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OUTLINES

¡ A basic question : Why doing microphysics ?

¡ Turbulence > Cosmic Rays : Effect of turbulence on Cosmic Rays : transport coefficients.

¡ Cosmic rays > Turbulence : Effect of Cosmic Rays on turbulence : CR driven instabilities and their fate.

¡ Turbulence < > Cosmic rays : Numerical studies.

Ø Impact over anisotropy studies.

¡ Perspectives.
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Nota bene
CR = Cosmic Rays
MF = Magnetic field
MS= Magnetosonic, FMS = fast MS
MFLW = Magnetic field line wandering
b= Magnetic turbulence level = dB/B
L= Turbulence injection scale 



WHY DOING MICROPHYSICS ?

Well … it is more satisfactory to have a full understanding of the CR transport (Zweibel 2013)

§ Turbulence ISM studies: 

§ At CR sources we can have dB > B => highly non-linear transport.

§ Around sources, we may have some transition towards dB < B , to which extends => need for microphysics.

§ In the ISM transport by magnetic chaos is important and intrinsically non-linear. 

¡ Space plasma studies: determination of diffusion tensor is of prime importance to understand (Bieber 2003)

¡ The anomalous CR component

¡ Solar modulation effects

¡ Solar energetic particle transport

Ø this requires a fine understanding of processes at play in particle-turbulence interaction. 

¡ Advantage of space plasmas: observational constraints on the EP mean free path !

¡ But the description of the microphysics of the transport is a quite complex task…involved in analytical and numerical
approaches.
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DEVELOPMENTS IN NUMERICAL METHODS

• Two basic approaches: 

1) Particle transport in synthetic turbulence: a model of turbulence is implemented in the simulation cube.

a) Turbulence modelled with plane wave developments (Giacalone & Jokipii 1999, Candia & Roulet 2004, Qin & Shalchi 2008, 
Ivascenko et al 2016 …).

b) Turbulence modelled with Fourier transform (FT) (Casse et al 2002).

2) Particle transport in code-generated turbulence (usually in the magnetohydrodynamic approximation).

a) Test-wave approximation (Xu & Yan 2013, Cohet & A.M. 2016): No particle backreaction over turbulence, usually use 
snapshots of magnetic realizations.

b) Backreaction included (Bai et al 2015, van Marle, Casse, A.M. 2018, Lebiga et al 2018, Bai et al 2019) : Particle-in-cell-MHD 
simulations.

=> Then need analytical calculations (eg Shalchi’09) for a good interpretation. 
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TURBULENCE > COSMIC RAYS

¡ Derivation of transport coefficients, e.g. diffusion coefficients. 

Ø See talks by W. Matthaeus, G. Giacinti.
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QUASI-LINEAR THEORY: MAIN ASSUMPTIONS

¡ Pioneering works: Jokipii 1966, Hall & Sturrock 1968, Goldstein 1976, Urch 1977, see Schlickeiser 2002. I

¡ In field perturbation theory, Quasi-Linear theory (QLT) corresponds to the first perturbation level (Born approximation). 

¡ In practice : particle motion is approximated to be the (unperturbed) Larmor gyromotion in the calculation of FT of 
turbulent fields.
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Two basic assumptions are mandatory for the QLT to apply
1. The level of perturbations need to be small : eg b2=dB2/B0

2 is a small parameter.
2. The theory is applicable at times tc < t < ts

tc = correlation time of stochastic forces, 
ts = scattering time, timescale of the evolution of the mean distribution function.

Ø This requires to have fully developed turbulent spectrum k W(k)~dB2(k), if particle undergo resonant interaction with 
modes k then tc~W-1 k/Dk, Dk is the spectrum width in the parallel direction n (see §A in Casse et al 2002). 

Ø Hence tc << ts means b2 << Dk/k.



QLT DIFFUSION COEFFICIENTS MAIN RESULTS 

¡ Derived in several textbooks (eg Schlickeiser 02, Shalchi 09).  An important quantity: the angular scattering frequency n ó
the rate of change of the particle pitch-angle cosine µ given by Dµµ;  ! = 2

$%%
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Ø Controls the propagation along the magnetic field, and the // diffusion coefficient, so CRA dipole if the CR gradient and the local MF 
are aligned.

¡ E.G. : In case of Alfvén waves: ,- = ./∥12 , j=+1 forward waves, j=-1 backward waves.
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fjL= cos 6 
Fig. 1.—Pitch angle diffusion coefficient Dßß for energetic protons due to parallel streaming right-hand and left-hand polarized waves with the same intensity. 

Curves for two different values of the spectral index q of the power spectrum of magnetic irregularities are shown. 

= vjv), DßP(n = vjv), and Dpp(n = vjv) go to zero. For Dpp and Dpp we find 
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iii) Right-hand Polarized Waves Streaming with the Same Intensities in Both Directions (/¡¡+ = = /? # 0, /{;+ = /£ =0) 
In this case equation (45) reduces to 
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which is plotted in Figure 2 for = 1.5, q = 2.5, and vjv = 0.1. It can be seen that for fi < —vjv a resonance gap occurs where no 
resonant right-hand polarized waves are available, leading to = 0 in this range of fi. A similar resonance gap occurs for Dpfl and 
Dpp in the range —l<n< —vjv. 

iv) Left-Hand Polarized Waves Streaming with the Same Intensities in Both Directions (/¿+ = Io~ = fo ^ 0, / J+ = /?" = 0) 
In this case equation (45) reduces to 

^ n Q2_9/o .. 
Dpii — 2 ß2 ^ ) 1 - ^ )"(nA - v,r'H( ^ ) + ( 1 + ^ ) [-(„ + ^ - VVA (57) 

which is plotted in Figure 3 for g = 1.5, q = 2.5, and vjv = 0.1. Here the resonance gap occurs for vjv < /x < 1, leading to Dßß = 0 
in this range. A similar gap occurs for Dpfl and Dpp in that /x-range. 

v) Left-Hand and Right-Hand Waves Streaming with Different Intensities in Both Directions {I$+ = Iq+ = I¿ ^ 0,1$ — I q = I0 ^ 0, Iq ^ I0) 
Here we find 

i - ”a-i’pI4 1 + yr( 1 + p) Ifa + fp ']• 
(58a) 

which is plotted in Figure 4 for g = 1.5,10 /l£ = 0.5 and 70 /¡Ô = 2.0, and rA/r = 0.1. The remarkable result is that no resonance 
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two main unknowns  



