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“When in a given physical system a large number 
of waves are present, the description of each 

individual wave is neither possible nor relevant. 
What becomes of physical importance and 

practical use are the density and the statistics of 
the interacting waves: this is  

Wave TurbulenceTheory”

Wave Turbulence Theory 

The statistical description of a system of interacting waves is of great importance 
in physics:

Gravity Internal waves Bose Einstein Condensate



The Energy Spectrum

Consider  a PDE Cdispersive , fluid . .
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Transfer of Energy
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Wave kinetic equation

Cleanly it would be much more

effective
to

derive an effective equation for the spectrum
{ let Him 12 b w

o When possible This  is called The

Wove kinetic Equation ( W K E ) .

* ) Formal Derivation ( see Nazereuho 's book )

@a) Rigorous Derivation C much harder
,

more later)



On energy transfer 
 
 
 



Energy transfer: bounds from above
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Energy transfer: is there growth?
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Idea of the proof
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By making further  restrictions  on the resonant  system becomes :
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Some preliminary remarks

(4) Are these results  sharp ? No !

( a  a) What do we  expect ? maybe a log It I growth for It 1221 .

( see  results by Bourgoin  on linear with potential )

Large - let erasure  

outtatopic: Bamba  si
,

Berti
,

Collioure
,

Beloit
,

Guardia
,

Hani
,

Homs
,

Mees pero ,
Oh

, Piro asi
,

U .
 M

.
 Hang - - - -

Honi -

Pousadei
-

lzvetkov
- Visage :

the cubic
,  deferring

MLS  on  IR x  Td C rational ) for ok  534 KU Ct  will
use *  me ,

z  exp Cc Hoghey talk )

at  t -

- I  is presents  a dynamics  dictated by The Toy Mood for a  square  tu - us



New Results for irrational tori

This work is joint

with
A

.
H rubs ki

,
y .

Pom
,

B
.

Hilson

Definition He  say
that a torus

TL
is  irrational if

⇐ = w
.

' kitWE WE w
, Yw !  = a irrational

Theorems. Assume s  23 owed left ,  x ) solution to

the cubic
, outpouring MLS on TL

,
a  irrational

and algebraic , and UCO
,

x ) = No E Hs
, Supp do EBri

then H U Ct ) 11µs E Cr Itt Itt ] for It 1221 .



Elements of the proof 

* Introduction of a
"

quasi resonant
"

associated WP

* Showing that this WP is g. Up .
 in L2 and

showing that it  " almost  " ok couples into 2

I D cubic NLS problems
* Prove a

"

stability lemme
"

that allows us to

go back to the full MLS problem .



The 4-waves resonant set for the irrational torus
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The 4-waves quasiresonant set
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Reworks
on theorem I

.

:

1) In The C - K - S - T - T  work The dynamics of the

Toy model was happening in with in thot of
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Ingredients of the proof

• Roth 'S

theorem
: This theorems callous  us to say
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Main Proposition : let
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Remarks on the stability lemma

After a resealing ,
one heads to prove that the

mom - quasi resonant port of the solution
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From dispersive equations to wave 
kinetic equations 

- 
Numerical solutions of the isotropic 3-wave kinetic 
equation 
C. Connaughton 



From dispersive equations to wave kinetic equations 

Consider the periodic MLS weak
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Can we derive the wave kinetic equation?

Fundamental original work on This topic by :
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Example of a formal derivation of a WKE
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Mathematical literature: rigorous derivation 

• Erdos - You
,

Erdos - Sohn hofer - you :

Random line  er Schrodinger on  a lattice  setting

→ Ii  hear Boltzmann C kinetic fine ) → heat equation ( diffusion
time t  

= d
- 2 - e )

• Luk Kari hen - Spohn :
'

Random cubic Nls at equilibrium
and on  a

lattice  setting .

.

→ I linearized I thee
kinetic

equation
at kinetic

time
.



Random . Initial Date :

• Buckmaster - Geunoin - Honi -

Shoten : MLS  in  continuum  are

→ below  kinetic time ( linear kinetic equation)

• hello t - Germain
, Deng

- Honi :  MLS in  continuum  are

→  strictly
below kinetic time C linear kinetic quot .
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• Deny
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→  at  kinetic time I nonlinear kinetic equation)
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• Luk  Kari  hen - Vuoksen  man : Mls  in lattice  are

→ at  kinetic time oh ,  4 .

Nhu : Zk equation with dissipation and in continuum
.

Uk  E before kinetic time



Recent work by S.-Tran
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Passing to frequency space
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Statement of the main result

Consider Her two - points  correlation function
FC kit  I  .
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The difficulties

•• In the rigorous derivation  one needs to estimate ell the

Feynman graphs
• The oh 's  create setting

is  much more complicated then Thee

continuum setting
• The dispersion relation  is

very singular
• The quadratic nonlinearity is not as good as The

Cubic nonlinearity



How we dealt with the obstacles

• He  concentrated on The study of the equation for the

density friction get ) I Liouville Ee notion ]

• The stochastic term acts only on angles
notmagnitude

and
gives

to The Liouvilleequation some

dissipation 

a
.  r . t .

the angle variables
.

• He lookedfor a weaker type of convergence
and

this allowed for L and E not to be coupled .
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