From Euler flows with friction to gradient flows

Athanasios Tzavaras

Computer, Electrical and Mathematical Science & Engineering

King Abdullah University of .)))) KAU ST
Science and Technology

(@

in honor of Pierro Marcati

Based on joint works with
Jan Giesselmann (TU Darmstadt) Corrado Lattanzio (L'Aquilla)
Nuno Alves (KAUST)
Xiaokai Huo (KAUST/ TU Vienna)  Ansgar Juengel (TU Vienna)
Hailiang Liu (lowa State)

Thanos Tzavaras (KAUST ) Euler to Gradient flows L' Aquila June 23 1/34



Euler flows generated by an energy functional

@ Hamiltonian Systems driven by an energy &(p)

Otp +div(pu) =0
Du o€

YA v
"Dt P op

» &[p| is an energy functional, e.g.  E(p) = [ h(p) + K(p) [V (p)[>dx

@ Gradient flows in Wasserstein

Otp +div(pu) =0
pu = —/)Vxg
op
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Part |, Euler flows generated by an energy functional

Orp +div(pu) =0

DY o0+ (u- V)u) = —pV,

Pbr ~

6E
op

where E[p] is a functional

Hamiltonian

Hip.w) = £(p) + [ oluPax

9 (p\_ (0 —dv & N 0
ot \u -V 0 e %%xcurlx(%‘s—’j) '

d
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why this structure ?

X&)
76 2 pxt) Q,
Family of maps
€ t
XE(£7 t) N UE(Xa )
p°(x, 1)

p°=x4p, O +divy(pTut) =0

Variation
x(€, t) = x(&, t) + e6x(, 1)
Find extrema of the action £ over x¢ such that p°(-, t1) = p1, p°(-, t2) = p2

53 ty
L[xs]:/ / %ps|u5\2dxdt—/ E[o° (- )] dt
t1 JQ.=x%(Q) t

Thanos Tzavaras (KAUST ) Euler to Gradient flows L' Aquila June 23

4/34



It turns out
x“(&t) = x(&:t) +eox(&. t)
6X(§7 t) = 5¢)(X(§7 t)’ t)

dp® )
gz |y = ~divx(pdy)

e

d

de

fom

Obtain the equations:

Orp +div(pu) =0

Du v o0&
P; = —PVx
Dt op

o0& dp°
(-, 1)] dt /(5,0 =

)d

5<p> dr

e=0
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_ _ 0f ,_ —
) =)~ £0) ~ {500 7)
under hypothesis that £(p) is convex in p

Relative energy calculation

< (/ Loju— U|2dx+5(p|ﬁ)) :/—pvxa:(u— 8) © (u— 1)

~I—/VU - S(p|p) dx

where

S(olp) = S(p) — S(7) - <§(ﬁ),p - ,5>
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abstract relative energy computation based on

Hypothesis :  &(p) satisfies for some functional S[p]
o0&
*) - pvxg = V- 5[p]
Formula (*)
@ gives meaning to weak solutions
@ serves as the basis for the relative energy calculation

@ Invariance of £(p) under translations p(-) — p(- + h)
plus Noether's theorem implies (*)
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Applications

Example: the quantum hydrodynamics system

Orp +div(pu) =0
A
Or(pu) +div (pu @ u) = =Vp(p) + 2pV (WJ) + pVe
NG
—Ac=p—p
generated by the energy

1
E(p) = /h(p) + %;IWF +3pc

with ph”(p) = p'(p)
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Application to the quantum hydrodynamics system
Orp +div(pu) =0

O(pu) +div(pu ® u) + Vp(p) = 2pV <%>

Thm If (p, u) is a weak conservative solution and (p, &) smooth conservative soln
of QHD then

_ _ \Y% V|2
W(0) = [ dolu— 3 + h(ola) + 30| L - 7| o
PP
satisfies the stability estimate
-
V(t) < v(0)+ O(|VL7|)/ V(7)dT
0

Gieselmann - Lattanzio - T 16, Bresch-Gisclon-Violet 18, Basaric-Tang 22
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Part I, From Euler flows to gradient flows
@ Euler flow with high-friction
Orp +div(pu) =0