CHOICE FOR MB AND R, NON-LINEAR EXTENSIONS 

¡ Choice for the resonance function R and MB (Giacinti & Kirk’17, GK17) to enlarge the resonance condition 

1. Dynamical turbulence model : MB(k,t) = MB(k) G(k,t), G is the correlation function, eg to account for a finite correlation time 
Γ(#,t)=exp(-t/tc) then ℜ = &'()

&'(*+(,-.∥+01)*
, model R1 in GK17

2. Resonance broadening due to a non-linear particle trapping effect (Völk’75) ℜ = 3
,4.∥

5 6 7∥89:;<
8=7∥

*

, model R2 in GK17

§ Model for MB based on Yan & Lazarian’04, Cho+02, Chandran’00

Ø Alfvénic turbulence : Goldreich-Sridhar model 

Anisotropic MHD turbulence

Ø Fast magnetosonic turbulence : Kraichnan model

Isotropic MHD turbulence
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flattening observed in the CR anisotropy data by IceTop and
IceCube for CRs with pitch-angles around J = 90 . Therefore,
in this study, we consider two generic, phenomenological
resonance functions.

For the first type of resonance function, we choose a Breit–
Wigner distribution:
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where the broadening of the resonance, described by tw with
Îw A F, , is assumed to be dominated by the Lagrangian

correlation time for the turbulence. For Alfvén and slow (or
pseudo-Alfvén) modes, t = ^l v kA

1 3
A

2 3( ) (Goldreich &
Sridhar 1995), where vA is the Alfvén velocity. This function
corresponds to that used by Chandran (2000). In the case of fast
modes, Cho & Lazarian (2002) found cascading on a timescale
l v k v1 2

A
1 2

l
2( ), where vl is the turbulent velocity (at the

injection scale). We take »v vl A, because the turbulence in the
interstellar medium is thought to have an Alfvén Mach number
% ~ 1A . Therefore, t = l v kF A

1 2( ˜ ), where =k kl˜ .
For the second type of resonance function, we choose the

function proposed by Yan & Lazarian (2008). The magnetic
field strength experienced by a cosmic ray depends on its
location in space, both due to the fluctuations of the small-scale
magnetic field B1, and to the fluctuation of the local large-scale
field B0 within our local flux tube. The latter effect therefore
includes focussing (or defocussing) of local magnetic field
lines, which is not taken into account by Rn,1. Since the
adiabatic invariant v̂ B2 is conserved under large-scale
fluctuations, the CR pitch-angle varies, which leads to a
broadening of the resonance. It can be shown that variations
induced in vP are dominated by the variations d &B in the parallel
magnetic field (Völk 1975; Yan & Lazarian 2008), in terms of
which, it can be written as
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where %d d= á ñ&B B2A
2

0
2 . Yan & Lazarian (2008) identi-

fied %d A with the Alfvén Mach number%A of the turbulence.
However, in our case, the fluctuations of relevance for the

shape of the CR anisotropy are those experienced by CRs
within our local magnetic flux tube, which, for consistency, are
assumed to be smaller than the Alfvén Mach number of the
turbulence. In order to exhibit the sensitivity of our results to
the unknown local value of %d A, we perform calculations for
five different values: %d = 0.01A , 0.033, 0.1, 0.33, and 1.

2.2.2. Turbulence Models

One of the leading theories of incompressible MHD
turbulence is that of Goldreich & Sridhar (1995), which
predicts an anisotropic power spectrum for both Alfvén and
pseudo-Alfvén modes. Fluctuations with 2 ^

-
&k k l2 3 1 3∣ ∣ ∣ ∣

are expected to be strongly suppressed, in agreement
with MHD simulations of Cho et al. (2002). Below, we
investigate the effects on the CR anisotropy, using two
phenomenological prescriptions for the suppression taken from
the literature: ! != µ ^

-
^&k h k l kA,S A,S,1

10 3 1 3 2 3( ) where
=h y 1( ) if <y 1∣ ∣ , and h=0 otherwise (see Chandran 2000),

and ! != µ -^
-

^&k k l kexpA,S A,S,2
10 3 1 3 2 3( ) (see Cho et al.

2002, Yan & Lazarian 2002). The latter presents a less abrupt
cutoff in &k than the former, which influences the resulting
shape of the CR anisotropy, and the CR MFP—see Section 3.
In the case of compressible turbulence, we keep the same

expressions for Alfvén and slow modes. We assume that fast
magnetosonic modes have an isotropic energy spectrum,
following ! µ -k kF

3 2( ) , as was found in Cho & Lazarian’s
(2002) simulations of compressible MHD turbulence.
To summarize, we consider the anisotropies generated by six

distinct turbulence models, whose properties are listed in
Table 1.

3. Results

For each of the models listed in Table 1, we first calculate the
(dimensionless) pitch-angle scattering frequency
n m m= - ´mmD l v2 1 2( ) ( ) ( ) using Equation (20). Then,
we derive the smallest positive eigenvalue L1, by applying the
method described in Kirk et al. (2000) to Equation (3), and the
normalized anisotropy mg( ), using Equations (15) and (17).
(Note that isotropic CR scattering corresponds to
n m = constant( ) and m m=g( ) .)

In terms of an outer turbulence scale = ´l l 100 pc100 pc and
a magnetic field m= ´mB B 6 G0 6 G , one has
e = ´ m

- - -E l B1.8 10 3
CR,1 PeV 100 pc

1
6 G

1 , where ECR,1 PeV is the
CR energy in units of 1 PeV. Therefore, assuming an outer
scale-length between 1 and 100 pc (see Section 4), the relevant
range of the parameter e is~ -- -10 101 3, for PeV CRs, and an
order of magnitude smaller for 100 TeV CRs. For d = v vA , an
interstellar Alfvén speed between 10 and -300 km s 1 implies

Table 1
Properties of the Turbulence Models

Model Type Spectrum Resonance Function Section Figures

A GS (incompressible) Anisotropic Heaviside (!A,S,1) d- =R v vNarrow n,1 A( ) 3.1.1 3
B GS (incompressible) Anisotropic Exponential (!A,S,2) d- =R v vNarrow n,1 A( ) 3.1.2 4
C GS (incompressible) Anisotropic Heaviside (!A,S,1) %d- RBroad n,2 A( ) 3.1.3 5
D GS (incompressible) Anisotropic Exponential (!A,S,2) %d- RBroad n,2 A( ) 3.1.4 6, 7
E Fast modes (compressible) Isotropic ! µ -kF

