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CHAPTER 1
Spin systems
1.1. Spin operators

Let S € sN. On C**! Jet M, 5@ S® be hermitian matrices that satisfy
the following properties:

(S, 8] =18®  [§®, §¥] =150 [§® §D] ={§®, (1)

[SW]® + [SPN)® + [S®]® = S(S + 1)1d. (1.2)
The existence of such matrices follows by construction: Let |a), a € {—S, -5 +
1,...,S} denote an orthonormal basis of C***1, and define S®|a) = ala). Next,

let S5 be defined by
S®la) = /S(S+1) —a(a+1) Ja+1), S7a) =+/S(S+1)— (a—1)a|a—1).

(1.3)

Then we set S® = (5% + §9) and S@ = Z(S® — S9).

LEMMA 1.1. The operators S®,S® S® constructed above satisfy the re-

lations and .

PROOF. One can check the following commutation relations:
[S®, §H] = §&, [S®, S = —5C), (S, 5] = 28®), (1.4)
The relations (|1.1)) follow. Finally,
[SV) 4+ [SP] + [SO]? = SHST 4 [SU)P - 89 = S(S+1)Id. @)

For S = %, the choice above gives the Pauli matrices (multiplied by %)

g — % <(1) é) : S® — % (? 61> ’ S — % ((1) _01) . (1.6)

For S =1, we get

1
gm — =
V2

o = O
=
O = O
23
N
Il

(1.7)
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Notice that, for S > 1, the matrix of S® is not proportional to dj;_;,1. Spin
operators are not unique, but their spectrum is uniquely determined by the com-
mutation relations.

LEMMA 1.2. Assume that S©,S®, S® are hermitian matrices in C>5+!
that satisfy the relations and . Then each S has eigenvalues
{-5,-S+1,...,S5}.

PROOF. It is enough to prove the claim for S®. Define ™ = S® 4+iS® and
S =85® —iS®  One can check that

SWSE = 5(5+1)1d — [S®)* + 5,

SEISH = §(S +1)Id — [SW]? — 5.

Let |a) be an eigenvector of S® with eigenvalue a. It follows from Eq. that
1Sa)||” = (a] S8 Pa) = S(S +1) —a® —a >0,

1Sa)||” = (a| S8 a) = S(S+1) — a® +a >0,

Then |a|] < S, and S™P|a) # 0 if a # S. Next, observe that [S® S®] = ).
Then

(1.8)

(1.9)

S®SHNa) = (a+1)SP]a). (1.10)

Then if a # S is an eigenvalue, a + 1 is also an eigenvalue. There are similar
relations with S, so that if a # —S is an eigenvalue, a — 1 is also an eigenvalue.
It follows that {—S,—S +1,...5} is the set of eigenvalues. O

Notice that the relations ([1.3]) always hold; this follows from ((1.10)) and (1.9).
It follows from the parallelogram identity that ||S*|| = v/29:

IS = 2@ISIE + 207U = 215 + SO + 159 = SI)
= LIS+ 4ll5?) = 25°.

(1.11)

Spin operators are related to rotations in R®. Let § = (S, 5® §®) Given
aec R®, let

ST=3-S=a; 5 + ayS? + a3 S?. (1.12)
By linearity, the commutation relations (I.1]) generalize as
(5%, SP] = iS¢, (1.13)

Finally, let Rzb denote the vector b rotated around @ by the angle ||

LEMMA 1.3. L .
eﬂs SbelS :SRab.
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ProoFr. We replace @ by sd, and we check that both sides of the identity
satisfy the same differential equation. We find

i o 1S Sgeissﬁ _ —i[S‘i, o157 5561583]7 (1.14)
ds
and q q
8ttt — (ZRyab) - S = (@ x Ryab) - § = —i[S7, %), (115
ds ds
We used ((1.13]) for the last identity. O

It also follows from Lemmas and that any matrix S% @ € R® with
||@|| = 1, has eigenvalues {—S,—=S +1,...,S}.

COROLLARY 1.4. Let vy be the eigenvector of S with eigenvalue c. Then

_iqQa 0 o _B ° °
e 1S Yy, is eigenvector of SBab with eigenvalue c.

ProoOF. Using Lemma [1.3}

SRag e 357 ¢E,c — 5" Sgwg’c —ce 5" 1/’5',5 (1.16)
OJ
Finally, let us note the following useful relations:
e—iaS<3) g eiaS(3> — oia S(J’),
e—iaS(3) g eiaS<3> — ol g (1.17)

1.2. Hamiltonians and Gibbs states

We consider this rather general “XYZ” hamiltonian, with two-body interac-
tions in each spin directions, in the finite domain A € Z%. The coupling constants
are assumed to be symmetric, that is, J) = J{) for all 7,y € A and all i = 1,2, 3.

Hy, = _% Z <J(1)S(1)S<1) + JO5®@ S +J®g 3)5(3>) hz S®. (1.18)

zy zy~x zy

With Zy; = Tr e #Har denoting the partition function, the finite volume
Gibbs state at inverse temperature 5 > 0 is the linear map

<'>A,,B,h : B(HA) — C

a— (a)apn = ! Trae PHan, (19

ZABh
The case Jf) = J) = 0, for all z,y € A, corresponds to the Ising model,
which is in fact a classical model. The case Ji}) = 0 and J) = J37, for all
z,y, corresponds to the quantum XY model. And the symmetric case, J{) =
Ji) = Jg), corresponds to the isotropic Heisenberg model. Positive values of
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the couplings correspond to ferromagnetic order, while negative values of the
couplings correspond to antiferromagnetism.

1.3. Pressure, free energy, infinite volume limit

The statistical mechanics definition of the free energy, see Eq. below, is
a fundamental notion. It relates the microscopic description (based on the local
knowledge encoded in interactions) to a macroscopic quantity (the pressure is a
thermodynamic notion). The connection to physics is a bit indirect, as it relates
to models of particles in the grand-canonical ensemble. Besides, the heuristics are
better explained in the context of the Boltzmann entropy in the microcanonical
ensemble. The curious reader is encouraged to read more about it in introductory
textbooks of statistical physics. Here we take it as a mathematical definition.

1.3.1. Finite-volume pressure. Given a Hilbert space H and the space of
hermitian operators By, (), we consider the following function:
P(a) =log Tr e™*, a € By(H). (1.20)

If H is infinite-dimensional it is possible (and allowed) that P(a) = oco. We
should take a = SH, with [ the inverse temperature and H the hamiltonian of
the system, to get the physical pressure.

PROPOSITION 1.5.

(a) The function P is a convex function on the space of hermitian
operators.
(b) We have the bound |P(a) — P(b)| < |la — ||
Let H be a fized hermitian operator such that P(H) is finite.

(c) The Gibbs state {(a) = Trae ™ /Tr e H is tangent to the pressure
at H in the sense that for all self-adjoint operators a, we have

P(H +a) > P(H) — (a).

See Figure for an illustration of the last item. Notice that the tangent is
unique here; later, in the infinite-volume situation, it may not be unique.

PROOF. For the claim (a) we use the Golden-Thompson inequality (Propo-
sition [A.7) and then the Holder inequality (Proposition [A.1]). For s € [0, 1], we

have
P(Sa + (1 — S)b) = log Tr e_sa_(l_s)b
< log Tr e7%¢ ¢~ (=9
1\ s 1\ 1-s
< log [(Tr (e=*) ) (Tr (o0 _> }

= sP(a)+ (1 — s)P(b).

(1.21)
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P(H + sa)

S

P(H) + s&P(H + ta)|i—o

FiGURE 1.1. An illustration of tangents to the pressure: we have
that P(H + sa) > P(H) — s{a) where —(a) = LP(H + ta)|;=o.
Note that P(H + sa) is non-increasing in s for positive-definite a,
which motivates the choice of sign in front of (a).

For the claim (b), let (¢;) be an orthonormal basis of eigenvectors of a with
eigenvalues (). Starting with Peierls inequality (Proposition [A.10]) we have

J

It follows that P(b) — P(a) > —||la—b||. The same inequality holds after exchang-
ing a and b, which gives (b).

For the claim (c), let H and a be fixed self-adjoint operators and consider the
function f : s +— P(H + sa). It is convex by (a) and the derivative at s = 0 is
equal to —{a). O

1.3.2. The free energy and its infinite-volume limit. We define the
(finite volume) free energy of the XYZ model to be

fA(ﬁv h)

log Za g p. (1.23)

5!/\\

It follows from Proposition that SfA(5,h) is a concave function of (3, 5h).
We now check that we can take the limit of large volumes, along many sequences
of increasing domains. We first consider the boxes A, = {1,...,n}¢ of size n
and volume n?. We consider more general “van Hove sequences” of increasing

domains below.
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LEMMA 1.6. Assume that the coupling constants satisfy:

translation invariance: Jﬁwﬂ S Jg% for all z,y,z € Z%,i = 1,2, 3;
summability: Z |J£‘;| < oo forallz € Z%i=1,2,3.
y€eZ4

Then there exists a function f: R, x R — R such that
where A, = {1,...,n}%

PRrROOF. The proof of the existence of the infinite volume limit uses a superad-
ditive argument. The pressure in a big domain is compared with that of smaller
domains inside the big one, by neglecting interactions between the small domains.
In order to do this, we need the following inequality for hermitian matrices a, b

(its proof is Exercise [L.4)).

Tr e Il < Ty e < Ty e2t 0l (1.24)

FIGURE 1.2. The large box of size n is decomposed in k¢ boxes of

size m; there are no more than drn?! remaining sites in the darker
area.

Let m,n, k,r be integers such that n = km 4+ r and 0 < r < m. The box A,
is the disjoint union of k£ boxes of size m and of some remaining sites, see Figure
[L2 for an illustration. Let C be the finite number

3
C = Z Z \J:%\ (1.25)
yezd i=1

Notice that C' does not depend on z by translation invariance. We get an in-
equality for the partition function in A,, by replacing all interactions that are not
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solely inside a single box of size m, by the bound SC. The boxes A,, become
independent, and

3
Znpon=Ten,exp(5 30 3 J0S080 + 0y s9)

T,YyeN, i=1 €A,

S % . .
2 [T, exp(s 30 SISO+ n 30 )] ot ity

)

z,yENm =1 €A,

d _ gpd, d—1 d—1
— [ZAm,B,h]k e dk*m®*~1BC+drn®—1)BCH )

(1.26)

Here we set Cj, = C'+ |h|S. The term dkm?! is an upper bound for the number
of sites at the boundary between boxes; each set X that involves two boxes or
more, must contain at least one of these sites. The term drn?~! is an upper
bound for the number of sites in the region of A, outside the small boxes. We
then obtain a superadditive relation for the pressure:

km)4 dkma—1C + drni-1C
fan(B,h) < ( nd) fan(B,h) + i i (1.27)
Then, since kTm — 1 asn — oo,
. d
limsup fa, (B,h) < fa,. (B, h) + —C. (1.28)
n—o0

Taking the liminf over m in the right side, we see that it is greater or equal to
the limsup. It is not hard to verify that fa(8,h) is bounded uniformly in A, so
the limit necessarily exists. 0

Periodic boundary conditions are convenient since finite-volume expressions
are translation invariant. The notions are natural and intuitive but should be
clarified nonetheless. Let AP = (Z/nZ)? denote the periodic box of size n.
Formally, elements of AP®" are equivalence classes of sites where x ~ y whenever

x;—y; =0 mod nfori=1,..., d. The hamiltonian is as above but with coupling
constants replaced by periodised ones:
’]a(cf)y,per = Z J:I(J?g)ﬁ-nz (1.29)
z€Z4

The pressure can also be obtained by taking a sequence of periodic boxes of
increases sizes.

COROLLARY 1.7 (Thermodynamic limit with periodic boundary condi-
tions). Let (AP®) be the sequence of cubes in Z of size n with peri-

odic boundary conditions. Then (fxrer(B,h))n>1 converges pointwise to
the same function f(B8,h) as in Theorem[1.9
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This follows from |farer(3,h) — fa, (B, h)| < %HC, which is not too hard to
prove, and Theorem [I.9

The next step is to take the limit of infinite domains, in such a way that
boundary effects vanish. This prompts the following notion.

DEFINITION 1.8. A sequence of finite domains (A,,),>1 converges to Z¢ in
the sense of van Hove if
(i) it is mcreasmg: A1 DA, for all n;
(ii) it invades Z%: Upsi A, = Z2;
(iii) the ratio boundary/bulk vamshes ||A || —0asn— o0, Vr.

Here, the r-boundary is 0,A = {x € A°: dist(z,A) < r}.

We use the notation A, f} Z? to say that the sequence converges to Z¢ in the
sense of van Hove. Notice that (A, = {1,...,n}?) is not a van Hove sequence
since it does not invade Z¢. We now state one of the major results in statistical
mechanics, namely the existence of the infinite volume pressure.

THEOREM 1.9. Assume that the coupling constants Jg(fz, satisfy the condi-
tions of Lemma 1.6, Then
F(8,1) = lim_fx, (8,1)

along all sequences of domains such that A, {t Z%. The function f is the
same as in Lemma [L0.

