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SUMMARY: We show that the weak solutions of the nonlinear hyperbolic system

gul +p(v%) =-u’

converge, as € tends to zero, to the solutions of the reduced problem

u+pv), =0
v,—u =0
Then they satisfy the nonlinear parabolic equation
Vi +p(Vixx =0.
The limiting procedure is carried out using the techniques of “Compensated Compactness”.

Some connections with the theory of nonlinear heat conduction and the theory of nonlinear
diffusion in a porous medium are suggested. The main result is stated in th. (2.9).
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Introduction The MHD equations for compressible fluids
3D problem, stability condition

The MHD equations for compressible fluids

Ideal Compressible Magneto-hydrodynamics (MHD)

Op + div(pu) =0,

de(pu) +div(pu@u—H®H)+ V(p+ 3Hf?) =0, (1)
HH -V x (uxH)=0,

O(PE + LIHP) + div((pE + p)u+ H x (u x H)) =0,

p density, u € R3 plasma velocity, H € R® magnetic field, p pressure , S
entropy, E = e + %\u|2 total energy, e internal energy.
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Introduction The MHD equations for compressible fluids
3D problem, stability condition

The MHD equations for compressible fluids

Ideal Compressible Magneto-hydrodynamics (MHD)

Op + div(pu) =0,

de(pu) +div(pu@u—H®H)+ V(p+ 3Hf?) =0, (1)
HH -V x (uxH)=0,

O(PE + LIHP) + div((pE + p)u+ H x (u x H)) =0,

p density, u € R3 plasma velocity, H € R® magnetic field, p pressure , S
entropy, E = e + %\u|2 total energy, e internal energy.

Under a state equation p = p(p, S) (such that p, > 0) and the

1-st principle of thermodynamics, (1) becomes a closed system for the
unknowns (p,u, H,S).
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Introduction The MHD equations for compressible fluids
3D problem, stability condition

The MHD equations for compressible fluids

Ideal Compressible Magneto-hydrodynamics (MHD)

Op + div(pu) =0,

de(pu) +div(pu@u—H®H)+ V(p+ 3Hf?) =0, (1)
HH -V x (uxH)=0,

O(PE + LIHP) + div((pE + p)u+ H x (u x H)) =0,

p density, u € R3 plasma velocity, H € R® magnetic field, p pressure , S
entropy, E = e + %\u|2 total energy, e internal energy.

Under a state equation p = p(p, S) (such that p, > 0) and the
1-st principle of thermodynamics, (1) becomes a closed system for the
unknowns (p,u, H,S).

(1) is supplemented by the divergence constraint on the initial data
(2
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Introduction The MHD equations for compressible fluids
3D problem, stability condition

3D Plasma-vacuum interface problem

In terms of U = (q,u,H,S)” (where g = p + %\H|2 is the total pressure)
system (1) admits the symmetrization

Po/ P o’ —(pp/P)H 0 q
0 ph 03 0 vl
—(pp/p)H" 05 h+(pp/p)HRH O |H
0 o o7 1 S
(pp/p)u -V % —(pp/p)Hu -V 0 q
\% pu-Vi —H- Vi 0 ul _,
—(pp/p)H'u-V —H -V (h+(pp/p)HRHUu-V 0 H| ™
0 0" o’ u-vV/) \S
(3)

where 0 = (0,0,0)".

Paolo Secchi 2D plasma-vacuum interface problem



Introduction The MHD equations for compressible fluids

3D problem, stability condition

Then (3) reads as a symmetric hyperbolic system

8
Ao(U)d:U + > A(U)U =0,  A;(U) symmetric, Ao(U) > 0.

j=1

under the hyperbolicity conditions

‘p>0, pp>o.\
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

Given the smooth hypersurface
F(t) = {x = o(t, 2, %)} in [0, T] xR?,

we denote QE(t) = RN {x1 = ¢(t,x")} (here X' = (x2, x3)).

The plasma is governed by equations (3) in the region
QT (t) =R3N {xa > o(t, X))}

X1

Q*(t) plasma

r(t) \\$ x = ¢(t,x")
. T

x' = (x2,x3)

Q(t) vacuum
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

The vacuum region is Q7 (t) = R* N {x1 < ¢(t,x")}, where we assume the
so-called pre-Maxwell dynamics:

V xH=0, divH =0, (4)
VxE=-8H, divE=0, (5)

H denotes the vacuum magnetic field and E the electric field.