3 2 d- =R v vNarrow n,1 A( ) 3.2.1 8
F Fast modes (compressible) Isotropic ! µ -kF

3 2 %d- RBroad n,2 A( ) 3.2.2 9

4
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CR ANISOTROPY DIPOLE CALCULATIONS 
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gradient would give rise to a perpendicular component in the
anisotropy, but we neglect it here, in line with the observations
of Schwadron et al. (2014). We further assume the turbulence
to be homogeneous, i.e., to have properties that do not vary
significantly within the ∼10 pc flux tube in which we solve
Equation (1). In general, the coefficient Dμμ could vary within
the flux tube, and the pitch-angle scattering rate could also
depend on the gyrophase. However, these effects would make
the problem intractable analytically. Finally, we note that
imbalanced turbulence would lead to an asymmetry in the
large-scale anisotropy within our model. Such an asymmetry is
absent from the examples we have chosen to test in this paper,
but it would be straightforward to include it.

Within the confines of this simplified model, the results of
the previous section demonstrate explicitly that the large-scale
anisotropy can take on a variety of forms, depending on the
turbulence model and its parameters. In some cases (e.g.,
models C, D and F from Table 1, with an unrealistically large
%d = 1A ), this can resemble a simple dipole anisotropy.
However, this is not the generic form and is also not predicted
for any reasonable scenario, including that of isotropic fast-
mode turbulence. In fact, only the physically unfounded
assumption of isotropic pitch-angle scattering, mµ -mmD 1 2,
leads to a pure dipole anisotropy. It is, therefore, not only
unsurprising, but also reassuring that measurements of the
large-scale anisotropy (e.g., Aartsen et al. 2013) cannot be
reconciled with a pure dipole anisotropy.

A generic feature of the models we study is that the
scattering frequency ν has a peak around m = 0. This
corresponds to the “transit-time damping” mentioned, for
example, by Yan & Lazarian (2008). We argue that this
leads to a flattening of the large-scale CR anisotropy in
directions approximately perpendicular to the local magnetic
field, which is compatible with IceCube(Abbasi et al. 2012)
and IceTop(Aartsen et al. 2013) data at energies 2100 TeV.
This feature may also exist in the low-energy (∼10 TeV) data

of IceCube, see Figure9 in Aartsen et al. (2016): the measured
relative intensity is rather flat on »R.A. 0 100– , i.e., in the
direction opposite to the minimum at »R.A. 200 250– . It is
worth noting that such a feature naturally appears in all cases of
turbulence we studied, without any fine-tuning of the theory. In
the case of GS turbulence, the peak of ν around μ=0 is due to
pseudo-Alfvén waves. In the case of compressible turbulence,
the peak is due to the n=0 term for fast modes in
Equation (20). In physical terms, this flattening can be
understood as follows. In Equation (12), the CR density is
µx. If ν is large on - -m m m-D +D , the “last scattering
surface” for CRs arriving from these directions is relatively
close to Earth. Thence, they come from closeby regions of
the local interstellar medium with small x values, where the
CR densities and distribution functions are similar. This
leads to an anisotropy, g, that is approximately constant
on - -m m m-D +D .
The peak at m » 0 may appear either narrow or broad

depending on the type of resonance function and on the level of
scattering at larger values of m∣ ∣. The dominant contribution to
CR scattering at large m∣ ∣ is shear Alfvén modes for GS
turbulence, and the =n 1 term for fast modes. The minimum
in ν occurs around the value of μ, where the dominant
contribution to scattering changes.
An important difference between the two resonance func-

tions we used is that Rn,2 tends to produce broader peaks
around m = 0 than Rn,1, unless %d A is very small (�0.01). As
a consequence, the half width of the anisotropy, which
characterizes the size of the spots at m = 1, is usually
smaller for Rn,2 than for Rn,1. We note that this is not
systematically the case: for example, when the contribution to ν
from shear Alfvén waves at large m∣ ∣ is at about the same level
as the contribution from pseudo-Alfvén waves at smaller m∣ ∣,
the anisotropy tends toward a dipole and J 601 2 , see, for
example, modelD for GS turbulence with ! !=A,S A,S,2,

=R Rn n,2, e = -10 1, and %d = 1A in Figure 6 (upper row).

Figure 7. Large-scale CR anisotropy for modelD, GS turbulence with ! !=A,S A,S,2, and using Rn,2 with %d = 0.33A . Upper row: e = -10 3. Lower row: e = -10 2,
i.e., the CR energy is 10 times larger than in the upper row. Left column: anisotropy mg( ) in equatorial coordinates. Middle column: predicted CR anisotropy, with
extremum amplitude renormalized to ±1, in the field of view of IceTop. The anisotropy is calculated here with respect to the averaged flux in each declination band.
Right column: relative CR intensityD á ñN N at - -- -75 decl. 35 , as a function of right ascension, compared with IceTop data(Aartsen et al. 2013) at 400 TeV
(upper row) and 2 PeV (lower row).
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resonate. Only the normalization is different, with more power
being present at smaller k∣ ∣.

If one takes the energy dependence in IceTop data at face
value, the absence of changes in the shape of the CR anisotropy
with e for isotropic fast modes is an argument against them,
i.e., against either fast modes being isotropic, or fast modes
providing scattering. Aartsen et al. (2016) show only one data
set for IceTop (1.6 PeV), and the angular size of the deficit in
the ∼10 TeV data from IceCube does not appear to be
noticeably smaller than that in IceTop 2 PeV data. Never-
theless, the observation of an energy dependence in the half
width of the anisotropy could suggest a GS-like, k∣ ∣-dependent
anisotropy in the turbulence power spectrum. Given that fast
modes may suffer anisotropic damping (e.g., Yan & Lazarian
2008), it is not entirely implausible that also their spectrum is
anisotropic, and we speculate that this would produce a
qualitatively similar effect. However, more detailed numerical
simulations, taking into account effects such as the potential
energy dependence of the width of the resonance function,
would be needed to clarify such an interpretation of the data.