PROOF. Let us pave Z? with boxes of size m and let B;, i = 1,..., k, denote
those boxes that are inside A,,. Let
D =A,\ UleBi. (1.30)
We have the bounds
Zg,ﬁ,h e—(dkmd71+\D\)50h < ZA'rLanh < Zg,@,h e(dkmd*1+|D\)ﬁCh ) (1.31)
Then
%fBﬁ,h - %;r”oh > fanpn >k A |fBBh + ﬂch (1.32)

There remains to verify to find the limits n — oo of the various terms above. We

have ]‘“an < 1 and W > 1, so that

d|0An k
1—m ‘|A I‘ < |/(”| < 1. (1.33)

Then kﬂl — 1 as n — oo. Next we have |D| < m?0A,| so that |D‘ — 0. We

can then take the limit n — oo and we get for any m that

feon+ LCy > lirigli)iolgf fansn = foan — LCh. (1.34)
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(The inequalities hold with lim sup too.) Taking m — oo, both the left and right
sides converge to the function f(8,h) of Lemma [L.6] O

1.4. Correlation functions and long-range order

The two-point correlation functions between sites 0 and x are given by

N 1 N
(So' SV aph = 7T (Sg' Sy e Ptnm ). (1.35)

A,Bh

We also consider the states (-)}" ; , with periodic boundary conditions, where

we use M), instead of Hy, ;. Often the system has short range correlations in
the sense that

(56" S ash = (S5 V8.1 (S5" ) a8n = 0, (1.36)

as x is far from the origin. This happens e.g. at high temperatures, when [ is
small. At low temperatures the system may exhibit long-range correlations, or
have the following property of long-range order.

DEFINITION 1.10 (Long-range order). There ezists a sequence of domains

A, where either A, ft 2%, or Ay = {1,...,my}5e, with my, — 00, such
that 1
A O (505 s 2 e >0,
" yehn

for all n.

In order to motivate the importance of this property, we show that it implies
the occurrence of a first-order phase transition as h crosses 0. This also implies
that there exist many distinct Gibbs states at (/3,0), as we will see later.

THEOREM 1.11. We assume that the system displays long-range order in

the form of Fq. . Then
0

Bb)| >0 > =f(Bh)

5
oh h=0+
PrOOF. We give a simplified proof in the case where [Hy j,, My] = 0, where

M, is the magnetisation operator
MA = Z SS). (1.37)
TEA

For the general case, we refer to Koma and Tasaki [1993].
Let |My] be the unique positive semi-definite square root of M3. We have
|My| < |A|STd, so that M3 < |A|S|M,|. Since Gibbs states are positive linear
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M2 M,
MAN o s<_> . :
<|A|2>A,6,0 =2NTA] Zagso (139

1
[A]2

In order to get an inequality for the derivative of the free energy, let us intro-
duce fao(B,h) to be the free energy of the model with Hamiltonian

functionals, we get

Long-range order implies that —(M3) g0 > ¢, so the right side above is positive.

3
] () i) Qi
Hyp = — E Jx_yS;>Sé) — h|My]. (1.39)
=1 x,yeA

We now check that fa(8,h) converges as A ft Z% to the free energy f(B,h) for
h > 0. For this, notice that M, (and |M,|) commute with Hyo = Hyo. For
h > 0 we have the inequalities (for the second one, observe that the spectrum of

M, is symmetric around 0)

Tr e AHAs0+HBRMA <Tr e PHAp.0+BRIM,| < 2Tr e PHAp0+BRMy (1.40)

Taking the logarithm and dividing by §|A|, and taking the relevant limits, we get
that f and f are equal.

We now use the concavity in A of fA and the fact that sup, (liminf,, a,,) <
lim inf,, (sup,, am ) and we get

oh (8:h) h=0+ ililg h - ili% hﬁ%}f h
o fa(Bh) — fa(B,0) 9
< = — (1.41)
< hﬁ%lf sup ; lﬂ%}f 8th(5, h) o
Ty | M|
— h}\%égf< A >A,B,0'

The last expectation is with respect to the Gibbs state with Hamiltonian H AO =
Hy o. The right side is positive and %f(ﬁ, h>‘h:0+ is indeed negative. Since f is
even in h we get the other inequality as well.

When M, does not commute with the Hamiltonian, it does not seem possible
to show that f and f are equal. But since right-derivatives of concave functions
are right-continuous, we can proceed as above and get

0 0 My

2. n — lim 2 f(8,h < lim liminf< > .

oh (8. h) h=0+ W —0+ 8hf(ﬁ ) h=h'+ — hW—0+ A(Zd |A| 7 A8h
Koma and Tasaki (1993) have proved that long-range order (in the sense of ((1.10)))
implies that the right side is strictly negative. U

(1.42)
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1.5. Correlation inequalities

We now discuss some correlation inequalities for quantum spin systems. These
are not as far-reaching as the GKS and FKG inequalities for classical spins.

THEOREM 1.12. Assume that, for all x,y € A, the couplings satisfy
J@| < JO
oyl = Yy
Then we have that
(56758 ] < (S6”SE ) Am,
forall x € A. More generally, for all xy,...xx € A and j1, ..., jx € {1,2},
[(Sw ... 89 p p| < (SL ... SDYa

x1 X1

Further inequalities can be generated using symmetries. Some inequalities
hold for the staggered two-point function (—1)#1(S{”S®), .

PROOF. Let S € IN such that 25+ 1 = N, and let |a), a € {-5,...,5}
denote basis elements of C29+1. Let the operators S® be defined by

S®la) = /S(S+1) —a(a+1) |a+1), STa) =+/S(S+1)— (a—1)a|a—1),

(1.43)
with the understanding that S®[S) = S| — S) = 0. Then let S® = 1(S® +
S5, 8@ = L(§® — §O)) and S®|a) = ala). It is well-known that these
operators satisfy the spin commutation relations. Further, the matrix elements
of S®, 5™ are all nonnegative, and the matrix elements of S are all less than or
equal to those of S™ in absolute values. Using the Trotter formula and multiple
resolutions of the identity, we have

| Tr 5§78 e PHan | < lim E
N—oo
00y, 0NE{=S,..., S}

(3) o(3) o(3) (3)
<01|e%2Jy§ 55058 4 Bh 5~ g3 |01><01|(1 _}_% Z (J;QS;)S;” + J?j?sémsf))wgﬁ

Y,2€EA

(0055”52 0)

. -<0'N| e% ZJ§§>s§3>s§3>+% s |O’N><0'N| <1 + E Z (‘]Z(IIZ)S;)SS) + J;i)sl(f)séz))) |00>

N

y,z€A
(1.44)

Observe that the matrix elements of all operators are nonnegative, except for
S{PS® . Indeed, this follows from
J;IIZ)SZ(/US;D + JgSQz)Sg(f)Sf) :l(‘]z(/lz) _ JZ(;))(S;JHS?) + S;_)Sé_))

4

(1.45)
+HIW 4 D) (SPSE) 4 S GH),
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We get an upper bound for the right side of ([1.44)) by replacing |(oo| S S@ o)
with (oo S’SP]e1). We have obtained

| Tr S5 SP e PHan | < Ty S S0 e PHan, (1.46)

which proves the first claim. The second claim can be proved exactly the same
way. U

COROLLARY 1.13. Assume that for all x,y € A, the couplings satisfy
Jy) = Ju > 0.
Then we have for all x,y, z,u € A
0
0%,

5(2)5(2) <
< z u >A7h — an(Cz)

(5278 ) an-
ProoF. For i =1,2,3, we have
1 0
BOJ)
where (A, B) denotes the Duhamel two-point function,

1
(A,B) = — | TrAe *#Hrr Be=(1=9)8Han g, (1.48)

Zan Jo
It is not hard to extend the proof of Theorem to the Duhamel function, so
that

(SVS)n = (SVS, SUSY) — (SOSIAMSISIAn

|(S578,7, 82 82)| < (88,7, SLSP). (1.49)
Further, we have (SPSP)an = (SVSV) 4 5 by symmetry. The result follows. O

EXERCISE 1.1. For S =1, check that the following matrices satisfy the spin
relations.

00 0 00 —i 0 —i 0
sv=100 —-i|, S2=(oo0 o), S®=[i 0 0
0i 0 i 0 0 0 0 0

EXERCISE 1.2. For S = 1, check that the following matrices do not satisfy the
spin relations.

010 0 —i 0 1 0 0
sv=1110 0], S®=11i 0 0], S® =110 -1 0
000 0 0 0 0 0 0
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EXERCISE 1.3. Let F' be the linear operator for spin flips: If |(04)zen) de-
notes the ket associated with the classical configuration (o), then F|(04)zen) =
|(—=02)zen). Can F be written using spin operators?

EXERCISE 1.4. Prove the matriz inequality .






CHAPTER 2

Two-dimensional systems with continuous symmetry

We consider a variant of the Mermin-Wagner theorem for systems that are
effectively two-dimensional. The result is that the two-point function decays with
the distance, at least like a power law. Logarithmic decay was first obtained by
Fisher and Jasnow (1971). The decay is, however, expected to be power-law,
and this was proven by McBryan and Spencer (1977) in a short and lucid article
that exploits complex rotations. Power-law decay was proven for some quantum
systems in Bonato, Fernando Perez, Klein (1982) and Ito (1982). The proofs use
Fourier transform and the Bogolubov inequality, and they are limited to regular
two-dimensional lattices. A much more general result was obtained by Koma and
Tasaki (1992) using complex rotations. The present proof is slightly simpler and
can be found in Frohlich and Ueltschi (2015).

We assume that J;, = J2, for all z,y. The decay of correlations is measured
by the following expression:

Es(x) = sup |:§Z5() — 2452 Z |J,.| (cosh(ey, — ) — 1) |. (2.1)
(¢£)Eﬂ§A y,zEA

The solution of this variational problem is essentially a discrete harmonic func-
tion. We can estimate it explicitly in the case of “2D-like” graphs with nearest-
neighbor couplings. Let A denote a graph, i.e. a finite set of vertices and a set
of edges, and let d(z,y) denote the graph distance, i.e. the length of the shortest
path that connects x and y.

LEMMA 2.1. Assume that J;,, = 0 whenever d(z,y) # 1 and let J = max |.J}, |.
Assume in addition that there exists a constant K such that, for any ¢ > 0,

#{{z,y} CA:d(0,2) =0,d(0,y) =L+1, and d(z,y) =1} < K({+1).
Then there exists C = C(B, S, J, K), which does not depend on z, such that

1

Proor. With ¢ to be chosen later, let
by = {clog Zggziﬁ if d(0,y) < d(0,x),

. (2.2)
0 otherwise.

15
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Then
d(0,z)—
£5(z) > clog(d(0,7) + 1) — 4BS*JTK Z (cosh(clog E2) —1)(€+1). (23
=0

From Taylor expansions of the logarithm and of the hyperbolic cosine, there exist
C, C" such that
d(0,z)

€5(x) > clog(d(0,7) + 1) — 4BS*TK* Y % ¢
=1

(2.4)
> [c—4BS?JK ] log(d(0,2) + 1) — C.

The optimal choice is ¢ = (83S*JK)~1. O

THEOREM 2.2. Assume that J;y = ng for all x,y € A. Then, fori = 1,2,

we have

[(SeSE)| < §Peto®)

In the case of 2D-like graphs, we can use Lemma and we obtain algebraic
decay with a power greater than (83J5%K)™*
PrROOF. We use the method of complex rotations. Let
+_ ol Q2
S, =5, iS5, (2.5)
One can check that for any a € C, we have
eaSS S;i: e—a53

Yy =

e S, (2:6)

We have (SgS;) = 2(SiS.) and this is nonnegative by Theorem [1.12] The
hamiltonian (|1.18)) can be rewritten as

Hy=—1 Y (J,.85 S + J;.5552) (27)
y,2€EA
Given numbers ¢, let
A= H R (2.8)
yeA
Then
TrSFS; e Pn = Tr ASFS; A e PAINATY (2.9)

We now compute the rotated Hamiltonian.

AH AT = =13 " (J). e? % SFST 4 J2,555%)

yzFy~z
y,z€EA
=Hy—3 Y Jy(cosh(dy —¢.) —1) 8757 =5 Y Jy.sinh(e, — ¢.) S,S7
y,2€EA y,2EA
=Hy+B+C.

(2.10)
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Notice that B* = B and C* = —C. We obtain

Tr Sy S, e P = P00 Ty S S~ e AHA=BB=HC (2.11)
We now estimate the trace in the right side using the Trotter product formula and
the Holder inequality for traces. Recall that ||B|, = (Tr |B|*)"/*, with ||B|s =
|| B|| being the usual operator norm.

