is C'
in Du and C%¢ in x and u, and B is bounded and measurable. In addition, bounded weak solutions of the Dirichlet problem can
be studied directly when certain growth properties are imposed on the coefficients for large Du.

A comment needs to be made concerning their brief application to equations when their growth properties fail. As they point
out, such equations fall under their considerations provided a global gradient bound has been established; however, this
gradient bound has only been proved when 4 is differentiable with respect to all its arguments, and in many cases more
smoothness of the coefficients is needed. The results of this paper are thus much more striking when applied to uniformly
elliptic equations than to nonuniformly elliptic ones.

Reviewed by Gary M. Lieberman
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Discussion. lvano

of the
STEKLOV INSTITUTE
OF MATHEMATICS

Quasilinear Degenerate
and Nonuniformly Elliptic
and Parabolic Equations
of Second Order

AMERICAN MATHEMATICAL SOCIETY - PROVIDENCE - RHODE ISLAND
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Discussion. lvanov's book.

THEOREM OF LADYZHENSKAYA AND URAL'TSEVA [83]. Suppose that a function
u € C¥(Q) satisfying the condition
mévqul <m, m";lxlvuI <M, (2.5)

is a solution of (1.1) in a bounded domain & C R", n > 2, and that equation (1.1) is
elliptic at this solution in the sense that

a'l(x,u(x), vu(x))¢ > vé?, v=const>0,{cR" xell. (26)
Suppose that on the set Fq, =8 X{|ul<m} X {|p|< M)} the functions
a'(x,u, p),i, j=1,...,n,and a(x, u, p) satisfy the condition
9a"’ 9a'/ 9a’/

13 3

ox ap

Then there exists a number y € (0,1), depending only on n, v, M and M, such that for
any subdomain ', ¥’ C Q,

la”| + +lal < My =const >0 on Fy,, . (2.7)

Ivullera, < €1 (2.8)

where c, depends only on n, v, M, M,, and the distance from Q' to 3. If the domain Q
belongs to the class C* and u = @(x) on 3R, where ¢ € C%(R), then

"V“"CV((_)) < € (2-9)
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Discussion. lvanov's book.

terms of the majorants &, and &,. Here it is also important to note that the structure
of these conditions and the character of the basic a priori estimates established for
solutions of (2) do not depend on the “parabolicity constant” of the equation. This
determines at the outset the possibility of using the results obtained to study in
addition boundary value problems for quasilinear degenerate parabolic equations. In
view of the results of Ladyzhenskaya and Ural’tseva (see [80]), the proof of classical
solvability of the first boundary value problem for equations of the form (2) can be
reduced to establishing an a priori estimate of maxy|Vu|, where Vu is the spatial
gradient, for solutions of a one-parameter family of equations (2) having the same
structure as the original equation (see §2.1).
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Discussion. Giaquinta & Giusti's paper (Crelle J. 1982)

Our technique is a nonlinear version of the well-known method of freezing the
coefficients 4’ at a point x,, and then using a perturbation argument. A special form of
De Giorgi’s theorem is needed that requires linear growth for the A’ and at most a
quadratic growth for B. However, the general case of coefficients 4’ and B of arbitrary
growth can easily be reduced to this once a gradient bound has been proved. This happens
for instance for the minimal surface equation

D
divd—=2%__ Lo

)/1+Duf?

for which a gradient estimate for C"* boundary values has been proved in [10] (see
also [13]).

Giuseppe Mingione Hopf, Caccioppoli and Schauder, reloaded



Solutions - Nonuniformly elliptic Schauder theory

Solutions in a paper by Cristiana De Filippis (Parma) & Min.
(Arxiv 2022).

Catches both cases of non-differentiable functionals and
equations with Holder continuous coefficients.

Introduces a direct, non-perturbation approach to Schauder
theory.