The applicability of our model, i.e., of the diffusion
approximation in the vicinity of the Earth, is determined by
the magnitude of the smallest positive eigenvalue L1, and not,
as commonly assumed, the CR MFP, l&, defined by
Equation (14). Nevertheless, these quantities are related, and,
for completeness, we plot l& for the six turbulence models in
Appendix B. From Figures 1 and 11, it is clear that a small
variation in the shape of !A,S for GS turbulence has a
substantial impact, with !A,S,2 providing a larger L1 and a
smaller MFP than !A,S,1, in line with the findings of Yan &
Lazarian (2002). Most of this difference can be attributed to the
contribution from (shear) Alfvén modes. A sharp cutoff in kP in
the power spectrum, such as that in !A,S,1, leads to a complete
absence of these modes at large kP ( > ^

-
&k k l2 3 1 3), and,

consequently, to a relatively low scattering rate for CRs with
large m∣ ∣. In contrast, an exponential cutoff in kP, such as that in
!A,S,2, leaves some power in modes with > ^

-
&k k l2 3 1 3, even

though most of it is concentrated in modes with wave vectors
perpendicular to field lines. It is this small increase in power at
larger kP that produces the strong increase in L1 and the
corresponding decrease in l&.
Our results also show that L1 increases (and l& decreases)

when increasing δ or %d A. Both for GS turbulence and
isotropic fast modes, and for a physically relevant
d ~ ´ -3 10 5, scattering is more effective with the resonance
function Rn,2 than with Rn,1, unless %d � 0.1A .
In the majority of cases studied, Figures 1 and 11 confirm the

claim of Yan & Lazarian (2002) that the MFP is significantly
smaller for isotropic fast modes than for GS turbulence. If fast
modes are present to a non-negligible level in the local
insterstellar medium, they should then provide the dominant
contribution to CR scattering. Nevertheless, l& in GS
turbulence with !A,S,2 and Rn,2 is smaller than in isotropic fast
modes at e ~ -- -10 102 1. While the problem raised by
Chandran (2000) concerning CR confinement in the Galaxy
and the large value of l& in GS turbulence remains in most
cases, we note that using !A,S,2 and Rn,2 with large %d A
decreases the tension. In this connection, it is important to note
that CR diffusion coefficients deduced from the boron-to-
carbon ratio reflect CR propagation on kiloparsec scales, and
do not rule out a much larger value of l& within our local flux
tube. Provided CRs are well confined in the halo, where the
physical conditions are different, l& could be large in the entire
disk without compromising their confinement in the Galaxy on
the correct timescale.
Finally, we point out that for anisotropic turbulence,

scattering can be more effective with increasing CR energy.
In GS turbulence, this trend is seen in Figure 1, and is reflected

Figure 9.Model F, isotropic fast modes, using Rn,2. e = -10 3 in all panels, and each line type corresponds to a different value of %d Î 0.01, 0.033, 0.1, 0.33, 1A { },
see the keys. Upper left panel: ν as a function of μ. Upper middle panel: g as a function of μ. Upper right panel: relative CR intensity D á ñN N at

- -- -75 decl. 35 , as a function of right ascension and compared with IceTop 2 PeV data(Aartsen et al. 2013) for %d Î 0.01, 0.033, 1A { }. Lower left panel:
predicted CR anisotropy, with extremum amplitude renormalized to ±1, in the field of view of IceTop for %d = 0.1A . The anisotropy is calculated here with respect
to the averaged flux in each declination band. Lower middle and lower right panels: D á ñN N for %d Î 0.1, 0.33A { }, compared with IceTop 2 PeV (middle) and
400 TeV (right) data.
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In this energy range, we find no noticeable dependence of
mg( ) on e. Results for ν are presented at e = -10 3, as an

example. We plot in Figure 9 (upper left panel) ν versus μ for
all five tested values of %d A. As in Section 3.2.1, the
minimum corresponds to the separation between the low-μ
region, where the n=0 term dominates and the high-μ region,
where the =n 1 term dominates. The width of the peak
around m = 0 increases with increasing %d A. This is
reminiscent of the behavior of the contribution of pseudo-
Alfvén modes in GS turbulence (models C and D). Results for
mg( ) are shown in the upper center panel. The size of the hot/

cold spot decreases with increasing %d A in the range of
0.01–0.33, but at %d = 1A , where ν is almost independent of
μ, the anisotropy moves closer to the result for a dipole—see
the magenta dotted line and red dashed line in the upper center
panel. This behavior with %d A is also visible in the lower right
panel of Figure 2. The minimum J1 2 (�47 ) is reached at
%d = 0.33A , though the value of J1 2 at %d = 0.1A is not
much larger. We plot our predictions forD á ñN N and compare
them with the 2 PeV data set in the upper right and lower center
panels of Figure 9. The cold spot is too large for %d = 0.01A ,
0.033, and1. On the other hand, %d = 0.1A and %d = 0.33A
provide a satisfactory fit to the data. Although J1 2 is slightly
smaller for 0.33 than for 0.1, the shape of the anisotropy

appears to be slightly better at %d = 0.1A —in the latter case,
D á ñN N is flatter in the region around - -160 R.A. 360 ,
see the lower center panel. In the lower left panel, we plot a sky
map for %d = 0.1A , as would be observed within the field of
view of IceTop, at --decl. 35 . The qualitative agreement
with the IceTop sky map at 2 PeV is good. However, none of
the values of %d Î 0.01, 1A [ ] provide an acceptable fit to the
smaller cold spot in the 400 TeV data. We show this in the
lower right panel, which compares the two cases with the
smallest cold spots ( %d = 0.1A and 0.33) to the IceTop
400 TeV data set. If such a small cold spot at 400 TeV were to
be confirmed in the future, this could have important
implications, as we discuss below.

4. Discussion and Perspectives

The model developed in Section 2 assumes that CRs
propagate in magnetic turbulence with a strong background
field. Our approach requires the CR Larmor radius and MFP to
remain smaller than the coherence length of the interstellar
magnetic field. We enforce these conditions by keeping e � 1,
and restricting our study to the non-shaded area of Figure 1.
Also, we take the anisotropy to be parallel to the regular field.
In a 3Dmodel, the perpendicular component of the CR density

Figure 6.Model D, GS turbulence with ! !=A,S A,S,2, and using Rn,2: n m( ) (left column), mg( ) (middle column), and relative CR intensityD á ñN N in the declination
band -75 to -35 , as a function of right ascension, and compared with IceTop 2 PeV or 400 TeV data sets from Aartsen et al. (2013; right column). Upper row:
e = -10 ;1 middle row: e = -10 ;2 lower row: e = -10 3. Each line type corresponds to a different value of %d Î 0.1, 0.33, 1A { }. Identical line types in each row, see
the keys in the left panels.