TI"S+S e_ﬁHA BB-BC _ lim TTS+S ( ’BHA e_%B e_]{g]C>N
N~>oo
< Jim 15755 8 3 e e

(2.12)
Observe now that [|S5 S| = 252, ||e™~ K Ha 1N = Zp, ||e” BB||N < &AlIBl and
|| e” xC || = 1. The theorem then follows from
|B|| < S? Z |J,..| (cosh(, — ¢.) —1). (2.13)
y,zEN

g






CHAPTER 3

Long-range order via reflection positivity

We show that in the case of some quantum models with continuous symmetry,
it is possible to prove long-range order, and hence non-differentiability of the
infinite-volume pressure. The latter implies that the set of Gibbs states contains
more than one element.

3.1. Long-range order

In what follows we need to consider periodic boundary conditions. Given
teN,let Ay ={0,1,...,0 -1} and let the hamiltonian H}', given by |D
: : iy 7@
but with coupling parameters J{) = J;2,
ones:
J:I(:i)per - Z ‘]a(;lj—ﬂz' (3.1)
2€74

We can define the periodised partition function ZP*(Ay, 5, h) accordingly, and

the pressure

replaced by the following periodised

er 1 er
pR@ (67 h) = E_dlog zZP (Ab/B?h)' (3:2)

As ¢ — oo, these pressures converge by Theorem [I.9) Recall the definition of
finite-volume equilibrium states:

Tr [ e_BHA,h ]

(3.3)
ZA Bk

(asn =
We also consider the states (-)}" 5, with periodic boundary conditions, where we
use H)", instead of Hy, ;. The concept of long-range order was introduced in
Definition m it means that ﬁ > (SPSP)anp0 = ¢ >0, for a sequence
of domains that tend to Z¢.

We state two results about long-range order. The first theorem holds for a
larger class of coupling constants and for S large enough. The second theorem is
restricted to nearest-neighbour interactions, but it has the advantage of applying
to more values of S and more dimensions. To briefly summarise the consequences
of those results, we will see that long-range order (in the form of Definition
holds under the following conditions:

RTIS v

e for certain long-range interactions (specified below) if 5 > [y for some
Bo < oo provided d > 3 and S is large enough, or

19



20 3. LONG-RANGE ORDER VIA REFLECTION POSITIVITY

e for nearest-neighbour interactions if § > [y for some [y < oo provided
d23and52%,or

e for nearest-neighbour interactions in the ground-state g = oo provided
d > 2 and either S > 1, or S > % and —J® /JM < 0.13.

We consider the case of nearest-neighbour interactions, J{” = 0 unless ||z||; =
1 (in which case it equals some constant J®); and longer-range interactions that
are given by a Fourier transform, J{" = [, dv® (k) e** where v is a positive,
finite measure on R%. The latter case allows us to include the following examples:

o JI =qa® et WIlE for p € (0,2] and constants a” € R, b® > 0. Indeed,
this follows from the fact that the characteristic function of a stable
distribution in probability theory is of the form e~*”. (For p > 2 this
is not possible as the positivity of v would be violated.) See e.g. Durrett
2019].

o J ;Cm with p € (0,2], a® € R and ¢ > d. Indeed, we
can take linear combinations of the interactions above with non-negative
coefficients, and we have

t/‘ eV o=l 45 = O, (3.4)
0

Here ¢ > d is required in order for the sum defining J{" .. to be conver-
gent.
e Convex combinations of the above.

Let A; denote the dual of A, in Fourier theory, namely

* w d
A = g—i—l,...,%} C [—m, 7] (3.5)

THEOREM 3.1. Assume that J is one of the interactions above; we as-
sume in addition that ¢ is even and that

JP > JP > —J® >0, for all x € Z°.
Then
er 1 1
§ SV 2 48545 3 25 k) 6 2
TEN, keA*\{O} keA;\{0}
(3.6)
Here we defined
Z i e (1 — cos kx) (3.7)

x€Z4

while the function e(k) is defined in (3.39). Notice that (k) is bounded and
that (k) ~ k? around k = 0; it is positive for & # 0. It is worth pointing out
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that e(k) < const S? around k& = 0. Therefore the right-hand-side of (3.6)) is
necessarily positive when d > 3 and 5, 8 are large enough.
We now assume that J@ are nearest-neighbour couplings, that is,

J(i) J(i) lf ”l’” = 17
= 3.8
v 0 otherwise. 58

We further normalise them so that J® = 1. In this case we derive sharper lower
bounds for long-range order. Let us introduce the following two sums:

k:+7r
B>
keA -\ {0} )
~ e(k
ol y ”( 3 cak),
k:eA*\{O}

Here, e(k) =237 (1—cosk;) and e(k+m) = 237 (14cosk;), and (), denotes
the positive part. Their infinite volume limits converge to the integrals

[ = lim [ = M
{—00 [ T 71-]d
(3.10)
~ ~ k
I = lim ]é‘” = + ) cosk dk:
{—o00 [ T ﬂ,]d

=1

One can check that, as d — oo, these integrals satisfy I — 1 (Dyson, Lieb,
Simon [1978]) and [ — 1 (Kennedy, Lieb, Shastry [1988b]). We also introduce
the expression

ay(B) = J(1)<S(()1)S;>>Ae,6,o + J<2)<S(()2)Sé?>/\g,5,0 (3.11)
and «o(f) = liminf, . a(B). We also denote by ay(oco) the f — oo limit.

THEOREM 3.2. Assume that ¢ is even and that the nearest-neighbour cou-
pling constants satisfy

J® =1 > JO > —J® > (.

Then we have the two lower bounds:

(3) (5) per
d Z Sm Ag,B, 0

TEN,
18(S+1) = 3 + ¥)Vu(B) — 3= Yo keAs\{0} 57
(B) d
() [m - ‘Iéd)] ﬁ ZkeA;\{o} $1k) (cll D iy €OS k¢)+-
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The theorem is proved at the end of Section [3.2]

We want to formulate sufficient conditions under which at least one of the
lower bounds is positive, uniformly in ¢. The terms involving 1/5 converge as
¢ — oo if d > 3 and they can be made arbitrarily small by taking 3 sufficiently
large. For d = 2 the bounds are useful in the ground state, i.e. when the limit
[ — o0 is taken before ¢ — oo.

We get a uniform lower bound if either

o a(B) -
%S(S“— 1) > %I(d) O!(B) or T%/J(D > %I(d).

Irrespective of the value of a(f), at least one of the lower bound is positive if

35(5+1)

3S(S+1)
%[(d) '

L@ _ 7@/ 71 7@/ 7()
> I(1-J2/JY) = 1-J%/JY < T

(3.12)

Values of I and I® can be found numerically; they are listed in Table [1] for
d = 2,3,4. This allows us to verify that the condition (3.12)) holds for all values
of J®,J® gsuch that J® > —J® > 0, all dimensions d > 2, and all spin values
S e %N, with the one exception of the case d =2 and S = % In this case, 1}
holds when —J® /J® € [0,0.109].

d ‘ J@ J@

21 1.393 0.6468
3| 1.157 0.3499
411.094 0.2540

TABLE 1. Numerical values of the integrals I and I defined in (3.10)).

Kubo and Kishi [1988] improved the interval to [0,0.13] and this is the cur-
rent best result. To do this, they use the variational principle with the con-
stant state ®gey,|3) to get a bound on the ground state energy. Combined with
the correlation inequalities stated in Theorem they get a lower bound for
a(o00) = limg_,o (), namely

(o0 > — M

e TR Jo 0 (3.13)

(Kubo and Kishi considered the case J® = J® =1 but it is easily extended.)
This implies that the second bound of Theorem is positive in the interval
[0,0.13].
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3.2. Infrared bounds

This section explores estimates of the Fourier transform of correlations and
their consequences. Such estimates are particularly relevant at small Fourier
parameters; this corresponds to large wavelengths, i.e. the infrared spectrum for
light, hence the name given by physicists.

We need to introduce the conventions about the Fourier transform used in

this survey. Recall that A} = 27“ —g +1,..., é}d. The Fourier transform of a
function f: Ay — C is
Fy=>" e ™ fx), ke, (3.14)
€Ay

where we write kz for the usual inner product Zle k;x;. One can check that the
inverse relation is then

1 G~
flx) = 7 Z e F(k). (3.15)
ke
Note that e(k) = J®(0) — J@(k).
The first infrared bound involves the Duhamel correlation function n(x), de-
fined by
(z) 1 1
r)=—-————
T B Zp (A, B 1)
The method of reflection positivity allows us to establish the following infrared
bound.

per

/B er
/ ds Tr S e HXn §® (=9 HX | (3.16)
0

LEMMA 3.3. Let h =0 and ¢ be even. Assume that the coupling constants
J@ satisfy the assumptions of Theorem[3.1. Then

Alk) < 25%(@, for all k € A2\ {0}

The proof of this lemma can be found at the end of Section [3.3]

3.2.1. Falk—Bruch inequality. We cannot use the infrared bound directly
on the Duhamel function because of a lack of suitable lower bound for 7(0). The
way out is to derive another bound on the ordinary correlation function. This
can be done using the Falk—Bruch inequality, which was proposed independently
in Falk, Bruch [1969] and Dyson, Lieb Simon [1978].

Let H be a separable Hilbert space, H a bounded hermitian operator such
that Tr e < oo, and let B denote the space of bounded operators on H. We
define the Duhamel inner product in B by

1 !
(A,B) = Z/ ds Tr e U9 g*e=sH B A, B e B, (3.17)
0
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with Z = Tr e . We have
d

—Tre 9 gre=H B — Ty e =98 [ A*]eH B
ds (3.18)

=Tre U9 A* =" B H],

and we obtain the useful identity

([A,H],B) = (A, B, H]). (3.19)
Further,
1 ! d —(1—s)H pA* ,—sH *
(A,[B,H]) == [ ds—Tre A*e™" B = (B, A"]) (3.20)
Z Jo ds
where
1
() = ZTr ce (3.21)

For a given A € B, let us introduce the function F(s) = Tr e =9 A*e=sH 4,
We have
d2
@F(s) =Tre "9 [A H]* e " [A,H] >0 (3.22)
(positivity can be shown by casting the right side in the form Tr B*B). The
function F'(s) is therefore convex. Then

T(A*A+ AAY) = %(F(O) + F(1)) > %/0 F(s)ds = (A, A) (3.23)

with equality if and only if [A, H] = 0. The Cauchy—Schwarz inequality of the
Duhamel inner product (3.17)) gives

|(A,[B, H)|” < (A, 4) (B, H], B, H]). (3.24)

Using Eq. (3.20) to write the Duhamel inner product of commutators as expec-

tations in the state (-), and the inequalities (3.23]) and (3.24]) as well as cyclicity
of the trace, we get Bogolubov’s inequality

(B, A < L(A*A+ AA%) ([[B, H], B*]). (3.25)

Inequality (3.23]) gives an upper bound for the Duhamel inner product, but
we actually need a lower bound. For this, we consider the function

P(s) = v/scoth \/ig (3.26)

This function is increasing, concave, and is depicted in Fig. 3.1} One can check
that

Vs < ®(s) < Vs +s. (3.27)
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O(s)

~s+%

S

FI1GURE 3.1. The function ® of the Falk-Bruch inequality.

LEMMA 3.4 (Falk—Bruch inequality). For all A € B such that the denom-
inators differ from zero, we have

2(A*A + AA¥) ( 4(A, A) )

(A =\ AT

It is worth noting that the double commutator is nonnegative, as can be seen
from Eq. (3.20). Indeed, taking A — [A*, H] and B — A*, we can express it

using the Duhamel inner product as
<[A*7[H7AH> = ([A*,H],[A*,H]) > 0. (3.28)

PrOOF OF LEMMA [3.4] Recall the function F(s) defined before (3.22]). The

Falk—Bruch inequality can be written as

, FO)+ F() @( 4 [} F(s)ds >

F(1)— F(0) = \F(1) - F/(0) 2

If {¢;} is an orthonormal set of eigenvectors of H with eigenvalues \;, we can

write
o

F(S) = Z‘(90i71490j)‘2e_>\j ehi=Ai)s / oSt dp,(t), (3.30)
0]

—00

where p is a positive measure. We have
F(0)+ F(1) = /(et +1)dp(),

Fm—sz/MHMM@, s

/01 F(s)ds = / ¢ = Laue).
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Let us consider the probability measure dv(t) = ([#(e' — 1)du(t)) ‘t(e" —
1)du(t). We have

FOCFO) [y
()_/t th L du(t),

F) = (3.32)
fF— = /%dy(t)'
F'(1) = F(0) '
Since ¢ is concave we can use Jensen’s inequality and we get (3.29):
4 [} F(s)ds
Ol =L —— | =9 4 > [ o(4
(Fity=py) ~ ([ dow) = [a@wo o
F(0)+ F(1)
= [ 2cothd —9
/ = coth 5 dv(t) (1) = F/(0)
U

The Falk-Bruch inequality is saturated when the measure du is a Dirac on a
single value. This is the case if H is the hamiltonian of the harmonic oscillator,
and A is the creation or annihilation operator.

The following inequality follows from Lemma and the upper bound in Eq.
(13.27)).

COROLLARY 3.5. We have
HAA+ AAY) < 31 /(A,A) ([ [H, A)) + (4, 4).