Crucial point in the proof is to get L°°-bounds for the
gradient.

| will present a sample of the results.
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Nondifferentiable functionals

Theorem (De Filippis & Min. #1)

Let u € WYY be a minimizer of the functional
V= / [F(Dv) + h(x, v)] dx
Q

where
° |Z|p_2]1d S 02F(2) S |Z’q_2ﬂd
o [h(x,y1) —h(x,y2)| < Iy1 —y2|*, @ €(0,1]

@ and )
q§1+<l_a>a'
p 5 p)n

Then Du is locally Hélder continuous in €.
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Variational Schauder

Theorem (De Filippis & Min. #2)

Let u € WYY be a minimizer of the functional
Vi / c(x)F(Dv) dx
Q

where
° |Z|p_2]1d S 02F(2) S |Z’q_21[d
e 0<c()e CoQ)
@ and
914l (3)2 .
p 5

Then Du is locally Hélder continuous in €.
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Theorem (De Filippis & Min. #3)
If, in addition, we have p > 2,
o (|z] +1)P%y S 0F(2) S (J2] +1)97214

@ and 1 )
p 5\n

Then
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Equations: Two possible approaches

@ Start with energy solutions u € W19,

@ Prove existence of more regular solutions, selected via
approximation methods.
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Schauder estimates for equations

@ We consider Dirichlet problems of the type

1. pla=1)
up € W r1(Q),

—divA(x,Du) =0 in Q
u=uy on o,

@ Under the assumptions

|z|P~21y < 0,A(x, 2) < 29721y
[A(x1,2) = AQxe, 2)| S Ixa — x| *|2] 971
@ For nonuniformly elliptic problems, the concept of energy

solutions is not well defined. This leads to prove
existence-and-regularity theorems.

Giuseppe Mingione Hopf, Caccioppoli and Schauder, reloaded



Schauder estimatess

Theorem (De Filippis & Min. #4)

then there exists a solution u to the above Dirichlet problem such
that Du is locally Hélder continuous in Q.
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Theorem (De Filippis & Min. #5)

If in addition, p > 2 and the problem is non-degenerate, i.e.,

(Izl + 1)PLy S 9:A(x,2) S (|2] + 1) *Lg

we have

ue Q).

loc
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Shot 1: Bernstein for degenerate problems

Take a (uniformly) elliptic equation like for instan
—div (|DulP™2Du) = 0.
Crucial remark:

v = |Dul|P is a subsolution to a linear elliptic equation

00
loc -

= vely, = Duel
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De Giorgi's nonlinear mechanism

@ We have that

2 # vV — 2 X
R R e e MU,

holds for every level k > 0 and concentric B, C B;.
@ This implies the following reverse Holder inequality:

1

(]{3’/2@—%)32‘ dx>2x < <][r(v—/<;)2+ dx>% Sy >1.

e De Giorgi's iteration leads to the classical L2 — [*-estimate:

1
2
Ivlie(/2) S (][B v dX) :
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Shot 2: Almost Bernstein

@ Take now
—div (c(x)|DulP~2Du) = 0 c(x)~1.

@ When c(x) is differentiable, then

1
/ ]D(v—k)+|2dx§(70)2/ (v — k)7 dx + terms.

@ When c(x) is not differentiable, then you use perturbation

methods.

@ None of the above methods work in the nonuniformly elliptic
regime and nondifferentiable coefficients.
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First main tool: Renormalized fractional Caccioppoli

We prove renormalized fractional Caccioppoli inequalities

R GRS CO R R
r/2 r/2 y‘n+2a

H(IvI =)
S 0 (v—/{)i dx
1 (oH .
+ rTaZKi(HVHLx)r /B |DulP' dx

for every k > 0, for some 0 < o = o(n, p, g, ) and for suitable
parameters («a;, p;) that can be chosen in a appropriate way as
functions of p, g, «, u, and power type functions H(-) and K;(-).
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A nonlinear atomic type decoposition

The previous inequality follows from a very delicate local
decomposition argument that resembles the Littlewood-Paley type
constructions made in the dyadic decomposition of Besov spaces
(Triebel). Here the usual atoms made of harmonic type functions
are replaced by solutions to nonlinear equations.
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0,2 O+
@ From Besov Bf, = W< to Besov B, 7

h) —
/ vl o vl dx < right-hand side terms.
\h| Ihl
@ Fix a scale

1
2m+1 —

1
\h|5°<2— 0<fBo<1

that corresponds to an annulus in Littlewood-Paley frequency
partition.