11

The Astrophysical Journal, 835:258 (19pp), 2017 February 1 Giacinti & Kirk

b~ dMa/2= 0.16

Alfvén turbulence (R2) FastMS turbulence (R2)

Giacinti & Kirk’17 main assumptions: 1) CR mfp < L 2) 
Anisotropy // regular local MF 3) Homogeneous turbulence 
(see G.Giacinti talk).
CRA starts to put constraints on MB and R

Ø Alfvènic/FMS turbulence with resonance broadening (R2) 
leads to a good fit of the dipole amplitude. 

Ø Models with dynamical turbulence (R1) have difficulties 
to fit the data. 



TESTING TRANSPORT THEORIES WITH NUMERICS

¡ Are these estimations for Dµµ or k// recovered by simulations ? CR propagation in synthetic or MHD-code-
generated turbulent snapshots. 
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SYNTHETIC TURBULENCE SIMULATIONS
2 Laitinen et al.

as the waves evolve in a nonlinear manner (see, e.g.,
Tu & Marsch 1995, for a review). Laitinen et al. (2012)
studied the effect of structures on the tranport and used
a fixed envelope length of the order of turbulence cor-
relation length. In the present paper, we study the
particle propagation in turbulence with scale-dependent
anisotropy, and the enveloping is done separately for each
wave mode, with the envelope length following the crit-

ical balance scaling, L ∝ k−2/3
⊥ , where L is the enve-

lope length and k⊥ the wavenumber of the enveloped
Fourier mode. The Fourier modes are chosen to be 2D
modes, with their wave vector perpendicular to the mean
magnetic field. Thus, the variation of the magnetic field
along the mean field is purely due to the enveloping of
the modes. We use particle full-orbit simulations in the
modelled turbulence, and calculate the diffusion coeffi-
cients for energetic particles, comparing them to results
given in previous work. In Section 2 we describe the crit-
ically balanced turbulence model and the method used
for obtaining the energetic particle diffusion coefficients.
In Section 3, we study the scale-dependence of the tur-
bulence in the developed model, and report changes in
the energetic particle diffusion coefficients, compared to
the traditional composite model. We discuss the results
in Section 4, and draw our conclusions in Section 5.

2. MODEL

2.1. Turbulence Model

In our model, the magnetic field consists of a uniform
and constant background field, B0, overlaid with a turbu-
lent field, δB(x, y, z), with the total magnetic field given
as

B = B0êz + δB(x, y, z),

For the background field we use B0 = 5 nT, consistent
with the magnetic field magnitude at 1 AU.
We model the scale-dependent turbulence by us-

ing the turbulence envelope approach, introduced by
Laitinen et al. (2012). In the approach, the turbulence is
enveloped into packets along the mean field direction (see
Fig. 1). From an envelope to the next, the parameters of
the wave modes (random phase, wave vector direction)
change. Thus, a particle propagating from an envelope
to another interacts with a coherent Fourier mode only
within one envelope, and the linear coherence is broken
when it enters a different envelope.
The scale-dependence of the turbulence in our model

is achieved through the selection of the envelope lengths,
which in the study of Laitinen et al. (2012) were con-
stant. Here the enveloping is done separately for each
wave mode, with the wave scale λ⊥n = 2π/k⊥n, where
k⊥n is the wavenumber of the 2D mode. The enve-
lope length, Ln, follows the critical balance scaling,

Ln = L1/3
C λ2/3

⊥n , where Lc is the scale where parallel and
perpendicular scales are in balance. As a result, for wave
scales λ⊥n < LC the perpendicular wave scales decrease
faster than the parallel envelope scales, resulting in scale-
dependent anisotropy. This process is depicted in Fig. 1,
where, we show the wave scale (thick horizontal line)
compared to the envelope length scales, for four different
wave scales.
The amplitude of mode n for envelope i is modulated

Fig. 1.— The green and white packets represent the envelopes
along the mean field direction, for four different perpendicular
scales, shown by the thick horizontal lines. The steepness param-
eter is σ = 10 in this figure.

by function

An,i(z) =
1

2

[

F

{

z − zi
2Sn

}

− F

{

z − Ln − zi
2Sn

}]

where zi marks the beginning of the envelope and z is
the distance along the direction of the constant magnetic
field. The profile of the envelope is given by function

F{z} =

⎧

⎨

⎩

−1 z < −1
3
2z −

1
2z

3 −1 ≤ z ≤ 1
1 z > 1

(1)

This approximates the often-used tanh profile, which en-
ables analysing differentiable profiles that can have steep
edges, approaching a step-function shape. The polyno-
mial description was chosen for numerical efficiency. The
steepness of the envelope profile is given by parameter
Sn = Ln/σ, and σ is is a dimensionless parameter relat-
ing the envelope length to the rise profile length.
In the modelling, we consider that a wave mode with

a given wave vector direction and random phase gives its
energy to another mode with the same modulus of kn,
without losses, thus keeping the sum of the amplitudes
of the modes constant,

∑

iAn,i(z) = 1. This is achieved
by selecting zi+1 = zi + Ln.
The steepness of the envelope is related to the trans-

fer rate of energy from a mode to another, due to the
critical balancing of the turbulence. The rate of change
depends on the relative wavenumber directions of the in-
teracting modes (e.g. Luo & Melrose 2006), which results
in some interactions transferring the energy faster than
others. In our model, however, we describe phenomeno-
logically only the result of the critically balanced 3-wave
interactions, thus accurate description of the rise pro-
file is not possible on this level. Instead, we consider in
this study two different profiles, a gradual change with
σ = 1 and a rapid change, with σ = 10. As shown in
Fig. 2, for σ = 10 the energy is transferred from one
mode to another in an intermittent manner, whereas for
σ = 1 the interaction is more gradual, between multiple
modes. The distance along the mean field direction over
which one mode dominates over the others, remains the

Ø Scattering studies in Goldreich-Sridhar 
turbulence is very challenging as the 
mean MF direction changes with the 
scale.
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Fig. 1.— (a) Fourier space structure. (b) Real space structure. Large eddies (eddy 1 or

1′)) have similar semi-major axis (∼ 1/k∥,1) and semi-minor axis (∼ 1/k⊥,1). Therefore,
they are almost isotropic. Smaller eddies (eddy 2 or 2′) have relatively larger semi-major
axis (∼ 1/k∥,2) to semi-minor axis (∼ 1/k⊥,2) ratio. Therefore, they are relatively more

elongated. Energy cascades in the directions perpendicular to large-scale magnetic field
lines (e.g. direction AA′ or DD′ in both figure (a) and (b)). This effect obscures scale-

dependent anisotropy (e.g. k∥ ∝ k2/3
⊥ in GS95 model) when we perform Fourier analysis in

the global frame. In Figure (b), the solid curves represent the wandering of magnetic field
lines by the large scale magnetic fields. The solid curves can define the directions of the

local mean magnetic field line for eddy 1 or 1′. Similarly, the dashed curves can define the
directions of the local mean magnetic field line for the eddy 2 or 2′.