For our purpose we have H ~  and (A, A) ~ % with § large, so that this
inequality is quite optimal. We use it below since it is simpler.

3.2.2. Infrared bound for the usual correlation function. In the rest
of this section £ and 3 will be fixed, and we drop the subscripts on (-)}* 1,500 Writing

simply (-).
We introduce Fourier transforms of spin operators. This allows us to write
the correlation functions in the form of Corollary [3.5] Accordingly, let

SO =Y eMse kel (3.34)
TENy
One easily checks the inverse identity

1 G~
S® — 7i Z et SO x € Ay (3.35)

x
keA;
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The Fourier transform of the usual correlation function is then equal to

(SP SO (k) = Z —ikx (SP1S®Y = 7 Z —ik(z—y) <S<3)S<3>>
TENy z,yENy (3.36)

1 (3) A3)
£d<S )S( >

Notice that (S*)* = 5% thus

(S SEY (k) > 0. (3.37)

For the Duhamel correlation function we obtain

(k) = (S5, 59 (k) = — (55, 5). (3.38)

Ed(
(There is no —k because the Duhamel inner product involves taking the adjoint.)
Let

e(k)=1Y" ((J<1> ~J® cos kx)(SLSWY 4 (JO W cog k:v)(Séz)Sf))).

2 T, per T, per x,per x,per

x€Z4
(3.39)

We will see in the proof of the next lemma that e(k) > 0, as it can be written as
the expectation of a double commutator in the form of Eq. (3.28)).

LEMMA 3.6 (Infrared bound for the usual correlation function). We have
for all k € A\ {0} that

5 oG e(k) 1
(86”5 )0) <Aooy + 25y

ProOOF. We take A = §,(C3> and H = BHy, in Corollary We need to
calculate the double commutator. First, we have

(HRG. 50 = D HRG, S0

€Ny
3
= e ik () @) gG) Q)
- _Z Z Syl perl Sy 52 5] (3.40)
i=1 x,y,2€N,

T—y,per

e Z —1kx< JO, L SBSD 4 g S“’Sg(f))

z,yENy
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We used the fact that operators at different sites commute, and also that J{ =
J9 . Next,

[S(fl)w [HK?&S;S)H — _9 Z ke [eika: SO 4 by S, _Jw S50

T—Yy,per
T, YyENy
JéQ)y pers(l)S(Q)}
(3.41)
=2 37 (I8 e — oSk — 1), ) S8,
xayeAe
(J"(f)y per COS(k}( ))chrl)y Per)Sa(f)SZ(JZ))'

Taking the expectation in the Gibbs state, we obtain
([A7,1H, A]]) = ([S%), BHYS, S1) ) = 4Be%(k). (3.42)

We also see that e(k) > 0 from Eq. (3.28). Lemma follows from Corollary
and from the infrared bound on the Duhamel correlation function, Lemma
3.3 U

We can now prove the occurrence of long-range order.
PROOF OF THEOREM [3.Jl. We have the inequality (see Theorem [1.12))
(S67567) > 5 221 (887S5") = §S(S + 1). (3.43)

This is where we use that J&® > J® > —J& > (.
We now use the inverse Fourier transform on the two-point correlation func-
tion, namely

1 = 1 —
SIS0+ o (SPSN k). e

LS(S+1) < (S8 = o
keA;\{0}

Notice that the first term of the right side is equal to the long-range order pa-
rameter Then

1 —
T Z (S 8@ = <s<3>5<3>>( ) >1S(S+1) - 7 > (SPSP) (k). (as)
zeA, keA:\{0}
We can bound the last term with the help of Lemma which gives Theorem
Bl O

PRrROOF OF THEOREM [3.2l With nearest-neighbour interactions the function
e(k) can be written as

d
Z 1+ rcosk;) (3.46)
=1
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where N R
_J(z) S S(l) _ J(1) S S(g)

r = < 0 €1 > < 0 el > ) (3'47)
TO(SPSE) + TOSSE)

Here e, = (1,0,...,0) € Z% is the unit vector in the first direction. It follows

from the fact that e(k) > 0 for all k, that r € | . Let
1 (1 k;
]éd) (r) = i \/ZZ 1L +7cos i) (49)
keA\{Orr} (1 — cos k)

where we have omitted the term E—d\/l —rfork=n=(mmn,...,7). Adding it
back and bounding it by v/2/¢%, the lower bound is

dZ (56758 = §S(S+1) = 5/ au(B) (" (r) +

TENy

1
E ——. (3.49)
ey e(k)

Observe that I;”(r) is concave with respect to r and that its derivative at r = 1
is equal to
d

Eféd)(r)

S cosk

= 7 Z ) (3.50)
=t keA;\{0,7} \/Zle(l —coski) o, (14 cosk;)
This is equal to zero, as can be seen with the change of variables k — k +
(m,...,m). Then [;}”(r) < I;}”(1) = I;”. Using this with the lower bound of
Theorem we obtain the first bound of Theorem

For the second bound, we follow Kennedy, Lieb, Shastry [1988a] and use the

inverse Fourier transform. In what follows, x is the dummy variable summed over
inside the Fourier transforrn We have

3 3 1k; 3 3
<S()S() dezz S()s() k‘)

keAy i=1

:%(@S\?)XO)—F% Z (S(g)S(?’) < Zcosk)

keA\{0}

(3.51)

We used lattice symmetries and the fact that (S§”S5”) > 0, see Eq. (3.37). We
have

d
L oo 9 qay _ L 5 Q6 1
(SSTN0) 2 (SP89) - o S (ST k ) (G 2 conks)

keA;\{0}

(3.52)

>(SPST - Dl <;Zcos’f> { 26553)*2&1(1:)}

k:eA* \{fo} =1
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Proceeding with e(k) as we did with the first lower bound, we get

5(3)5(3)>( ) > <S(()3)S§1’)> _ % a@(ﬂ)fé@(?ﬁ) _ 1 Z Lj (3.53)

=
d d
¢ 266 keA;\{0} g(k)

where

— cosk;)

(1 k;)
I (r) = \/Z’ 10 7eos ( Z cos k; > : (3.54)
keA* {0}

One easily checks that the derivative of I, sV (r) is positive, so it is smaller than
I?(1) = I}”. Finally, using Theorem [1.12] we have

(3) Q(3) a((ﬁ)
(Sy”Se) > =@/ o (3.55)
The second lower bound of Theorem [3.2] follows. O

3.3. Reflection positivity

Let H be a separable Hilbert space, and let Bieg, resp. Biight, denote the space
of bounded operators on H ® H that are of the form a ® 1, resp. 1 ® a, for some
a € B(H). Let R denote the automorphism of B(H ® H) such that

Ra® 1) =1®a,

RI®a)=a® 1. (350

Let us fix an orthonormal basis {e;} on H, and define the complex conjugate
a of a bounded operator a by

(ei,ae;) = (e;, ae;). (3.57)

In matrix notation, that means taking the complex conjugate of its elements,
without transposing as for hermitian adjoints. The reason to use the complex
conjugate is that for all a,b € B(H), we have

ab=7ab. (3.58)

Here is the key inequality that is closely related to reflection positivity. Let
be an index set and p a positive, finite measure on /. We assume that A, C; € Bieg
and B, D; € Byign for all ¢ € 1.

LEMMA 3.7. We have

N (2 = — . = — .
Tr eA+B+f C;D;d (i) <Tr eA-f—RA-i—f CiRC;du(3) | Tr eRB-l—B—i—f RD; D;idpu(7) )
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PrROOF. We use the Duhamel formula in the following form. If A, B are
bounded operators, then

eAtB — / dt,...dt, 14 Belte=)A B Bell=tn)d (3.59)
o0 J0<ti <<ty <1

In what follows, we use the shorthands

/di = /dp,(il)- . /d,u(in) and /dt = / dty .. .dt,.
0<ty < <tn<1

(3.60)
We also write A=a® 1, B=1®b, C; = ;@ 1, and D; = 1® d;. Then
Tr e H6A+B+fc,-Didu(i) 2
=[x / de / dt Trggp A9 € Dy, L, Dy, @7 EAER) ’2
n>0
2
Z / dz / dt Tr,H e C . (17tn)a TI"H et1b dil o d’Ln e(lftn)b )
n>0 .60

= Z/dz / dt Trye%c;, ... ¢, 0T Try e, .G U t)a

n>0
Z/dz/dt TrHetlble-- Ein (1= t”)le“ et d;, ... din (1=tn)b

n>0

A+RA+[ C;RC,du(s) RB+B+ [ RD; D;du(i)

= Trygmn e “Tryene

We used the ordinary Cauchy—Schwarz inequality for functions, here with argu-
ment (n,%,t). The complex conjugate was written with the help of (3.58)). O

We now derive the infrared bound for the Duhamel correlation function,
Lemma[3.3] In the rest of this Section, we fix an even integer ¢ and consider peri-
odic couplings (3.1)). Recall that Ay = {0,1,...,£—1}% Let A denote the discrete

Laplacian from the coupling constant J), Whlch acts on a field v = (v,) € R* as

(Av), = Z Ja(fg)y per( y — Vz). (3.62)
yEA,

Notice the following identity, which is a discrete version of [ f(—Ag) =
J V Vg for functions:

(u _AU Z Ja(:S)y per uy)(vif - Uy)' (3.63)
z,y€A,

In the left side, (-,-) stands for the usual inner product on R*¢, ie. (u,v) =
Y oz A, UsVz. We introduce the following partition function that depends on a
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field v:
Z(v) = Tr e PH®) (3.64)
with hamiltonian given by
H(v) = HY'\ — Z h, S, (3.65)
IS

where the local magnetic field is obtained from v by
hy = (Av):c‘ (3.66)

Let

Z(v) = eaf(v:00) Z(v). (3.67)

We show that Z (v) is maximised by the field v = 0, which is the key to proving
Lemma [3.3]

Let R denote a reflection across a plane cutting through edges. Namely,
given a direction ¢ = 1,...,d and a half integer ¢ € {2, e E_Tl}, let R be the
bijection Ay — Ay such that

Rz = x + 2(e — xz;)e;. (3.68)

Let

l l
A]eft:{xGAgZ€—§<.’Ei<€}, Aright:{xEAgZ€<l’i<€+§}. (3.69)

Given a field v; € RYer let (Rvy), = (v1)re € R rishe,

LEMMA 3.8. Let the couplings J© satisfy the assumptions of Theorem[3.1]
Then, for any v, € RY# and vy € R we have

Z(Ul, 'U2)2 S Z(Ul, R?Jl) Z(Rvg, 1)2).

We first prove the lemma in the case of nearest-neighbour couplings; we then
consider long-range interactions.



3.3. REFLECTION POSITIVITY 33

PROOF OF LEMMA [3.8 FOR NEAREST-NEIGHBOUR COUPLINGS. We cast Z(vy, v3)

in the form of Lemma [3.7 Using (3.63), we get
Z(v):Trexpﬁ{éZJm +ZZJ§)3,,5;)S()

T,y i=1 xz,y

I
2
=T o8 S S8+ A4 (8

=1 x,y
— :]\(3)(0) Z(S;w% + %) }

T

(3.70)

We used J® = J“) . This formula holds for general couplings and we will also use

it in the long-range case (with J{" . ). We now assume that J{” = 0 except when

|z|l1 = 1, in which case it equals a constant J®. Then the above expression has
the form of Lemma [3.7 by choosing

2
A=p 3 [D0 IS0 + I, (89 + %) (S + )|

Y€ gy =1
70 Y (s

$€Alcft

B=3 Z [Z 0 SOSY 4 JH (SO 4 ) (89 + vy)]

yeArlght =1
R ) (3.71)
—JD0) DY (SPv, + %)
xeAright
/ CiDdpu(i) =8 > |TOSPSP — JUGSE)S)
TENeft
yEAright
le—yll=1

+ O (89 4 ) (9 4 )} '

In the usual basis where all S© are diagonal, we have S5 = S, iS5 = i5®,
S =8®. Then A= A and B = B. We have multiplied S by i, so taking the
complex conjugate gives the operator back. Then C; = C; and D; = D;. More-
over, when x € Ay, and y € Ayigne with ||z — y|| = 1, the reflection interchanges

x and y. In order to use Lemma [3.7) the measure p needs to be positive, which is
guaranteed by J® J® >0 and J® < 0. O
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An important observation is that if certain interactions can be cast in the form
above, then this can also be done with convex combinations of these interactions.
We use this property below.