. 0 1
Or(pu) +div(pu® u) = —pvxg - _pu

@ as ¢ — 0 we get trivial dynamics 0;p =0

@ long-time dynamics t — i , U — gu, p— p, obtain small-mass
approximation

Orp +div(pu) =0

. 1 3&
Oc(pu) +div (pu ® u) = = p(u+ Vi)

with energy dissipation identity
2
0.(lo)+ [ Solufax) + [ pluPax =0
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@ Limit Diffusion theory

o0&

Orp +div(pu) =0 u= —VX%

E[p] is a convex functional

2
0E[p] + /p‘vx%‘ dx=0 energy dissipation

@ Diffusive Relaxation limits Marcati, Natalini, ...
@ Gradient flows in Wasserstein

Examples: porous media, generalized Keller-Segel models, Cahn-Hilliard
equation fit under this framework for various choices of £[p]
Otto, Carillo-Toscani, Villani, Westdickenberg, Ambrosio-Gigli-Savare ...
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An ltalian perspective on gradient flows in Wasserstein:
Ambrosio-Gigli-Savare

° O¢p + div (pu) =0 u= —ng—i

Energy dissipation
o€ |2
0[] —i—/p‘VX(S—p’ dx =0 (%)

o Let (p, u) be a flow that satisfies 9;p + div (pu) = 0.
Then

0& o0& 1 5 o€ »
= (— = X > —= P d
9l p] <5p7pt> (pu, V 5p>_ 2//)IUI + |V 5p| x

with equality iff

o0&

u= —ng and then (*) holds
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maximal energy dissipation

Suppose the flow (p, u) satisfies O;p + div (pu) =0

d 102 B Du o0&
—(/955/3|”| dx+£[p]) = <pu,£ﬁ+vxa>

dt
Du & Du 5&?
- 1 - - _ 1 - = — 1 2
_/sz’ED +VX6 +u /Q2p‘EDt+VX5p /sz\u| dx
5&?
> 2p‘ —+V 5 —/Q%p|u|2dx
with equality if and only if
Du o0&
Ep— Dr — pv5 — pu
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Relative entropy for the relaxation system and the limiting diffusion theory

Let (p, u) be an entropy weak solution and (p, &) a strong conservative solution of
the Euler relaxation system

q &( |_)+/62|u0|2dx +/ lu— a|%dx
7 \E(plp > P

- —/ (2pVxid: (u—0) @ (u— )+ Vi:S(p|p)) dx

used to compare (p, u) and (p, &) and to establish convergence results from
relaxation system to diffusion theory
Lattanzio - AT 17

Applications in several contexts:

From gas dynamics to porous media equation

From Euler-Poisson w. attracting potentials to Keller-Segel systems,
From Euler-Korteweg with nonmonotone pressure to Cahn-Hilliard

Lattanzio, Gieselmann, Spirito, Antonelli, Cianfarani Carnevale, ...
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example from Euler-Korteweg to Cahn-Hilliard

Let (p, u) be a dissipative solution of the Euler-Korteweg system (with k = 1)

with friction and p a smooth solution of the Cahn-Hilliard equation

pe = div (Vp(p) — CopVAp)

Thm If p'(p) > 0, h(p) = 219" + o(p") and [p"(p)| < AP, and

v>2 or {1<7<2 and /poz/ﬁo}

_ 1 _
WO = [ bolu— P+ hiolp) + 51— )P 0

then

as ¢ — 0 where % is the friction coefficient.
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example Bipolar Euler-Poisson model, two electrically charged fluids
pe+V-(pu)=0
(pu)e + V- (pu® u) + Vr(p) = ~pV6 — - pu
ne+V-(nv)=0
(nv)e+V - (nv®@v)+ Vpa(n) =nVe — %nv

—Ap=p—n

Energy identity
4 Lolul? + Ln|v|? dx + E(p, n) —|—1 |u]? + n|v|? dx
WL 2 —|»
1 2
E(p,n) = | h(p)+ h(n)+ §|V¢| dx,
Q

—Ap=p—n
Alves - AT, 20
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from bipolar Euler-Poisson to drift-diffusion

Convergence as 7 — 0 to the bipolar drift-diffusion model used in the analysis of
semiconductors (after scaling t — £, u — 7u, v — 7v)

pe =V - (Vpi(p) + pV9)
ne =V - (Vpa(n) —nVo)
—Ap=p—n.