Cho+02

One way is to use envelopes of the plane waves 
following Goldreich-Sridhar scaling (Laitinen+13).
(here 4 envelopes in the perpendicular direction
are shown).

rigidity r=2prL/L ~ 2 10-4 E10 MeV BG
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Earlier estimates 
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FIG. 1: The scattering frequency ν vs. the kinetic energy Ek

of cosmic rays (a) by Alfvénic turbulence, (b) by fast modes.
In (a), the dash-dot line refers to the scattering frequency for
isotropic turbulence. The ’×’ represents our numerical result
for anisotropic turbulence, the solid line is our analytical re-
sult from Eq.(8). Also plotted (dashed line) is the previous
result for anisotropic turbulence in [9]. In (b), the dashed line
represents the scattering by fast modes immune from damp-
ing, the solid and dashdot line are the results taking into
account collisionless damping.

where kmin = L−1, kmax = Ω0/vth corresponds to the
dissipation scale, m = γmH is the relativistic mass of
the proton, v⊥ is the particle’s velocity component per-
pendicular to B0, φ = arctan(ky/kx), L,R = (x±iy)/

√
2

represent left and right hand polarization[24].

The integration over time gives us a delta function
δ(k∥v∥ − ω + nΩ), corresponding to static magnetic per-
turbations ([23, 25]). For cosmic rays, k∥v∥ ≫ ω = k∥VA

so that the resonant condition is just k∥vµ + nΩ = 0.
From this resonance condition, we know that the most
important interaction occurs at k∥ = kres = Ω/v∥.

Noticing that the integrand for small k⊥ is substan-
tially suppressed by the exponent in the anisotropic ten-
sor (see Eq. (3)) so that the large scale contribution is
not important, we can simply use the asymptotic form
of Bessel function for large argument. Then if the pitch
angle α not close to 0, we can derive the analytical result
for anisotropic turbulence,

⎡

⎣

Dµµ

Dµp

Dpp

⎤

⎦ =
v2.5 cosα5.5

2Ω1.5L2.5 sinα
Γ[6.5, k

−2

3
maxkresL

1

3 ]

⎡

⎣

1
σmVA

m2V 2
A

⎤

⎦ ,

(8)
where Γ[a, z] is the incomplete gamma function. The
presence of this gamma function in our solution makes
our results orders of magnitude larger than those in [9]
for the most of energies considered (see Fig.1a). How-
ever, the scattering frequency ν = 2Dµµ/(1 − µ2) are
much smaller than the estimates for isotropic model. Un-
less we consider very high energy CRs (≥ 108GeV ) with
the corresponding Larmor radius comparable to the tur-
bulence injection scale, we can neglect scattering by the
Alfvénic turbulence. What is the alternative way to scat-
ter cosmic rays?

IV. SCATTERING BY FAST MODES

Our result that anisotropic turbulence is inefficient in
CR scattering agrees well with the conclusions reached
in [9] and [8]. The contribution from slow modes is not
larger than that by Alfvén modes since the slow modes
have the similar anisotropies and scalings. More promis-
ing are fast modes, which are isotropic ([14]). For fast
modes we discuss two types of resonant interaction: gy-
roresonance and transit-time damping; the latter requires
longitudinal motions. However, fast modes are subject
to collisionless damping which suppresses scattering[27].
The damping rate γd = τ−1

d for the low β case ([11]) is

γd =

√
πβ

4
VAk

sin2 θ

cos θ
× [

√

me

mH
exp(−

me

mHβ cos2 θ
)

+ 5 exp(−
1

β cos2 θ
)], (9)

where me is the electron mass. We see that the damping
increases with β. According to CL02, fast modes cascade
over time scales τfk = τk × VA/vk = (k × kmin)−1/2 ×
VA/V 2, where τk = (kvk)−1 is the eddy turn-over time,
V is the turbulence velocity at the injection scale.
Consider gyroresonance scattering in the presence of

collisionless damping. The cutoff of fast modes corre-
sponds to the scale where τfkγd ≃ 1 and this defines the
cutoff scale k−1

c . As we see from Eq.(9), the damping
increases with θ unless θ is close to π/2.
Using the tensors given in Eq.(4) we obtain the corre-

sponding Dµµ for the CRs interacting with fast modes by
integrating Eq.(7) from kmin to kc (see Fig.(1b)). When
k−1
c is less than rL, the results of integration for damped

and undamped turbulence coincides. Since the kc de-
creases with β, the scattering frequency decreases with
β.
Adopting the tensors given in Eq.(5), it is possible

to calculate the scattering frequency of CRs in high β
medium. For instance, for density n = 0.5cm−3, temper-
ature T = 8000K, magnetic field B0 = 1µG, the mean
free path is smaller than the resonant wavelength for the
particles with energy larger than 0.1GeV , therefore col-
lisional damping rather than Landau damping should be
taken into account. Nevertheless, our results show that
the fast modes still dominate the CRs’ scattering in spite
of the viscous damping.
Apart from the gyroresonance, fast modes potentially

can scatter CRs by transit-time damping (TTD) ([22]).
TTD happens due to the resonant interaction with par-
allel magnetic mirror force −(mv2⊥/2B)∇∥B. For small
amplitude waves, particles should be in phase with the
wave so as to have a secular interaction with wave. This
gives the Cherenkov resonant condition ω − k∥v∥ ∼ 0,
corresponding to the n = 0 term in Eq.(7). From the
condition, we see that the contribution is mostly from
nearly perpendicular propagating waves (cos θ ∼ 0). Ac-
cording to Eq.(4),we see that the corresponding corre-
lation tensor for the magnetic fluctuations Mij are very