PROOF OF LEMMA [3.8§] FOR LONG-RANGE COUPLINGS. We now consider the
case when J§ = [o, dv®(k)e™* where v is a positive, finite measure on RY.
We see from that it suffices to consider a fixed i € {1,2,3} and to sim-
plify the notation we dispense with the superscript ). We use the decomposition
but with J, pe; in place of J,. It suffices to consider the cross-term

Z Jo—yper LTy (3.72)

TE€Ajefy
yeAright

where T, € {S{",1S?, S» + %}. We aim to write this in the form [, C;D; dyu(i)
in order to apply Lemma We expand

Jaz—y,per = Z Ja:—y-i—Zz = Z /Rd dl/(k') eik~(x—y+£z) (3.73)

z€Z4 z€Z4
to write
3 Jx—y7perTxTy:Z/ du(k)( 3 eik.(x+£z/2)Tx>< S ekt Ty>.
TENef z€Z4 Re TEAef yeAright
yEAright

(3.74)
This is of the required form [, C;D; dyu(i) with index set [ = 74 x R?, except that
we need the measure 1 to be finite. In order to achieve this, we may approximate
the sum over z € Z% by a sum over z € A’ and then let A’ {} Z%. The rest of the
argument follows as in the nearest-neighbour case. U

COROLLARY 3.9. For all v € R, we have Z(v) < Z(0).

» seulves oo
+

FIGURE 3.2. Starting with a maximiser, reflections yield further
maximisers where more and more values are identical.

PRrROOF. Without loss of generality we can assume that vy = 0. We observe
that Z(Av) — 0 as |A\| — oo, so that Z(v) is maximised for finite v. Indeed, in
the expression (3.67) we have e’ ®:Av)  o=e¥ and Z(\v) < e“P.
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Then let (vy,v2) be a maximiser with vy = 0. Using Lemma with a
plane crossing the edge (0,e;), we have that (v, Rvy) is also a maximiser, with
vg = ve, = 0. Using a plane crossing the edge (e, 2e;), we get a maximiser with
more zeros. lterating, we get a maximiser with a whole line of zeros. We then
consider reflection planes in another direction to get a maximiser with a plane of
zeros. We then consider reflection planes in further directions. See Fig. for
an illustration. U

Proor oF LEMMA [3.3l From Corollary and Eq. (3.67), we have the

” Gaussian domination” bound

Z
Z((SO)> < emithman), (3.75)
The derivative of Z(sv) with respect to s is equal to 0 at s = 0 because of

symmetries (for instance, a rotation around the 3rd spin axis by angle 7, which
takes S to —S, i = 1,2, and leaves S invariant). The second derivative can
be calculated e.g. using the Duhamel formula and translation-invariance.
Recalling the Duhamel correlation function n from (3.16), we get

1 d?
W@Z(sv) . = B %E:Ah hyn(z —y), (3.76)

where we recall that h, = (Av),. We now choose the field v to be

v, = cos(kx), ke ;. (3.77)
Observe that Av, = —&(k)v,. The order s? of the inequality (3.75] gives
%ﬁQg(k)Q Z cos(kz) cos(ky)n(z —y) < 1Be(k Z cos(kx)? (3.78)
z,y€Ay ISV

Since n(z) and 7(k) are both real, the left-hand-side satisfies

Z cos(kx) cos(ky)n Z cos(kx) Z e (

z,yENy TENy yENy
= Z cos(kx) Z eh@=2) (%)
V) 2€A,
. (3.79)
= Z cos(kz) ™ (k)
€N,
=7(k) > cos(kx)®.
I’EA[
Inserting this in Eq. (3.78) we obtain Lemma O
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The first proof of continuous symmetry breaking is due to Frohlich, Simon, and
Spencer [1976]; they established that the classical Heisenberg model undergoes
a phase transition in dimensions three and higher. Their work was inspired
by ideas from quantum field field theory, specifically by the Kallén—Lehmann
representation of two-point Green functions in relativistic quantum field theory,
which suggested the right form of infrared bounds, and by reflection positivity,
as formulated in the works of Jost [1965], Osterwalder and Schrader [1973], and
Glaser [1974]. (Furthermore, bounds in Glimm and Jaffe [1970] and Frohlich
[1974] inspired the exponential infrared bounds proved in Frohlich, Simon, and
Spencer [1976].)

The extension of these ideas to quantum spin systems was achieved in another
groundbreaking article, by Dyson, Lieb, and Simon [1978]|. The method was then
further extended and streamlined in Frohlich, Israel, Lieb, and Simon [1978] and
[1980]. Further refinements include an extension to the ground states in two
dimensions Neves, Perez [1986] and improved conditions that establish long-range
order in the XY model in two dimensions (Kennedy, Lieb, Shastry [1988a] and
[1988b]; Kubo, Kishi [1988]).

It should be pointed out that the method does not apply to models where
all coupling constants are positive (Speers [1985]). An important problem, which
remains open to this day, is to prove spontaneous magnetisation or long-range
order in the Heisenberg ferromagnet.

A beautiful account of the method of reflection positivity in statistical me-
chanics (restricted to classical systems) has been written by Biskup [2009]. The
handwritten notes of T6th [1996] for his Prague lectures give a clear account of
the method. And an extensive overview, which retraces the origin of the key
ideas, can be found in the handwritten notes of Fréhlich [2011] for his Vienna
lectures.



CHAPTER 4

Fermionic and bosonic systems

These systems are naturally defined in the continuum space but they also
makes sense on lattices, where the setting is simpler and relevant for our pur-
pose. Excellent introductory textbooks include Martin and Rothen [2004], ... A
thorough description of systems in the continuum can be found in Bratteli and
Robinson [1987].

4.1. Fock spaces

The Hilbert space for a single particle in A € Z¢ is £2(A). Recall that ¢2(A)
is the vector space C* with inner product

(ply = (@) d(x), @1 € (). (1)

A natural basis is {e, },ea Where these functions are defined by e, (y) = 0,,. The
dimension of ¢2(A) is |Al.
The Hilbert space Ha ,, for n distinguishable particles is the tensor product
m_F2(A). Tts dimension is |A|" and it can be identified with the linear space
(2(A"™) of functions of n sites. Then

Ham = Qp L (A) = L2(A). (4.2)
A basis for @7, /?(A) consists of the functions

(®-)

=1

: (43)
T1,...,xn €A

where the functions e,, are as above. A basis for £2(A™) consists of the functions
€x,...z, that satisfy

n
€x1,..,zn (yl; e ;yn> = H 5zi,yi- (4.4)

i=1
As physicists have progressively understood in the early days of Quantum
Mechanics, the Hilbert space for indistinguishable particles is different. Parti-
cles fall in two kinds of species: the symmetric bosons and the antisymmetric
fermions. The latter include the electrons and are therefore very relevant to
condensed matter physics. The former are also relevant in an indirect way, as
they can describe composite particles (made of an even number of fermions) or

37
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virtual particles (such as the phonons that describe lattice vibrations).  The
correct Hilbert spaces are the symmetric and antisymmetric subspaces of Ha .
To define them we introduce the symmetrisation operator P, and the an-
tisymmetrisation operator P_. They can be defined both on ®7  /%*(A) and
(2(A™). First, the action of P+ is

()1t = & 3 lro o), o€ A
.UGGn
n 1 n (4.5)
P+®90i252®900(i), i € 2(N) fori=1,...,n.
i=1 C0e6, i=1

Here, G,, denotes the symmetric group and the sum is over permutations of n
elements. Second, the action of P_

1 i n
(Pog) (a1, ..., @,) = o Z (=1)7@0(zo1); - - Tom))s @ € (*(A™)

T oe6,
n 1 n (4.6)
PQei=— > (1 Qvey i€l fori=1,...n,
=1 oeS, =1

where (—1)7 is the signature of the permutation o (it is equal to 41 if o can be
written as the product of an even number of transpositions; it is —1 if the number
of transpositions is odd). Note that Py are Hermitian projection operators in the
sense that

Pﬁ:ZZFﬁj PﬁZIZF&. (4.7)

The symmetric subspace Hﬁ\t)l, resp. antisymmetric subspace 7-[5\_,)1, are then
’Hg\in ~ P A(A") = Py ®£2 (4.8)
These spaces consist of symmetric or antisymmetric functions. We can identify
HECL?)L = {gp e Ch: O(To1ys - Tom)) = P(T1,...,2,) Yo € GH};

UL = {0 €€ s pleoy, s o) = (—1)7 (a1, . 20) Vo € &, ).

We now introduce the notion of occupation numbers. They are a con-
venient way to describe the spaces of symmetric and antisymmetric functions.
Let

(4.9)

N(+) = {(nx)acEA :n, € N and an _ n};

zEA

Nk‘n) = {(na)wen : 1 € {0,1} and ang =n}.

TEA

(4.10)
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The set N, A(‘n) is nonempty only if n < |A|. The goal now is to check that
Hg\i,i >~ (2 (Nﬁ; ). (4.11)

To see this, we define the vector |n) in Hin, forn = (n,) € /\/}gi):

| 1/2
n. . +
) Pyt

(i
‘n) = (n!)1/2P+€x17...,$n in HEXTT)L

The vectors e, ... ,, above are the basis vectors defined in ; thesites zq, ..., 2z,
are chosen so that #{i = 1,...,n : x; = } = n, for all x € A. The order
of (z1,...,x,) does not matter for Pye,, ... The order affects the sign for
P_ey, .. 4, so the sites should satisfy 1 < --- < x,, where < is some fixed total
order on A. One can check that the prefactors have been chosen so that |n)
is normalised, see Exercise [1.3] It is not too hard to check that (n'|n) = 0 if
n' # n. Since the vectors e,, ., span Hy,, it follows that {|n>}n€N1<\in> is an

n) =
(4.12)

orthonormal basis for ”H,fﬁl The dimensions of Hﬁ\t)l and 7-[5(7)1 are then equal to
the cardinalities of N, /Sin), we get
Y NNV C I ”+|A|—1>
dlmHA,n_|NA,n|_ < |A|_1 )

(4.13)

dim?—[g_ﬂ)b = |./\/'/(\’_n)| = <|‘2|) if n < |Al;

this is verified in Exercise [4.4]
Next we introduce the Fock spaces that describe systems with variable num-
bers of particles. Let

0 |A]
AO-Bu -
n=0 n=0

Here ’Hf\ig > C by definition. An element of F, /(\Jr) is an oo-tuple (¢o,©1,---)
where each ¢,, is a vector in 7—[5;2 The inner product in F /(Cr) is defined by
(p.1) = Y _{n Un (4.15)
n>0
The dimension of .7:/(\” is infinite. In terms of occupation numbers, we have
F = W) (4.16)

where
Nﬁ) = U NA(J;) =N (4.17)

n>0
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An element of }"/(\_) is an |Al-tuple (o, @1, ..., ¢ja|) Where ¢, is a vector in 7—[5\_72,
the inner product is defined by

Al

<907 ¢> = Z«Dm @Dn)H&—BL (4.18)

n=0

The dimension of F j(x_) is 2l In terms of occupation numbers, we have

FO = AN (4.19)
where
N = U /\/}(\tl) = {0, 1}, (4.20)
n>0

4.2. Creation and annihilation operators

We define annihilation operators a, and creation operators a’ in ¢2(N, /(\j;)) or
(N, A“”); this immediately extends to ’Hgi,z and fl(\i).

Bosons: ay : 6%/\/’/&?) N g2(j\//§;)71)
> {\/n_m|n—5m> ifn, > 1,
0

az|N) = .
| if n, = 0. (4.21)

at G = AWV

,n

arln) = vn, +1|n+4d,).

These definitions extend to £*(N, /§+)) but we need to specify the domain since these
are unbounded operators in an infinite-dimensional space. Consider ¢ (N, /§+)), the
linear space of finite linear combinations of {|n) : n € N, /§+)}. This domain is

dense in 2(N{"), and a,, a’ can be defined as operators 2(N ) — 2NV,
The operators can be closed by taking the closure of their graphs.

In the exercises (Exercise you can check that a* is the adjoint of a, (and
conversely), and that these bosonic operators satisfy the commutation relations

laz, a,] = 0; lay, a,] = 0; [z, ay) = gy 1. (4.22)

One can also check that

araz|n) =n,|n). (4.23)
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We now turn to fermions and recall the order < on the sites of A.
Fermions: ay : 0* (/\/X;)) — 1 (Né;?,l)

a |n> = (_1)Zy<m"y |n - 5:c> if Ng = 17
0 if n, = 0.

i NG = VL)

a*|n> = (_1)Zy<z " |n + 5a:> if Ng = O,
S ! ifn, =1.