As usual in nonrelativistic MHD, we neglect the displacement current
(1/c) 8:E, where c is the speed of light.

From (5) the electric field E is a secondary variable that may be computed
from the magnetic field 7. Hence, in the vacuum only one basic variable is
needed, viz. H, satisfying (4).
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

On the moving interface ['(t) the plasma and the vacuum magpnetic fields are
related by:

(6)

where u,j\,[ =ut N, Hyv:=H-N, Hy=H N, N:= (1, =00, —B3p)
and [q] = q|r — 3[H[}.

\ Seo=un, [q]=0, Hv=0, Hny=0 onT(t),

The interface I'(t) moves with the plasma. The total pressure is continuous
across [(t). The magnetic field on both sides is tangent to I'(t).

The function ¢ describing the interface is one unknown of the problem, i.e. this
is a free boundary problem.
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

System (4) for the vacuum magnetic field H,
V xH=0, divH =0, (4)

is elliptic. Plasma-vacuum problem (3), (4) is a coupled
hyperbolic-elliptic system.
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

System (4) for the vacuum magnetic field H,
V xH=0, divH =0, (4)

is elliptic. Plasma-vacuum problem (3), (4) is a coupled

hyperbolic-elliptic system.

In (4) time t plays the role of a parameter. Time dependence of H comes from
the coupling with the plasma variables through the boundary conditions (6) at
the moving front '(¢).
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

System (4) for the vacuum magnetic field H,
V xH=0, divH =0, (4)

is elliptic. Plasma-vacuum problem (3), (4) is a coupled

hyperbolic-elliptic system.

In (4) time t plays the role of a parameter. Time dependence of H comes from
the coupling with the plasma variables through the boundary conditions (6) at
the moving front '(¢).

System (3), (4), (6) is supplemented with initial conditions

U(0,x) = Up(x), H(0,x) =Ho(x), xeQt(0), (7)
LP(val) = SOO(X,)v x' e F(O),

where div Hp = 0 in Q*(0), divHo = 0 in 27 (0), How = Hon = 0 on [(0).
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

Motivation from astrophysics:

the study of stars or the solar corona

Image by Luc Viatour. From Yohkoh satellite (Courtesy by JAXA)
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Introduction The MHD equations for compressible fluids

3D problem, stability condition

Other motivation: the study of magnetic confinement for nuclear fusion

Tunnel at Monte Carlo (Courtesy by JET)
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Introduction The MHD equations for compressible fluids
3D problem, stability condition

PLASMA’ WALL

(a) (b)

A toroidal plasma configuration: (a) surrounded by a perfectly conducting wall;
(b) isolated from a wall by a vacuum region.
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Introduction The MHD equations for compressible fluids
3D problem, stability condition

The 3D stability condition

We have solved® the problem (3), (4), (6), (7) under the stability condition
[Hx H| >0 on [0, T] xT, (8)

i.e. the magnetic fields on the two sides of the free-boundary are noncollinear.

X1
plasma
L 7-L<?9 0<f<m
X3
vacuum
X2

'[P.S. & Y.Trakhinin, Interfaces FB 2013, Nonlinearity 2014]
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

2D MHD equations for compressible fluids

2D planar MHD flows means

o the flow is x3-invariant, i.e U = U(t, x1, x2)
o the velocity and the magnetic field are shearless (u3 = Hz = 0).

From the system it follows that for x3-invariant flows
Usle—o = Hsle=0 =0 = us=H; =0, Vt >0

hence the restriction that the velocity and the magnetic field are shearless at
the first moment guarantees that the 2D-flows are planar.
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Stability condition
Linearized problem
Nonlinear problem, main result

2D Plasma-vacuum interface problem

For U= U(t,x) = (q,u,H,S), with t € [0, T], x = (x1,%) € R? u = (u1, ),
H = (Hi, H>), the MHD equations (3) reduce to