Yan & Lazarian ‘02

rigidity r=2prL/L ~ 2 10-4 E 100GeV B3.5µG

b=1

!∥# = (!&#)(/*

!&+, = -
./

0/(
>1

If k//rL=1
resonant 
condition

A CR with rL encompasses several 
Eddies if these are uncorrelated

factor 1010

factor 10-30

AM+06: in GS turbulence resonance 
!&+,=1 may control the // transport
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3.3.1. Parallel mean free paths

In Fig. 3, we show the dependence of the CR parallel mfps with
respect to the Alfvénic Mach number (the upper figure displays
the results obtained for � = 1 (SoF), the lower figure displays
the results obtained for � = 0 (CoF)). It can be seen that parallel
mfps decrease with Ma at all particle rigidities. The SoF solu-
tions show faster variations with Ma than the CoF solutions. We
find typical ratios �k(� = 1)/�k(� = 0) varying between ⇠100
at low Ma to ⇠1 as Ma ! 1. We find that �?(� = 1)/�?(� = 0)
varies from 4–5 for Ma < 0.6 to ⇠1 as Ma ! 1. In Fig. 3 (the SoF
case) it can also be seen that the parallel mfp decreases with an
increasing rigidity, which is an unsual behavior. We come back
to this issue in Sect. 3.5.4.

We extracted a subset of solutions at two di↵erent Larmor
radius ⇢ = 0.01 and ⇢ = 0.097. The former allows us to make
some comparisons with XY13, while the latter corresponds to a
particle Larmor radius in resonance with a wave number k0.097
deep in the inertial range of the turbulence. It corresponds to a
scale reasonably far from the injection zone (typically k0.097L ⇠
10, k0.097Linj ⇠ 2), as in our case Linj ⇠ 0.2L. Particles with
rigidities in the inertial range are interesting for investigating
the e↵ect of resonant pitch-angle scattering over particle paral-
lel mfps. The di�culty is that resonant interactions occurring at
krL ⇠ 1 are important in the calculation of �k, and non-resonant
interaction produced by the transit-time damping (TTD) mech-
anism due to fluctuations at scales larger than rL also contribute
(Lee & Voelk 1975). The error bars correspond to standard de-
viations produced by the solutions from the di↵erent snapshots.

In the case of incompressible (solenoidal) forcing � = 1 we
find the following solutions:

�k / M�7.69±0.57
a , ⇢ = 0.01

�k / M�4.91±0.35
a , ⇢ = 0.097. (9)

In the case of compressible forcing � = 0 we find the following
solutions:
�k / M�2.44±0.82

a , ⇢ = 0.01
�k / M�1.82±0.35

a , ⇢ = 0.097. (10)
The error on the index is obtained considering the extreme slopes
that fit all data points. The mean index values and their errors
depend on the errors produced by each data point. We have
compared our results using one, three and six snapshots for the
job 9J06c0.5. We found that mfps in each of the last two cases
are contained within the error of the simulation at one snapshot.
The errors obtained using three and six snapshots are similar
to (even if slightly reduced in the case with six snapshots), but
are reduced with respect to the case with one snapshot. In or-
der to optimize the averaging procedure we keep the number of
snapshots Nr = 3 in all our calculations.

3.3.2. Perpendicular mean free paths

The perpendicular mfps are controlled by two efects: a first con-
tribution is associated with the di↵erent processes entering in the
parallel transport (resonant and non-resonant pitch-angle scatter-
ing) and a second contribution is associated with the wandering
of magnetic field lines (Jokipii 1971). Figure 4 shows the CR
perpendicular mfps as a function of the Alfvénic Mach number.

In the case of solenoidal forcing � = 1 we find the following
solutions:
�? / M2.94±0.69

a , ⇢ = 0.01
�? / M2.52±0.26

a , ⇢ = 0.097. (11)
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Fig. 3. Upper figure: parallel mfp versus Alfvénic Mach numbers Ma at
di↵erent particle rigidities in the case of a solenoidal forcing (� = 1).
Lower figure: parallel mfp versus Alfvénic Mach numbers Ma at di↵er-
ent particle rigidities in the case of a compressible forcing (� = 0). M�2

a
and M�4

a dependences are shown in the insert.

In the case of compressible forcing � = 0 we find the following
solutions:

�? / M1.39±0.73
a , ⇢ = 0.01

�? / M1.42±0.37
a , ⇢ = 0.097. (12)

3.3.3. Discussion

Comparison with previous works: we first compare our results
in the SoF case (� = 1) with the publication of XY13 where
the mfp was calculated at ⇢ = 0.01 only. Comparing our Fig. 3
(upper figure, red points) with Fig. 5 in XY13 we find some
discrepancies especially in the regime Ma < 0.7 where we
find �k/L > 100, whereas XY13 has typical mfps �k/L < 10. At
higher Alfvénic Mach numbers the two results are compatible.
This e↵ect is due to the much larger index ↵ ⇠ �7.7 obtained in
our simulations (see Eq. (9)). Our CoF results at ⇢ = 0.01 are in
good agreements with XY13 solutions.

If we now compare the perpendicular mfp results (the red
points in our upper Fig. 4 and Fig. 6 in XY13) we find reasonably
good agreement: our index is ↵ = 2.94 ± 0.69 and is compatible
with the XY13 index ↵ = 4.21 ± 0.75. The normalization factor
of the mfps is in agreement since we normalize �? to the box
length L, whereas XY13 normalized �? to the injection scale
of the turbulence Linj. If the wandering of magnetic field lines

A73, page 6 of 14

Cohet & AM’16 : 5123 resolution simulations. Turbulence is forced using a 
function F with different geometries. 

(up) solenoidal forcing (div F=0, eg shearing flows): l scales as ~ Ma
-4.91+/-0.35

Ø Weak sub-Alfvénic turbulence produces cascades almost in the 
perpendicular direction so scattering is expected to be weak.

(down) compressible forcing (rot F= 0, eg supernova): l scales as ~ Ma
-1.82+/-0.35

Ø One can expect to have more FMS modes close to the QLT expectation 
(Jokipii’66)

! all MHD modes contribute, so one has to filter out each of them to isolate 
their effect (Kowal & Lazarian’10)



NON-DIFFUSIVE TRANSPORT: CONDITIONS

¡ Usually diffusive transport is assumed in anisotropic cosmic rays studies. 
But sub- or super-diffusion regimes may occur depending on the 
properties of the magnetic turbulence.