(4.24)

The definitions extend to £*(N, /S_)) and F, /(\_).
These operators are also adjoint of each other. They satisfy the anticommu-
tation relations

{az,a,} = 0; {a;,a,} =0; {az, a,} = 0.1 (4.25)
Here also we have that
araz|m) = n,|n). (4.26)

One-body operators can be conveniently represented by creation and anni-
hilation operators. Let B = (b, ,)zyea be an operator on (2(A) (ie. a A x A
complex matrix). This yields the following operator on Ha p:

B = Z B;, (4.27)
=1
where
B=1® ---® B ®---® 1. (4.28)
ith particle

One easily checks that [B, P.] = 0 so B can also be viewed as an operator on
7‘[(+) or fH(—)
An An:

LEMMA 4.1. On 7-[5;2 or HI(X_T)N we have

B = Z by ya,ay.

z,yeN

PROOF. Here we restrict to bosons, fermions are similar. Recalling that
(mlak = (a,m|, the matrix elements of the right side are

(m|b, yasay|n) = \/Many Om—s,mn—s, (4.29)
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Using that P, = P} commutes with B we get

n!
(m|B|n) = W@m,m,xn!PfB|€y1,...,yn>
VARRGAS
Zn' n (4.30)
= — <€ ----- n|P2B‘|e geey n>
Here the sites x4, ..., x, are compatible with m and the sites y, ..., ¥, are com-

patible with n. It suffices to consider a matrix B with a single nonzero entry,
by, = 1 for some fixed z,y € A. The general case follows by linearity. For this
B, we have that

Biley,,..yn) = Oyiyleyr,.vpiy) (4.31)
where the vector on the right has an x in position 7. Thus

nl \1/2 «
miBln) = (7)) 2 duamlPreno)
z A i=1

z

(4.32)

- <#ﬁw>l/2ny<nz(nz _nl;y n 5x)!)_1/2(m!n — 0y + 0z)

=Ny (nfz,j,rl ) Om—3,n—5,

This agrees with (4.29)). d

One can generalise this lemma to many-body operators. A natural hamilton-
ian for lattice particles with two-body interactions is

HA = — i Al + Z V;"j, (4.33)
=1

1<i<j<n

where A, =1®---® A®---® 1 and A is the discrete laplacian such that
(Ap)(z) =Y taye(y). (131)

yeEA

Here t,, = t,, € R is finite-range or fast decaying (the standard case involves
same sites and nearest-neighbours). The interactions are given by a multiplication
operator

Vijp(r, ... xn) = W(x; —xj)e(xe, ..., ). (4.35)

Here W (x) is a real function, of finite range or with fast decay. The hamiltonian
above represents the energy of n particles, that consists of kinetic energy (the
laplacians) and pair interactions (given by W). The hamiltonian above is both
symmetric and antisymmetric, in the sense that [Hx, P+] = 0, and its action on
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H&ir)b can be written as

Hy=— Z toyanay+5W(0) Zaiax(a;;ax—l)—l—% Z W(r—y)a,a.a,a,. (4.36)
z,yeN xEA z,yeN
TFY
As an operator in 'Fz(\+) it is unbounded. It is well defined on ¢F(NV, /(\+)); it is
symmetric, and its closure is self-adjoint.

One can take the limit W (0) — oo, which yields hard-core bosons, where at
most one particle per site is allowed. The Hilbert space is then identical to that
of S = % quantum spins. One can identify n, = 0 with o, = —%, and n, =1
with o, = % As for operators we have

a, =S, af =S, ata, = SY + 2. (4.37)

4.3. Bose—Einstein condensation

We say that a two-body potential W is stable if there exists a constant B
such for all n € N and all 21, ..., z, € Z%, we have the lower bound

Z W(x; — z;) > —Bn. (4.38)

1<i<j<n

Typical examples are nonnegative (repulsive) potentials (the inequality is trivial,
with B = 0) and potentials that are repulsive at short distance but attractive
at longer distance. This condition guarantees that the particles of a large sys-
tem spread everywhere, and do not collapse in a small region. This property is
necessary for statistical mechanics to hold.

We define the free energy of a particle system by

1
fan(B) = TBIA|
f(B,p) = /&gld Ialpia (B).

Here, the parameter p is the density. Existence of the limit can be proved in a
similar fashion as for spin systems (the stability condition gives a lower bound
for fa, that is necessary for the subadditive argument). Introducing the number
operator

log Tr  (+) e PHA
7-[A,n

(4.39)

Nalg) =nlg), ¢ e HS, (4.40)
we define the pressure by

1
pa(By ) = —log Tr _(x) e PHA=NA)
. . (4.41)

p(B, 1) = lim, pa(8 1)-

The functions f(5,p) and p(5, 1) are related by Legendre transforms.
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The hamiltonian commutes with the number of particles in the box, [Hx, Na| =
0, which implies the presence of a continuous U(1) symmetry:

Hy = &M Hy e70N 6 € [0,2m). (4.42)

The corresponding order parameter is the off-diagonal long range order pro-
posed by Penrose and Onsager [1956]: the correlation function (a*a,)a g (in either
the canonical or gran canonical ensemble). The question is whether it remains
positive in the infinite volume limit, and as ||z — y|| — oo.

In the hard-core Bose, which is equivalent to the quantum XY model, off-
diagonal long range order is equivalent to spontaneous magnetisation in the XY
plane. The latter can be proved using reflection positivity (Dyson, Lieb, Simon
[1978], see previous chapter). This is the only known proof of Bose—Einstein
condensation in an interacting Bose gas, in the standard setting.

We conclude the chapter by describing the Bose-Einstein condensation of the
ideal gas (no interactions) on the lattice.

Let AY = {1,...,¢}* with periodic boundary conditions. We consider the

model (4.36) with W = 0.

THEOREM 4.2.

: 1 .
lim W Z <ao%>A§er,/3,LpedJ = max(0, p — pc)
‘

L— 00 .
xeAEe

where the critical density is equal to

1 1
- — = _dk.
Pe= (2n) /[_m]d 5 — 1

Recall that (k) = > _to.e . The critical density is finite when d > 3.
In the continuum we have (k) = k?; one can expand the fraction as geometric
series, integrate the gaussians, and one gets the well-known formula of Einstein.

PROOF. Let usintroduce the creation and annihilation operators of the Fourier
modes, namely

A~ 1 —ik *
akzm Z e " a,, ke A;. (4.43)
xeAger
Then we have
1 'k ~
Gy = 7aE Z e ay, (4.44)
keAj

and

Z Ly @y = Z e(k)ayag. (4.45)

z,ye Ay keAj
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One can also check that the eigenvalues of ajay are 0,1,2,.... We also have
1 . 1 . 1, .,
7l Z <%%>A§ef,5,n = Z <%%>A§eﬂ,3,n = g—d<aoao>/\gef75,n- (4.46)
IGAEer $7yeAger

The relevant expectation can then be written using random partitions (1 )xe A
indexed by A; and satisfying >, ny = n. Namely,

1 ata 1 nNo _ e(k)n
gd Z 90) AP r,ﬁnzg—d@l 0)AP B = Z o Z 7" € e P 2kekine

eAper ¢ 7670 (nk)keAz:ank =n

(4.47)
We denote P, E the corresponding probability and expectation where a partition
g y
(nx) has probability proportional to ek We have

Iz Z <a0am>A§er,/5,n = g_dE[nO] = ZR] ZE[TL}C}
zeA)”" o0
n 1 .
= EZZP[W > i

k£0 i>1

- % o Z ZA S 3 R OE LN

er
k#£0 ¢ Bn 121 (ng ) np=n,nE>1

2 per .
n _ - LADT Bn—i
Be(k)i 0
[ — e —
i g Z Z ZApcr Bn
¢

k£0 i>1

n 1 1
_d_g_dzm

k+£0

vV
~

(4.48)

Notice that the ratio of partition functions is equal to P[ng > ] which is less than
1. As ¢ — oo, the last term converges to p — pe.

It is perhaps worth noting the infrared bound E[n;] < (e%®) — 1)7! which
implies long-range order as in the case of spin systems.

In order to prove the converse bound, let us observe that the pressure of the
ideal Bose gas can be computed exactly, yielding (for p < 0)

1
p(Bo) = lim & Z =B (B _ _(%)d/ 10g<1 Bl )dk.
() [=mm)

(4.49)
The density is

10 1 1
p(B, 1) = B@pw;ﬂ) = n) /[_7r I PErEm (4.50)
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The critical density is equal to the limit u — 0— of p(8, ). The free energy is
given by the Legendre transform

f(B.p) = sup(pp = 5p(8, ). (451)
u<

The plot of the pressure and its Legendre transform can be found in Fig. [4.0]

p(B, 1) T f(8,p)

<Y

Ba(B)

—aldll T

(a) (b)

FIGURE 4.1. (a) The pressure of the ideal Bose gas; (b) its Le-
gendre transform, the free energy.

For any n > 0, we have that
Zaper pin—tin

Zlggowlogﬂ”[no > (') = KILTOWIOgZZAT = f(B,p) = f(B,p—n). (152)
If n > max(0, p — p.), we have

Pny > ¢y < et (4.53)

for some 0 > 0. Tt follows that 4E[ng] < max(0,p — pc), which completes the

proof. O

EXERCISE 4.1. Verify that the operators Py defined in (w @ are indeed
projectors.

EXERCISE 4.2. Let x1,...,2z, € A such that x; = x; for some i # j. Check
that P_e,, =0.

.....

EXERCISE 4.3. Let (n,) € ngj;) and (z1,...,2,) such that #{i = 1,...,n
x; =x} =mn, for allx € A. Verify that

n| 1/2
[P = (KoY

EXERCISE 4.4. Verify Fq. about the dimensions of the symmetric and
antisymmetric spaces.
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EXERCISE 4.5. Verify that that a, and a}, are adjoint of one another. In the
bosonic case, this involves their domains.

EXERCISE 4.6. Verify the commutation relations and .
EXERCISE 4.7. Give the proof of Lemmal[4.1] in the fermionic case.

EXERCISE 4.8. In this exercise we outline a variant of the proof of Theorem

starting from the probabilistic representation in and ({4-48).
(1) Show that we can write

%ZEW] _E[X, | X, < ] @59
k0

where .

X, = 7 Z Ny, (4.55)
keA;\{0}
and the Ny are independent geometric random variables:

P(Nj, = 1) = (e #W)r(1 — e=F=k)), r > 0. (4.56)

The goal is thus to show that
e o)

(2) Clearly limy_,., E[X, | X; < p] < p. Show that lim,_,., E[X,] = pc.
(3) Show that

E[(X; — pe)?] — 0, as ¢ — oo. (4.58)
(4) Use Markov’s inequality to deduce that

lim E[X, | X, < p| = pe (4.59)
{—00

whenever p > pe.

(5) It remains to show that lim, . E[X, | Xy < p| > p when p < p., and
this is the hardest part. It uses ideas from large deviations theory.
(a) Show that

i t0lX
A(t) :== elggog—dlog E[e™ ] (4.60)
exists in [—oo, 00] for allt € R.
(b) Deduce that for any x < p.
1
lim ——log P(X, < x) = A*(x) := sup (zt — A(t)) (4.61)

(oo fd teR

(c) For any p < p. and 6 > 0,

P(X, < p—9) >

]E[X3|X£§p] Z (p_5)<1_P(Xg§P_5/2)

(4.62)
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(d) Deduce the result.



CHAPTER 5

Loop representation of the Heisenberg model

Feynman-Kac expansions of quantum statistical mechanical systems go back
to Feynman [1953], Ginibre [1969], Kennedy [1985], and many others. Some mod-
els give rise to loops, see T6th [1993], Aizenman and Nachtergaele [1994], Ueltschi
[2013]. In d > 3 the joint distribution of the lengths of the loops is conjectured to
be Poisson-Dirichlet (Goldschmidt, Ueltschi, Windridge [2011]); this is expected
to be very general, occurring in any model involving one-dimensional loops that
lives in space of dimensions three or higher. A proof for the random interchange
model on the complete graph was proposed in Schramm [2005]. The model with
“time reversals” was considered in Bjornberg, Kotowski, Lees, and Mito$ [2019].

The goal of this section is first to derive the loop representation of the Heisen-
berg model. Then we calculate the “spin Laplace transform” of the symmetric
Gibbs state in three different ways: 1) using the conjectured symmetry break-
ing; 2) exact calculations on the complete graph; 3) using the Poisson-Dirichlet
distribution.

5.1. Balint Té6th’s loop representation

Let A € Z¢ and let £, denote the set of nearest-neighbour sites. The Hilbert
space Hy = ®,eaC?. It is convenient to write the Heisenberg hamiltonian as

Hy=-2 Z (gzgy—%) (5.1)
{zyteén
We introduce the transposition operator 7}, whose action on |(c,)) is
o, ifz=ux,
Tpyl(o2)) = (o)) where 0, = ¢ 0, if 2=y, (5.2)
o, if z#x,y.

LEMMA 5.1. L

T,,=25,-5,+

D=

ProoOF. This can be verified by looking at the action of these operators in
the basis of spin configurations. But we can also remark that these operators

49
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commute, and that T ij = 1. Since Tr c2gc2T}, = 2, we see that the eigenvalues
of T,, are (—1,1,1,1).
On the other hand, we have
25,8, = (S, +8,)? - §2 - S2= (S, + 5,)* - 2. (5.3)
Applying Proposition with just two spins, we see that the eigenvalues of

(S, + 5,)? are (0,2,2,2). The eigenvalues of 25, - S, are therefore (-3,3,3,3)

and we get T, , by adding %]1. O
The Heisenberg hamiltonian is then equal to
Hy = — Z (Tyy —1). (5.4)
{x7y}€gl\

This form is ideal for the loop expansion.

- + - + + +

R

ke

12

—_— h'

"{

‘-I.

K
- 0

~ + + *

+
® ® ® ® © 3]

FiGURE 5.1. A realisation w of the point point process on £, X
[0,5]. Here |w| = 6 and |L(w)| = 4. The first transition occurs
at the edge (x1,y1) = (4,5). In order to get non-zero contribution,
the initial spin configuration must have the same spin value at sites
within the same loop.