PelP o’ —(pp/P)H 0 q
0 ph 02 0 o, u i
—(pp/p)HT 02 L+ (pp/p)HOH 0 H
0 o’ o’ 1 S
(pp/p)u-V V- —(pp/p)Hu -V 0 q
\Y pu-Vh —H-Vh 0 ul _,
—(pp/p)H'u-V —H-Vb (L+(pp/p)HRHU-V 0 H| ™
0 o’ o’ u-v/) \S
(9)
where 0 = (0,0)7, that we write again as a symmetric hyperbolic system
2
A(U)3:U + > A(U)gU =0,  A;(U) symmetric, Ao(U) >0.
j=1

under the hyperbolicity conditions

‘p>0, p,,>o.\
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

2D Plasma-vacuum interface problem

The 2D plasma-vacuum interface problem amounts to find smooth solutions
U= (q,u,H,S), H = (Hi1,H2), ¢ of the following IBVP:

2
A(U)a:U+ > A(U)gU =0, xeQ'(t),

j=1
curlH =0, divH =0, x € Q (1), (10)
Orp —un =0, [q] =0, x € I(t),

for given initial data

U(0,x) = Uo(x), H(0,x) =Ho(x) x e QF(0),

0(0,%) = po(x), x €R, (11)

such that divHo = 0, divHo = 0 in Q(0) and Hoy = Ho,n = 0 on I(0).

curl’H := 01Ho — OoHa
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Stability condition
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2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

The 2D stability condition

Remark
The 3D stability condition fails (8) when passing to 2D, that is 3D stability
cannot be reduced to 2D stability directly!

We solve the problem (10), (11) under the stability condition
[Hl +|#H| >0 on [0, T] x T, (12)

i.e. at least one of the two magnetic fields is non-zero at the free-boundary.

(12) shows again the stabilizing effect of magnetic fields, not necessarily large
(different from current-vortex sheets).
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Stability condition
Linearized problem
Nonlinear problem, main result

2D Plasma-vacuum interface problem

Remark
In both 2D and 3D the stability conditions yield the ellipticity of the symbol of
the front function:

@ In 3D (N := (1, =2, —03p))
HxH|>0, H-N=H-N=0 = HyHs—HsH>#0 onT,
and we may solve for V, ,/¢ the system of equations
Op—uy=0, H-N=0, H -N=0,

that is:
Orp + u202p + 13030 = 11
Hy02p + H3030 = Hi
Ha02p + H3Ozp = Hai.
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Stability condition

Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

@ In2D (N :=(1,—-020))
H|+|H| >0, HN=H-N=0 = H,#0 or H,#0 onfl,
and we may solve for V ,/¢ the system of equations

dp—uy=0, H-N=0, H-N=0,

that is:
Orp + bap = 1
H282<p = H1
'Hz(%g@ = 7‘[1.
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

Reduction to a fixed domain

Construct a global diffeomorphism of R?
q)(t,X) = (X1 +\U(t,X),X2), V= X(:txl)so(taXZ)

such that (®(t,-))"! maps
Q*(t) onto the half-planes QF := {x, = 0}
I(t) onto I' := {x1 = 0}

Q' (t) -
) /\_/—\ SR r
Q (1) Q-
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Stability condition
Linearized problem
Nonlinear problem, main result

2D Plasma-vacuum interface problem

Define the new unknowns:

U(t, x) := U(t, d%(t,x)), H(t,x) := H(t, d(t, x)).

Dropping tildes from l~J,7-[ the plasma—vacuum problem on the fixed domains
OF becomes
P(U, VW)U =0 in [0, T] x Q", (13)
curlH =0, divh=0 in [0, T] xQ , (14)

1
uy — Brp =0, [q]::q—E\H|2:0, Hy=0 on [0, T]xTI, (15)

where: _
P(U, W) = AO(U)Bt + Al(U, \IJ)81 + A2(U)82 s

AU, W) = ﬁ (AL(U) ~ 8V AN(U) — WA (V)),

5= (H101P1,H-), b= (Hn, H20:1P1),
He =H10V +Ho, Hy =Hi—H20:V, N:=(1,-0).
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

Linearized problem

The first step is a careful study of the linearized problem.
1. We choose a suitable basic state (lj, H, ¢) sufficiently smooth;

2. We linearize around the basic state, we pass to Alinhac’s “good
unknowns” U = BL&H@{H to get rid of zero-th
order terms in W and get the linear problem