Relaxation from Euler-Poisson (unipolar) to Drift-Diffusion  Lattanzio-Marcati 99
Bipolar Euler-Poisson (1d) to Drift-Diffusion Natalini 96

Alves - AT, 20
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ZEM and QN limit

pe+V-(pu)=0
(pu)e + V- (pu @ u) + Vpi(p) = —pV¢
ne+V-(nv)=0

5<(nv)t +V-(nwv® v)) + Vpa(n) = nVe
—0Ap=p—n
Existence of global solutions for irrotational velocities and densities near

equilibrium for Euler-Poisson / Euler-Maxwell
Yan Guo, B. Pausader 11 / Yan Guo, lonescu, B. Pausader 16

Zero-electron mass limit € — 0 from weak solutions to smooth solutions

pe+ V- (pu) =0
(pu)e +V - (pu @ u) + Vpi(p) + pVhy(n) =0
—5AR(n)=p—n
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ZEM limit £ — 0 plus Quasi-neutral limit 6 — 0 from weak solutions to smooth
solutions

pe+ V- (pu)=0
(pu)e +V - (pu @ u) + V(p1(p) + p2(p)) =0
Alves - AT, 23
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Part Il Maxwell-Stefan system via relaxation

Orpi +div(piu;) =0 i=1,....n

(MS) . .
where p;u; is determined by

ZpiUi =0

> pi = 1is a constraint propagating from data.

More generally

Z bijpj(u = Vi chemical potential p; = a%’_(plll)

ZPiUi =0
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MS as high-friction limit for isothermal multi-component flows

(P1y s Py V1, .-y Vi) the densities/velocities of a multi-component fluid

Orpi +div(pivi) =0
(MCF)

d
pr (5(p)+/2%pi|w|2> + yls/zbupmjlw —yP=0
i i

b,'ijj,'>0

We are interested in the high friction limit ¢ — 0
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Chapman-Enskog expansion

p:Zp; pV:Zp,‘V,' uj:=Vvi—Vv

p total density (conserved); v barycentric velocity; u; relative velocities

Moments

The Chapman-Enskog expansion calculates the (formal) effective equation for
(P15 pn), v, (U1, ooey tn)

which up to order O(g?) is
Oepi + div (piv) = —div(p,-u,-)
O(pv) + div (pv @ v) Zp,
o0& i o0&
_Z b,-jp,-pj(u,- ) =& p,V(S— — P Z V
j /

opj
ZP/U/ =0
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It can be expressed in the form

Orpi + div (piv) = ediv (Z ngg—j)
= )j

(HP)
D:(pv) + div (pv @ v) Zp,
where

prxn — GQ_l(p)T_lQ_l(p)GT D >0

(HP) is a Hyperbolic - Parabolic system

0e Y pi+div(d_piv) =0
o0& o0&
e+ [ o) +< [ 305 o
i i ’

J

Thanos Tzavaras (KAUST ) Euler to Gradient flows L’ Aquila June 23

23 /34



Relation between (MCF) and (HP)
Thm Under hypothesis

(H) Hypothesis - p;V6—g =divSi(p) i=1

opi !

g eeey

(pi, vi) is solution of the relaxation system (MCF)
(pi, ¥;) solution of the Chapman-Enskog expansion (HP)

the relative entropy
x(t) = /Z 30ilvi = 02 + |pi = pil® + 35(01) [ ki(pi)V pi = ki(pi)V pil?
i

satisfies
x(t) < C(x(0) +€?)

Huo - Juengel - T. 2019
Validates Chapman-Enskog, convergence to zero-relaxation limit for gas-dynamics
and Euler-Korteweg models
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MATHEMATICAL PROPERTIES OF THE CLASSICAL MAXWELL-STEFAN
SYSTEM

5(P):/Zpi|npi ZPiZl

Maxwell-Stefan diffusion
Orpi +div(piu;) =0
= bipip(ui — up) = Vp;
J

Zp,-u,- =0

where p;u; is
>~ pi = 1is a constraint propagating from data.
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EXISTENCE
strong solutions Bothe 2011  weak solutions Juengel - Stelzer 2013

Weak solutions are constructed in the energy space

t
/Zpilnpidx-l-ﬁ/ /Z\V\/mzdxﬁ/z:poﬂnpo;dx
i 0 i i

WEAK-STRONG UNIQUENESS

Thm Suppose that 0 < p; < 1> p;i=1,0<p; <1, > p; =1 two weak
solutions of (MS) system