We now describe the loop expansion, which is illustrated in Fig. To each
edge of A, we assign the “time” interval [0, 3]. We consider independent Poisson
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processes (of intensity 1) on each interval. Let p denote the measure associated
with these Poisson point processes. A realisation of p is a vector

= ((frr b i) (ow md ), 5:5)

where {z;,y;} € Ex; the times t; satisfy 0 < ¢1,...,tx < (3; and the number of
events k = |w| is random. Given a realisation w, we denote by L(w) the set of
loops, or close trajectories.

In order to get equivalence with the quantum system, we need to assign the
weight 214 to the realisation w. We can now state the precise relation between
the quantum spin system and the loop model.

THEOREM 5.2. Let Hy be the hamiltonian of Eqs or . We have
(a) Zpp = Tr e Pir = / p(dw) 21EE1
(b) <S(3)S(3)>Aﬁ IP’[(w 0) «— (y,0)].
(c) (e hTeen 557 [ H cosh(3he(y )}

yEL(w)

For (c), we defined the length of the loop 7 as the number of sites (at time 0)
that belong to the loop.

PRrROOF. Given N € N, let Iy denote the discretised set {%, %, . %}, we
refer to its elements as “times”. The partition function of the loop model is then

p(dw) 2@ = lim Z (—> <1 - —) 2, (5.6)
N_>OOOJC5A><IN N N

We now expand the quantum spin system and show that we get the same
expression. Using the limit formula for the exponential we have

—BHA _ 7: . 5|5A| )
Tr e = ]\}513)0 Tr (1 Z
{ﬂﬁy}EgA
BANIEAI-lwl f By lol 1 o7
. Al—|w w
S ¥ (-5) 7 (5) T
wWCEAXIN i=

The sum over w is restricted to configurations with at most one event at each
“time”. The last product must respect the order of occurrence of the operators

T, 4- In order to find the value of the trace, observe that

(0| Ty -+ Ty = (0], (5.8)

where 0}, = 0,-1(;), where 7 is the permutation given by the product of transpo-
sitions of (z1,v1), ..., (zk, yx). We need o’ = o in order to contribute to the trace.
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The restriction is then that the spin values must be the same in sites within the
same permutation cycles. We then have

||

Tr HTxivyi = 2lEW, (5.9)

=1

We then get ([5.6]), which proves (a).
(b) is left as an exercise.
For (c), we expand

||

B (S _BH, v ( _£>N5A—|w| (ﬁ)lwl By 5
Tr " 2eea®s " ¢ = ]\}1_{20 Z 1 N N Tr e" 2wea HTI

wWCEAXIN

HYi®

~ (5.10)
As before, the spin values must be the same in each permutation cycle (aka loop)
in order to give non-zero contribution. Writing o, the spin value for the sites of
the loop v, we have

||

Tr o Zeen 55 HT%%: Z e 2ec(w) ) — H 2cosh(3hl(7)). (1)

=1 (0y)veL(w) yeL(w)

The result follows. O

5.2. The spin-Laplace transform and symmetry breaking

Tom Spencer suggested that the following function of h is worth calculating,
as it gives a partial characterisation of the Gibbs states:

— i % ZzeA 53(33)
O(B,h) = Egld@\ \ )AB- (5.12)
Various models are discussed in Bjornberg, Froohlich, Ueltschi [2020]: the spin S
Heisenberg and XY models, and the model of quantum transpositions.
The first calculation is not rigorous, but it is expected to be exact: it does
not involve approximations. We expect that the infinite-volume, translation-
invariant, extremal Gibbs states are

(-)pa = lim lim Tr - e PHAHh Eeen @Se (5.13)

’ h—0+ AZ4 ZAﬂ’[f

The infinite-volume symmetric Gibbs state is then equal to

o= [ s

da. (5.14)

ST}
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Here, da denotes the uniform probability measure on the two-dimensional sphere
S?. This decomposition allows to calculate the function ®(3, h).
h (3) h (3)
®(B, h) = lim ( eTAT 2wea S = lim lim (e ZeerSe" )
(B, 1) AﬂZd< >A’B Apzd A’ﬂZd< a h

. h 53 5 .
= lim eIAT 2ren )padd = lim
Mz Js2 AMZE g2

) I Sy, o By,
= lim e 2wen 800 45 = S0 sa dg
ApZ4 S2 S2

= [ oS ga= [ oo 4 = Snb(hm(5))
52 s2 hm(pB)

In the last identity we defined the spontaneous magnetisation m(/3) by
m(B) = (S5 s (5.16)

We have found the function ®(3, h). Notice that it is equal to 1 when the spon-
taneous magnetisation is 0.

h (3)
AT Zeer 557 7

,a

(5.15)

5.3. The spin-Laplace transform on the complete graph

We consider the complete graph with n vertices. The hamiltonian is

I < =~ = 1=
H,=—— S,-S, =——R?, .

where & is the total spin operator discussed in Section . In order to formulate
the result about the spin-Laplace transform, let us introduce the function ¢(s)
for s € [0, 1] by

P(s) = Bs* — (3 — s)log(3 — s) — (3 + 5)log(5 + s). (5.18)

A few calculations show that ¢(0) = log2, ¢(3) = %, ¢'(0) =0, ¢/(3) = —oo,
¢"(0) = 28 — 4. Let m(B) € [0, 3] be the maximiser of ¢. It is positive if and
only if g > 2.

THEOREM 5.3. We have
. B R sinh(hm(8))
1 nR n =
nl—>nolo<e > B hm(ﬂ)
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PROOF. We suppose that n is even for simplicity. We use Proposition

n/2

hpB3) Bf2 n 27+1 w8
2.2 i)
J=0 m=—j
n/2 (5.19)
- Z "0n ) g (h)
j=0
where
: 1 n 1 (25 +1)? B .,
n:—1<n ) Llog T P 1),
bu(j) = 7 log ny g + = og%+]+1+n2](3+ )
(5.20)

1w
ni(h) = ha
q 7]( ) 2] + 1 _Z S
From Stirling formula we get
ou(g) = B(2) = (5 = Dlog(5 = £) = (5 + ) log(5 + 1) +o(1).  (521)
By Laplace’s principle the ratio concentrates on the maximiser of ¢, &~ ¢. Then

n/2  nén.(j
lim (e%R(S) Ynp = lim Zjio "0 ng (1)

n—+00 n—00 Z?i% endn(j)
m(B8)n .
- lim —1L nm 5.22
= lim g > e 522

1 m#) sinh(hm(3))
- s ds = SITP))
2m(B) /_m(ﬁ) ¢ hm (B

5.4. The spin-Laplace transform and Poisson-Dirichlet

We now discuss a third way to calculate the spin-Laplace transform. This as-
sumes that the joint distribution of long loops is a Poisson-Dirichlet distribution.
For the random interchange model on the complete graph it was conjectured
by Aldous and subsequently proved by Schramm [2005]. Then Goldschmidt,
Ueltschi, and Windridge [2011] suggested that Poisson-Dirichlet is also present in
spatial model of dimensions three and more, and also that it is a generic feature
of loop models. The conjecture has been verified numerically for various models.

We look at the vector formed by the lengths of the loops in decreasing order,
divided by the volume of the system:

(f(%) £(7y2) ﬁ(%))
Al TOJAL T AL

(5.23)
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This is a partition of [0, 1] by construction. The conjecture is that, as A {} Z%, the
mass of macroscopic loops takes a typical value, denoted 1(3), which is positive
for 5 large (it is zero for 5 small, something that can be proved). Further, the joint
distribution of the lengths of macroscopic loops is Poisson-Dirichlet of parameter
2. This is illustrated in Fig. 5.2

: : L

0 n() 1

Rf_\/ J \_———J
mocroscoplc z\mw\'s, Po'-ss-on-‘b'-r}c\n\a.\' Hn,« cewans , ~

N
A

FiGurE 5.2. Expected partition formed by the lengths of the
loops, divided by the volume. Macroscopic loops yield a Poisson-
Dirichlet distribution. There is a density a small loops. The mass
of long loops is related to spontaneous magnetisation.

The heuristics involves introducing a Glauber dynamics that leaves the loop
measure invariant; when restricted to loop lengths, one can argue that it is
an effective mean-field split-merge process, whose invariant measure is Poisson-
Dirichlet. This is described in details in Ueltschi [2017].

We do not give a definition of the Poisson-Dirichlet distribution here. Rather
we rely on this formula for the moments of Poisson-Dirichlet(#), that first ap-
peared in Nahum, Chalker, Serna, Ortuno, Somoza [2013]: For all £ and n,,...n, €
N7

OT(O)T(ny) ... T(ny)
Eppg) | Xp X = . |
PD(0) ' Z J1 Je F((9 +ng 4+ né) (5-24)
Jiseje>1
distinct
Here X4, X, ... denote the elements of the random partition. We use the formula

below with 6 = 2.

We now compute the spin-Laplace transform. In the following equation, the
first identity is Theorem (c); the second identity is the Poisson-Dirichlet
conjecture.

o5, h) = E[ H cosh(% %)] = Epp(2) [H cosh(%hn(ﬁ)Xi)] (5.25)
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The latter can be calculated explicitly using the moment formula (5.24). Ex-

b2ki X 2k
panding cosh(bX;) =1+, -,

@R ), , we get

b2k‘1+~“+2k2n X2k1 Xan

]EPD(ﬂ[HCOSh(bX} Epp(2 {Z Z Z (2]51)!”@:1(%”)' in

i>1 n>0 ‘zl, win>1 k. kn>1
distinct

_ Z Z prrutt2knon(9k — 1)1 (2k, — 1)!
RN (2R)!D 2K+ k) + 1)

n>0 C ki, kn>

1
_Zn'22r+ Z Fyoo ko

n>0 kpyokp>1 LT
Kyt bk
(5.26)

As can be verified using a generating function, we have the curious identity

1 1
Zﬁ > ok b (521

n>0 " ki, kp>1
ki+-+kn=r
It follows that ) o W
" sin
O(B,h) = — = (5.28)
b = (2r +1)! b
We have obtained the spin-Laplace transform, namely
(3) sinh(1h
O(p,h) = lim(elAlZ 5 >A5:M. (5.29)

ANZd ’ shn(B)

This agrees with Eq. (5.15) with m(8) = 3n(8). This confirms the conjecture
that the extremal states of the Heisenberg model are indexed by @ € S2.

There is an S = 1 spin system that displays “nematic order” and whose
extremal states were not immediate to guess. Indeed, they turn out to be “planar
nematic” rather than “axis nematic”. The Poisson-Dirichlet conjecture was key
to understanding this; see Caci, Miihlbacher, Ueltschi, Wessel [2023] for more
details.



APPENDIX A

Mathematical supplement
A.1. Holder inequality for traces

PROPOSITION A.1 (Holder inequality for matrices). If 1 < p,q,r <

oo with * + 1 =21 we have
p g

labll- < llallp|[bllq-

It follows from a simple induction that

n n
ITTas| =<TTlasl, @y
j=1 =

1
whenever 1 < 7, py,...,p, with 2?21 ]% = % The proof of Proposition |A.1| can
J
be found in the appendix.
There are no short proofs in the case of matrices. The proof here is due to

Frohlich [1978] and it uses chessboard estimates. The proof of Proposition
can be found after that of Lemma [A.4l

LEMMA A.2 (Chessboard estimate). For any n € N and any matrices
ai,...,09,, we have

2n
!Tr ap ... a2n| < H(Tr <aia;‘)n> 1/2 :
i=1

PRrooFr. Since (a,b) — Tra*b is an inner product, we have the Cauchy—
Schwarz inequality: ||[trab|* < Tra*aTrb*b. The following inequality follows:

2 * * * *
‘Tral . agn‘ <Tr (a1 S Apay . al) Tr (a2n ey Oy e agn). (A.2)

This allows to use a reflection positivity argument. By replacing a; with a;/+/Tr (a;a})"
it is enough to prove the inequality for matrices that satisfy Tr (a;af)" = 1; the
general result follows from scaling. Note that the set of such matrices is compact.