P(U, V¥ )U—|—(O th order opt inU) = in QF
curlﬁ:x7 divh == in QF,
(0: + 020h) — Uy — sﬁalﬁ,\,
Gg—H- H—I—go(c'?lq—i—?-[ o) | =g on 0Qr, (16)
Hy — 32(7{290)
(UaHaSO):O fOI‘t<O,

where f, x,=, g are given source terms and dy := (1 — 02 L,
Hy = Hi — 82@7'{2.
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

Two main ideas for the proof of linear stability

1. Hyperbolic approximation

2. Secondary symmetrization
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

1. Hyperbolic approximation

To solve the coupled hyperbolic-elliptic (partly homogeneous) problem (16) we
re-introduce the displacement current 9:€ and accordingly modify the
boundary conditions:

P(U, U)U® +(0-th order opt inU®) = f in QF,
€0e” —curlH° =0, e0:h° + Curl€® =0 in QF,
(0 + ada) " — iy — 0 Oully @
G —H-H +¢(Gg+H-0H) | =| & on dQr, (17)
£° + e8:(Fa®) 0
(U, HE,E5,0°)=0 for t <0,

where ¢ = 555)1391, € > 0 is a small parameter, Curl £° := (0%, —0:E°).
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

1. Hyperbolic approximation

To solve the coupled hyperbolic-elliptic (partly homogeneous) problem (16) we
re-introduce the displacement current 9:€ and accordingly modify the
boundary conditions:

P(U, U)U® +(0-th order opt inU®) = f in QF,
€0e” —curlH° =0, e0:h° + Curl€® =0 in QF,
(0 + ada) " — iy — 0 Oully @
G —H-H +¢(Gg+H-0H) | =| & on dQr, (17)
£° + e8:(Fa®) 0
(U, HE,E5,0°)=0 for t <0,

where ¢ = 555)1391, € > 0 is a small parameter, Curl £° := (0%, —0:E°).
Solutions to (17) satisfy

divh®=0 inQ%, divh*=0 inQ7, (18)
hi = ﬁ282<p5 — tpeaﬂ/'/\/v, Hy = 0» (7‘72@5) on 0Qr,

as restrictions on the initial data.
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

If we look for a standard L2 energy estimate we get the boundary integral

— / q° uy dxo dt.
a9r

We don't know how to control it !
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Stability condition
Linearized problem
Nonlinear problem, main result

2D Plasma-vacuum interface problem

If we look for a standard L2 energy estimate we get the boundary integral

— / q° uy dxo dt.
a9r

We don't know how to control it !

We introduce a secondary symmetrization.

Write the modified Maxwell equations
e0re® — curl H° =0, €0 + CurlEF =0 in QF, (19)

in terms of the “curved” unknown W*® = ($°,£°) as

2
Bod:W* + > " Big;W*® + BsW*® = 0.

Jj=1
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Stability condition
. Linearized problem
2D Plasma-vacuum interface problem 5 P .
Nonlinear problem, main result

2. Secondary symmetrization

Following Godunov 1972, Trakhinin 2009, we get the secondary
symmetrization, for any choice of vector functions 7 = (v1,1,) # 0:

2
KBEK ! <Boat W+ 32 BiW* + BsW* | + SL-KRdivh®
j=1

(20)
= MEBW® + MES,WE + MEBWE + MEWE = 0,
where
1 —az\T/ 0 1 0 —Elp V1
K= 81¢1 0 5 %8 = 0 1 eVl 9 R = 1%
0 0 6161 —ElV2 El1 1 0
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem

Nonlinear problem, main result

@ The system (20) originates from a linear combination of equations (18),

(19), that is
(0:h° + 1 Curl £%) — ! (e — curl %) At + U divh® =0
‘ € Y TR CH 7

(Oee® — % curl H°) + XN (ﬁA 77t (e0h® + Curlgs)) =0.
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem

Nonlinear problem, main result

@ The system (20) originates from a linear combination of equations (18),

(19), that is
(0:h° + 1 Curl £%) — ! (e — curl %) At + U divh® =0
‘ € Y TR CH 7

(Oee® — % curl H°) + XN (ﬁA 77t (e0h® + Curlgs)) =0.

@ (20) is symmetric hyperbolic provided

elv| < 1.
2 2
det(M{) = (1 + (az¢)2) (1 — 1282 p)? (W - 1/52) .