If p; does not present anomalous diffusion, and ¥; € L>° then we have
(weak-strong) uniqueness.
Huo - Juengel - T. 22
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Maxwell-Stefan diffusion

Orpi + div(piu)) =0

compare two solutions B Z bipi(ui — u;) = VIn p;
g\t — Uj) = i
0<pi<1, up of (MS) system ;i
0<pi <1, i Zp,u,-:O

%/Z (piInpi = piln pj — (1 +1In p;)(pi — pi))
= Z/Vxﬂn pi —Inpi) - pi(ui — G;)dx

2

d _ 1 _
Eé’(p|p) —I—/Z Ebijpiﬂj|(ui —uj) — (@ — “j)|
i

Q(p)
- _/Zp"(“" = 8)- 3 bylpy — )@~ )
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the frictional dissipation

Qp) = Z %bijpipj|(ui —u)— (G —) >0

y

- Z Voilui — Gi) - (Bs(p)) Voiluj = )

where (Bs(p)> _ {Zk#,‘ bixkpxk 1=

NG

i
> k1 bk —br> —bi3 —biq
B_ —bx1 2 kpo bok —bos —bag
—bs; —bs3p > kr3 b3k —bsy

—bay —baz —bas Dy bak

bjj symmetric, irreducible, for simplicity b; > 0
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INGREDIENTS  Bs(p) symmetric, positive semidefinite

N(Bs) = span(y/p1, ---, \/p_,,)T R(Bs) = N(Bs)* = {x-/p =0}
—

N
N (Bs) has dimension 1 and positive eigenvector

o(Bs(p)) C {0} U [d,A] where 6 = min bjj, A = max bj;

where P projection on R(Bs)

2 Y. 2

e+ [1PVau - o)
<5 [IPvitu-a)Pax+ G [ Sl - aif
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Part IV, Variational approximation of anisotropic diffusion

Orp + div(pu) =0 u=—-Vy,—

@ Diffusion theory arises by variational minimization based on Wasserstein
distance, Jordan-Kinderlehrer-Otto scheme

1
p™ 1 is the minimizer of the problem  min {2—dw(p7 p")? + E[p]}
T

@ Brenier-Benamou formula

’ Oep+divpu=0
dW(p())pl)z = inf T/ /p|U|2 dxdt ‘ tP v pu
(P,U) 0 p(O) = po, p(T) =p
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Orp = div <A(X)Vp)

A(x) > 0 and symmetric
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Orp = div (A(x)Vp) A(x) > 0 and symmetric

=div (pA(x)Vg) E(p) = /plnpdx

Visualize this diffusion as

Orp +div(pu) =0 u= —A(X)V%
small mass approximation of the Euler system
Orp +div(pu) =0
52p(@+(u-V)u> = —(pB(X)u—i—pVE) B(x)=A"1(x)>0
ot op

6t(€[p] + / sz\u|2dx) + /pu~ B(x)udx =0
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Analog of the Brenier-Benamou formula

. 8s di =0
Wa(po, p1)° = inf 7-/ /V'B(X)Vpdxds p +div pv
e | Jo p(0) = po, p(r) = pr

@ minimum is achieved

@ B(x) = (Vxb)"(Vib) b: (RY,B) — (R", Euclidean)
secured by isometric embedding theorem of Nash-Kuiper

@ defines a 2-Wasserstein distance associated to the friction matrix A(x)
(or the mobility matrix B(x))

H. Liu - AT 22
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Analog of the Jordan-Kinderlehrer-Otto scheme

1
p™*1 is the minimizer of the problem  min {—WA(p, ")+ /pln pdx}
pek | 27

Variational scheme approximates implicit Euler Scheme of the form

M —d; n+1 @ n+1
_d|vx(p A(X)Vxép(p ))

T

and as 7 — 0, p"(x, t) = p(x, t) with

Oyp = div (pA(x)V In p)
Lisini 09
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To PIERO MARCATI with friendship and admiration

with best wishes for many, healthy and creative years

Thanos Tzavaras (KAUST )

Euler to Gradient flows




	Euler flows generated by an energy functional
	From Euler flows with friction to gradient flows
	The Maxwell-Stefan system
	Diffusion as gradient flow