@ Then we take a dyadic partition of the space in cubes with
mesh comparable to |h|®.
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Decomposition

’”()/VLQI}VIM,Z dj(;mt e JI«WYIJLM

J ZI; 2 Qx“m %@memhs

— B s mwg bllls.

| = (8] 2 )"

B«

Vel =V (R). _dw A D=0 W B
N= W Oom, OBK

U = Z\/K ls.+ o (),
K
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— m‘(a 8 Jﬂw(te mefan“'m with mash Unl?h, {7}13

— Kn‘fw@%‘wgm E&KZ sweh Hat

s ~fos
Supp A ¢ 23 1D A | £ lhl

—p vV is c{agww{ o g& (d.f?‘wlﬂﬂ AS@JéM‘ MAQMaBWL{')

—» N sml(sgu:: "
ll‘Dul]L2 £ Ikl \l\ll\Lz
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Second main tool: Nonlinear potential theory

With t,6 >0, m,6 >0

, 9/td
Prf(Fixor) = [ imax) 2.
0 Bo(x0) 0

Don't be scared by the parameters. It is what it is.
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Extends well-known and used potentials

@ Riesz potentials

/ 7“—()()’ dx < i(f; %0, 1)
B, /2(x0

) Ix = X071

r1 d
= [ [ e =P,
0 Q BR(X()) Q ’

@ Havin-Maz'ya-Wolff potentials

W) i= [ <"|<QBgXo>)> do

0
~ pl1 .
~ prLp’i"l(f' X0, 1) -
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Nonlinear potential theoretic De Giorgi

Lemma (after De Giorgi and Kilpeldinen & Maly)

(Ba2r,(x0)), and constants x > 1, t > 1,
d, m,0 > 0. Assume that for every ball B,(xp) C By, (x0), the
inequality

1/x
<][ (v—/{)ix dx) 5][ (v — k), dx
Br/2(X0) Br(Xo)
0;
+> ][ || ™ dx
Z ( Br(XO)

holds for every k > 0. If xg is a Lebesgue point of v, then

v(x0) < ko + (][ (V—Ho)i dX) —I—ZP"”’ (fi; x0,2r0) -
BrO(XO)
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Quantitative De Giorgi (a subtle and overlooked fact)

Lemma

Assume that for every ball B.(xo) C By (x0), the inequality

1/x
(f (v—/@)ixdx> 59316][ (v — k), dx
Br/Z(XO) B’(XO)

0;
+sz;rf5f][ || dx
i Br(x0)

holds. If xg is a Lebesgue point of v, then

. 1/t
v(x0) < ko + My <][ (v — ko)L dx)
Bfo(XO)

_1
+ Mg P (%0, 210)
i
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Very hidden facts

@ Many experts know that in De Giorgi's theory during the
iteration the constants deteriorate exponentially (dyadic
slicing, log inequalities). Constant essentially depend on the
ellipticity ratio.

@ Almost no expert notes that in De Giorgi's theory (as well as
in Moser's), during the L*-iteration the constants deteriorate
polynomially (since everything keeps geometric). The
exponential worsening only occurs when proving Holder
continuity.

@ This makes a crucial difference in this setting.

Giuseppe Mingione Hopf, Caccioppoli and Schauder, reloaded



The pointwise hybrid bound

Using the lemma we gain

1/2
v(0) S VI 5,0 (]{3( ) g dx)
r{X0

+ 2 IV e, o 1Dl 20, 20

for almost every xp.
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Take a reference ball Br and concentric balls
Br/2 € B, € B, C Bgr.
Applying the previous estimate on
Br(x0) = B(ry—m)j2(x0), VY x0€Br,  M=|Dulli~s,,)

we gain

VIS H2,

1/2
vl oo < —2 / F(x, Du dx)
I¥limon % gy ([, F00)
# 3 IVl P
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Pointwise-to-global trick

Aﬁaﬁﬂ ?OM“‘MLSJL

95kl ksm'l

R
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Algebra of exponents

@ The assumed bound

9 1i0(?)
P n

allows to conclude, for suitable choice of the parameters, that

M+1/2<1 and ~; <1
[P(|Dul)l| = S VI + 1.

The last point goes via analysis of mapping properties of
nonlinear potentials in Lorentz spaces.

@ Applying Young's inequality yields

1 c 0
IVl < SlVIee@) =y </B Fx, Du) dx) e

R
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Iteration lemma

Lemma (Giaquinta & Giusti, Acta Math. 82)

Let Z: [r, R) — [0,00) be a function which is bounded on every
interval [r, R.] with R, < R. Lete € (0,1), a,y > 0 be numbers. If

a

Z(m) <eZ(m)+ mom)

forallr < T <™ < R, then

c(e,v)a

Z(r) < Ry

leads to

0
”VHL°°(BR/2) <c <]{3 F(x, Du) dx) +c.
R
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