Thus for small & the boundary is noncharacteristic provided

vy — 120, # 0.
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem 5 .
Nonlinear problem, main result

Actually, the good choice of the functions v; is
V1 = ﬁzazgﬁ, V) = ﬁ2, (21)

that makes the boundary characteristic (because v1 — 120,$ = 0).

Now, if we look for a standard L? energy estimate we get the boundary integral

€ E £ 1 € € ~ € €
A ::/ —q uy ——$HE" + H5Hy | dxo dt.
QT €

added terms
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2D Plasma-vacuum interface problem

Actually, the good choice of the functions v; is
V1 = ﬁzazgﬁ, V) = ﬁ2, (21)

that makes the boundary characteristic (because v1 — 120,$ = 0).

Now, if we look for a standard L? energy estimate we get the boundary integral

€ E £ 1 € € ~ € €
A ::/ —q uy ——$HE" + H5Hy | dxo dt.
QT €

added terms
Inserting the boundary conditions (among all £ = —50t(ﬁ2¢5)) gives
A° = / o {[018] (uy + ¢ 01in) + ring” + (8cH2 + D2 H202) 95 }dxe dt,
0T
which is of lower order than before because V. ., ¢° has the regularity of

ug, q°, Hy, Hy at 027, i.e. ¢° gains one derivative (consequence of the
stability condition!).
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Linearized problem
Nonlinear problem, main result

x H* for the hyperbolic

Introduction
2D Plasma-vacuum interface problem

Stability result in H.
approximation

tan

Let T > 0. Let the basic state be sufficiently regular and satisfy the
hyperbolicity condition, the divergence-free and boundary constraints.
Moreover it satisfies the stability condition (12).

Then for all € > 0 sufficiently small and all f € HL,(Q%), g € H*(8Q7),
vanishing in the past, problem (17) has a unique solution

(U, 95, €%, ¢%) € HL(QF) x HY(Q7)? x H3(0Q7) such that

[

tan

@ T 119° QfEH;.p(gr + I(a%, un, Hy)loar |l Hosaa,)
+ |0° 500, < C(”f”Hl o) + Igllisonn) (22)

tan

where C = C(T) > 0 is a constant independent of € and the data f,g.

@ Notice the loss of regularity of the solution from the source terms
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Stability condition
Linearized problem
Nonlinear problem, main result

Introduction
2D Plasma-vacuum interface problem

Well-posedness of the linearized problem

After passing to the limit as € — 0 we obtain

Theorem

Let the basic state be sufficiently regular and satisfy the hyperbolicity
condition, the divergence-free and boundary constraints. Moreover it satisfies
the stability condition (12).

Then, for all f € HI™(QF), (x, =) € H™(Q7), g € H™2(0Qr), all
functions vanishing in the past, the linearized problem (16) has a solution
(U, H, ) € HP(Q%) x H™(Q7) x H™5(8Q7) satisfying the tame estimate

1112 112 2 2 —12
101ty + 1Fmig + lelimsasonry < C{ (IFIR @z + 116 = Rrson,
2 1112 7112 ~112
+lgllErsoar) * (1101Bmgs) + 1R Bimies, + 121Eme2s0n,))
+ sy + 1 Zl sy + l8lEmes somp)

where the constant C = C(K, T) is independent of the data f, x, =, g.
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Stability condition
Linearized problem

2D Plasma-vacuum interface problem A q
Nonlinear problem, main result

Main result

Theorem (A.Morando, P.S., Y.Trakhinin, P.Trebeschi, D.Yuan — 2023)

Let m € N and m > 13. Suppose that the initial data
(UO,HO,SOO) c Hm+9.5(Q+) x Hm+9.5(Q+) X Hm+10(|-)’

satisfy the hyperbolicity condition, the divergence-free and boundary
constraints and suitable compatibility conditions up to order m + 9. Assume
moreover the initial data satisfy the stability condition (12).

Then, there exists a sufficiently short time T > 0 such that the problem (10),
(11) has a unique solution on the time interval [0, T| satisfying

(U, H, ) € HT([0, T] x Q") x H™([0, T] x Q) x H™%%([0, T] x T).

@ The nonlinear problem is solved by a Nash—Moser iteration scheme
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Nonlinear problem, main result

2D Plasma-vacuum interface problem

Thank you for your attention!
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2D Plasma-vacuum interface problem

Thank you for your attention!

Best wishes, Pierol!!
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