Let ay, ..., as, be matrices that maximise |Tra; ... ag,|, with maximum num-
ber of matching neighbours a,;; = a}. Suppose there exists an index j such
that a;ji1 # aj. Using cyclicity, we can assume that j = n. By the inequality
, ai,...,04n, 05, ... a7 and a3,,...,a; |, 0pq1, ..., 02, are also maximisers.
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At least one has strictly more matching neighbours, hence a contradiction. The
maximum is then Tr (aa*)"™ for some matrix a € {ay,...,a,}, which is equal to
1. O

Chessboard estimates allow to prove what is essentially the case r = 1 of
Holder’s inequality.
COROLLARY A.3. We have
Tras...an| < [ lailly,
i=1
for all n and all p; > 1 such that Y, pli =1,

PRrROOF. It suffices to consider rational p;, by continuity. Let ¢ be a positive
integer such that 2¢/p; is integer for all i. Let a; = U;|a;| be the polar decompo-
sition of a;, and let

bi = |a; pi/ﬂ, i?z = Uila; pi/2t (A.3)

Then a; = lA)ibE%/ P! and we have

|TI'Q1...CL,—L| = ‘Tri)lblbli)nbnbn|
——

——
(2¢/p1)—1 (2¢/pn)—1
< H(Tr |ag|P)Y/Pi (A.4)
i=1
= [T laill.
i=1
The inequality follows from Lemma and from the identities
Tr (b:b}) = Tr (bib?)" = T |a;|”. (A.5)
O

LEMMA A.4. Let r,r" € [1,00] such that % + % = 1. Then for any square
matriz a, we have

|lal|, = max Trc*a.
lelly=1

PROOF. The right side is smaller by Corollary [A.3}
!Tr c“a
In order to check that this inequality is saturated, let a = Ula| be the polar

decomposition of a, and choose ¢ = ||a||}~"Ula|""!. Then ||¢|,» =1 and Trc*a =
lall:. O

< [lell~llall> = llall- (A.6)
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PRrROOF OF PROPOSITION [A]]. Starting with Lemmal[A.4]and then using Corol-
lary [A.3| with a1 = ¢*, a = a, a3 = b and p; = r, po = p, p3 = ¢, we have

||abl|, = sup Trc*ab

lell,»=1 A
< sup |lefl[|allp[lbll4-
lell,i=
O

A.2. Trotter and Duhamel

We now review a ueful expansion for the exponential of a sum of two non-
commuting operators, namely the Duhamel formula.

PROPOSITION A.5 (Lie-Trotter formula). Let a, b be n xn matrices. Then

1 1\ 1 N
e = lim (eﬁa eﬁb) = lim [eﬁa (1+%b)] )

N—oo N—oo

Proor. We prove the second formula — the mild changes for the other for-
mula are straightforward. Let Ky be the matrix such that

e (14 5b) =1+ x(a+b) + Ky. (A.8)
It is clear that |[Ky|| = O(55). We have

[e%a (1+ %b)]N = (1 + ~+(a+ b)>N+RN, (A.9)

where Ry is a matrix whose norm satisfies
[ Rl < Z )L+ F(a+ D) [En|¥F = O(5). (A-10)

The first term in the right side of (A.9) converges to e®*?. O

PROPOSITION A.6 (Duhamel formula). Let a,b be n x n matrices. Then

1
ea+b — @ +/ etabe(l—t)(a+b) dt
0

=2 / dty ... dtg 1 beep . pell=ta,
E>0 ¥ 0<t1<--<ty<1
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PROOF. Let F(s) be the matrix-valued function
F(s) = e™ +/ et pels=0atd) q¢ (A.11)
0

We show that, for all s,
et — P (s). (A.12)
The derivative of F(s) is

F’(S) — g+ &) +/ ol b o(s—)(a+b) (a+b)dt = F(s)(a+b). (A.13)
0

On the other hand, the derivative of e*(¢*?) is e*(@*% (q +b). The identity
clearly holds for s = 0 and, since both sides satisfy the same differential equation,
they must be equal for all s.

We can iterate Duhamel’s formula N times so as to get

N
ettt — / dty ... dtger@pelz=tap  pelt—te
=0 Y 0<t1 <<ty <l

(A.14)
+ / dty ... dt e peltz=tay | e(l-tn)latt) e(l_tN)“].
O<t1<--<tny<1

N
Using || ef* || < efllal | the last line is less than 2elal+ll % and so it vanishes

in the limit N — co. The summand is less than el %, so that the sum is
absolutely convergent. O

A.3. Further matrix inequalities

PROPOSITION A.7 (Golden—-Thompson inequality). Let a,b be her-
mitian matrices. Then

Tr(e““’) < Tr (e eb).

ProoF. Hoélder’s inequality, in the form (A.1)) with r =1, p; = n and a; = ab,
implies that |Tr (ab)”| < ||ab||?. The latter is equal to Tr (a2b?)"/? since a,b are
hermitian. Letting n be a power of 2, we can iterate and we get

Tr (ab)" < Tra™b". (A.15)
We use this inequality with a — en® and b — e%b, which gives
Tr (e%“ e%b) < Tre® e, (A.16)

The left side converges to Tr e*™® as n — oo by the Trotter formula (Proposition

A3). 0
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ProprosITION A.8 (Klein inequality). Let f be a convex differentiable
function, and a,b be hermitian matrices with eigenvalues in the domain of

f- Then
Tt [f(a) = f(b) = (a = b)f' ()] > 0.
With f(s) = e°, exchanging a and b, we get
Tr(e“ - eb) <Tr(a—0b)e”. (A.17)

PROOF. Let (¢;) and (¢;) be orthonormal bases of eigenvectors of a and b,
and let (o) and (f;) the eigenvalues. Let ¢;; = (¢;, ;). Then

(i, [f(a) = F(b)—(a—Db)f'(b)] ¢:)

= f(ai) Z’CU| f(55) Z’CU’ f1(8;)
—Zm — f(8;) — < — B f(B)]

ZO.

(A.18)

PROPOSITION A.9 (Peierls—Bogolubov inequality). Let f be convex
on R and a, h be hermitian matrices such that Tr e™” = 1. Then

f(Trae_h) < Tr f(a) o

PROOF. Let (¢;) and (n;) be the eigenvectors and eigenvalues of h. Using
Jensen’s inequality twice,

f(Tl"aeih) f<z<¢“a¢l € 771) Zf ¢Z?a¢7, )e n
<Z¢za szem_Trf()

(A.19)

PROPOSITION A.10 (Peierls inequality). Let a be a hermitian matriz
and (¢;) an orthonormal set of vectors. Then

Z e<¢l7a¢l> S Tr ea‘ A
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PROOF. Let a;,1; be the eigenvalues and eigenvectors of a. Then

eldiadil —exp{Zaﬂ@,wj } Zm,w] )P e . (A-20)

We used Jensen’s inequality. The claim then follows by summing over %, using
S @i 05)]? < 1 (Bessel inequality). 0O

A.4. Addition of spins

Let H, = (C? and SO, x € {1,...,n}, i = 1,2,3, be the usual spin
operators. Let R“ denote the total spin, namely

= Z S0, (A.21)
=1

We also write B2 for the operator (R™)2+(R®)2+(R™)2. Notice that [R2, R?] =
0.

ProrosITION A.11.
(a) The set of eigenvalues of R® is €(RY) = {5, -2 +1,..., 5}
The multiplicity of m € €(RD) is (nlm).
(b) The set of eigenvalues of R? is

¢(R? :{{j(j+ 1):j=0,1,...,5} ifn is even,
{G+1):5=132...,2} ifnisodd

(c) Let H the eigensubspace for the eigenvalue j(j + 1) of R? and

HE™ the eigensubspace where R? has eigenvalue j(j+1) and R®
has eigenvalue m. Then for |m| < j,

_ m) _ n 2j+1
e dimHY = dimHG™ = ( L

PROOF. (a) is easy since H, = span{(0,)’_;,0, = 3}, and R?|(0,)) =
> 04|(0s)). Notice that 2 + m is the number of —3 in (o).

=1
For (b) we introduce R* = R™ £iR®. One chan check that
[R(3)’ R(i)] — :I:R(i), [R(+>7 R(*)] — 2R<3>, (A.22)
and
R®R® = £ R® — (R®)? £ R®. (A.23)

The left side is nonnegative, which implies that |m| < j. If |m) is eigenvector of
R® with eigenvalue m, then

R®RP|m) = (R®R® £ RF)|m) = (m £ 1)RP|m). (A.24)
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Further, if [m) € HY, we have
IR m)||* = j(j + 1) — m(m £ 1). (A.25)

Then R®|m) is eigenvector of R® with eigenvalue m + 1, unless m = +j, in
which case R®|m) is zero. It follows that the eigenvalues of R® in the subspace
HD are —j,—j +1,...,7. Combined with (a), this gives (b).

For (c), let |7, m, &) denote the eigenvectors in H™ of eigenvalues j(j+1) for
R% and m for R®:; the third index a runs from 1 to dimH%™. Since [R2, R®)] = 0,
we have that R®|j,m,a) € HZ™*Y. Invoking we find that R®|j,m, )
is perpendicular R™®|j, m, ') when a # /. Tt follows that dimH ™ depends on
J but not on m. We have

n/2

n = dimHY. (A.26)
(s ) =2

j=|m|

Then dimH$ = (2%;) — (24j41), which gives (c). O






APPENDIX B

Solutions to some exercises

EXERCISE [1.3} The answer is yes. Notice that /' = F* = F~!. In the representation
given by Eq. (1.3) we have FS{"F = 8", FSP'F = -5, and FSYYF = —S5. Then

; (1) .
F = e™Z:5"  In the case of spin § = % we also have F' =[] .\ 255V,

EXERCISE [1.4} Both bounds follow from Peierls inequality (Proposition[A.10]). Use
a basis of eigenvectors of a for the lower bound, and a basis of eigenvectors of a + b for
the upper bound.

EXERCISE Recall that

1
_ g
P—6x17-~~71’n - E E (_1) exa(l):“'vwo‘(n)'
) 0'6671,

We use the change of variables o — ¢’ where ¢/ = 0 o 7; ; with 7; ; the transposition of

i and j. The sum over ¢ can be replaced by a sum over o’. We have (—=1)? = —(—1)"’
and €L (1) T (n) = Ot (1)enst () We obtain
1 .
P—e$17---7$n = ﬁ Z _(_1> 6330—/(1)7---7330/(”) = _P_eﬂflv---ﬂ?n?
T o'eBG,

so that P_eg, ..z, = 0.

EXERCISE [4.3} We have

1
HP‘FefEl,n-»anQ = <P+€m1,...,mn’P+€x1,...,mn> = m Z <6x6(1)’~“,xa(n)‘ezlw--amn>

’ Ueen

1 1
= E#{O’ €6, (33‘0(1), - ,.Z‘J(n)) = (l’l, - ,$n)} = E H ngl.
TEA
The case of P_ey, .. ., is similar and actually simpler. Since all the sites x; are distinct
(otherwise the vector is 0 by the previous exercise), the permutation must be the
identity.

EXERCISE The cardinality of N, /@2 is equal to the number of integer partitions

with |A| elements and total length n. Such partitions can be obtained by selecting
n+|A|—-1 )

|A| — 1 separations in the interval {1,2,...,n+ |A[}, so we get ( A1

The case of Ny ,, is immediate.

65
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EXERCISE The first two parts are straightforward. For the third part, use that
E((Xe = pe)?) = E((Xe — E(X0))?) + (E(X7) — p2), (B.1)

where the second term goes to zero and the first term is the variance of X,. By
properties of the variance of geometric random variables we get

keA*\{0}
Here Be(k)
1 e Fe
A 2. [ Em) 3

keA*\{0}
converges to a Riemann integral, so due to the additional factor 1/¢¢ in front, we see
that E((X, — E(X,))?) — 0.
For the next part, Markov’s inequality gives, for any § > 0,
E[(X¢ — pc)’]

— 1. (B.4)

We have
E[Xy — pc] B E[(Xe — po)1{ Xy > pc + 6}]

E[X,| Xy < pe+ 0] — pe = . B.5
[(Xe | Xe < pe+0]—p B(X, < po 4 0) (X, < po+ ) (B.5)
The first term goes to zero. The second term satisfies
0 < E[(X¢ — po){ X > pc + 3}] < E[(X, — p)2] 2P(X; > pe + 6)'/?
- P(X, < pc+9) - P(X, < pc +6) .6)

_ E[(Xe - po)} 2
~ P(Xy < pe+9)
by the Cauchy—Schwarz inequality. Thus E[X, | X; < p] — p. whenever p > p..

The computation of A(t) is similar to the convergence of the pressure (4.49): we
get

— 0,

1— et—Be(k) .
A(t) _ { j‘[_ﬂ’ﬂ]d dk log 1—e—Be(®) » if ¢ S 0‘, (B.7)
—00 otherwise.

The resulting formula for limy_, —eid logP(X, < ) is a version of Cramér’s Theorem,
see e.g. [8]. We then get for any p < p. and any ¢ > 0 that

E[Xy | Xe <pl ZE[X WXy 2 p—0} | Xe<p] 2 (p—6)P(Xe = p—6| Xe < p)
=(p-0)(1-P(X;<p—0|X,<p))

IP(X@ <p—5)
2 @-5)(1 T P(X, < p—5/2)>'
Now
— lim — log P(Xe <p=09) =AN(p—0)—AN(p—9/2) >0, (B.9)

(=00 04 P(Xg <p—5/2)
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the last inequality holding since A*(z) is strictly monotone for z < p.. We conclude

that
]P)(Xg <p—- (5)

P(X,<p—10/2)
Thus limy, E[X,; | X¢ < p] > p — 9 whenever p < p.. Since § > 0 was arbitrary,
limy_, oo E[ Xy | X¢ < p] > p whenever p < pe.

— 0. (B.10)
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