Subdiffusion : specific conditions CR need to stay one a MF patch for a time 
where it starts a parallel diffusion but before escaping the patch. The regime 
is found is simulations with slab-type turbulence (Qin+02) 

Ø reinforces the role of k// in CR anisotropy.

Superdiffusion : MF line wandering can lead to superdiffusion. If CR scattering 
is inefficient MFLW controls the perpendicular transport (Lazarian & Yan’16). 

Superdiffusion may occur in the Goldreich-Sridhar regime at scales < 
injection scale L 

Ø CR anisotropy underestimates the effect of perpendicular diffusion. 
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selecting real and imaginary parts using a Gaussian random
number generator and a spectral shape function. The latter is

Sslab kzð Þ ¼ Cslab

1þ kzlð Þ2
! "5=6

; ð3Þ

where l % lc. For the simulations shown, kmaxl = 1318 ensures
a realistic inertial (powerlaw) range spanning more than 3
decades. To avoid periodicity effects, the periodic box is very
long, Lz/l = 10000, and each particle trajectory is limited to a
small fraction of the full length, i.e., the time of integration t is
such that Vt/Lz < 0.04 for the simulations shown.
[5] In addition to bslab we include a small amplitude two

dimensional (2D) component of the fluctuations, making up
0.01% of the total energy and defined in a way analogous to
the slab part, except that the populated wave vectors have kz = 0
and are axisymmetrically distributed in the (x, y) plane. The 2D
part b2D is associated with the Fourier amplitudes b̂2D kx; ky

# $

which are represented in a square cross section box with
dimension Lx = Ly and resolved modes denoted by (kx, ky) =
(i, j)/Lx, (i, j = 0, 1, 2 . . . Nx/2 + 1). In the present runs the
perpendicular spatial resolution is Nx & Ny = 4096 & 4096. The
presence of the 2D component may avoid problems that might
be incurred due to ignorable coordinates [Jokipii et al., 1993].
On the other hand there is substantial evidence [Bieber et al.,
1996] that the solar wind on average is more distant from a pure
slab symmetry than the case we examine. However, there are
circumstances that favor production of one dimensional waves,

and a 99.99% slab model may be resonable in some cases, e.g.,
near regions of strong wave particle interactions.
[6] Fields are calculated by transforming (once) to the equally

spaced real space points and then employing linear interpolation to
the particle positions.
[7] Our results are based upon a series of runs with the above

fluctuation properties and grid characteristics, carried out for
particle number Np = 1000. Initial conditions have particle posi-
tions and gyrophases selected randomly. The Newton Lorentz
equations are integrated using a fourth order Runge-Kutta scheme
with adaptive time stepping regulated by a fifth order error estimate
step. Typically we set the error parameter to 10'9.

3. Numerical Simulation Results

[8] It is convenient to investigate the approach to diffusive
behavior by computing the running diffusion coefficients,

~!xx ¼ d !xð Þ2
D E.

2dt and ~!zz ¼ d !zð Þ2
D E.

2dt, where the time

derivative is computed using a first order finite difference, and the
brackets h. . .i indicate ensemble average, or average over many
test particles. When the mean square displacements are diffusive
(/t), the running diffusion coefficient is identical to the usual one.
[9] Figure 1 shows the parallel and perpendicular running

diffusion coefficient for the ‘‘near slab’’ fluctuations described
above, for a numerical experiment consisting of particles having
rL/lc = 0.027, where rL is the particle Larmor radius. Referring to
the top panel, the solid line shows the computed ~kxx. For
reference we show two theoretical predictions for perpendicular
diffusion: The horizontal dot-dashed line is the so called field line
random walk (FLRW) limit of perpendicular diffusion, in which
the perpendicular spread of particles occurs at a rate proportional
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Figure 1. Results of a test particle simulation with rL/lc = 0.027
and db/B0 = 0.5. (Bottom panel) Solid line is running parallel
diffusion coefficient vs. time. For reference, dashed line is
approximate quasilinear theory result. (Top panel) Solid line is
running perpendicular diffusion coefficient. Dotted line corre-
sponds to subdiffusion. FLRW and BAM theoretical results (see
text) are also shown.
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Figure 2. Results of another test particle simulation with rL/lc =
0.67, and db/B0 = 0.5 in same format as Figure 1. (Bottom panel)
Running parallel diffusion coefficient vs. time. (Top panel)
Running perpendicular diffusion coefficient.
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kperp ~ t-1/2

Qin+02

Superdi↵usion and acceleration 3

TABLE 1
Regimes of MHD turbulence and magnetic diffusion

Type Injection Range Spectrum Motion Ways Magnetic Squared separation
of MHD turbulence velocity of scales E(k) type of study di↵usion of lines

Weak VL < VA [ltrans, L] k�2
? wave-like analytical di↵usion ⇠ sLM2

A
Strong anisotropic

subAlfvenic VL < VA [lmin, ltrans] k
�5/3
? eddy-like numerical Richardson ⇠ s3

L M4
A

Strong isotropic

superAlfvenic VL > VA [lA, L] k
�5/3
? eddy-like numerical di↵usion ⇠ slA

Strong anisotropic

superAlfvenic VL > VA [lmin], lA k
�5/3
? eddy-like numerical Richardson ⇠ s3

L M3
A

L and lmin are the injection and perpendicular dissipation scales, respectively. MA ⌘ �B/B, ltrans = LM2
A for MA < 1 and lA = LM�3

A .
for MA < 1. For weak Alfvenic turbulence `k does not change. s is measured along magnetic field lines.

for the eddies of size ` is ⌧cas,` ⇡ `/v`. From this the well
known relation v` ⇠ `1/3 follows.
It is easy to see why magnetic turbulence is anisotropic.

One can imagine eddies mixing magnetic field lines per-
pendicular to the direction of local magnetic field. For
such eddies the original Kolmogorov treatment is ap-
plicable resulting in perpendicular motions scaling as

v` ⇠ `1/3? , where `? denotes eddy scales measured per-
pendicular to magnetic field. These mixing motions in-
duce Alfvenic perturbations that determine the parallel
size of the magnetized eddy. The key stone of the GS95
theory is critical balance, i.e. the equality of the eddy
turnover time `?/v` and the period of the corresponding
Alfven wave ⇠ `k/VA, where `k is the parallel eddy scale
and VA is the Alfven velocity. Making use of the earlier

expression for v` one can easily obtain `k ⇠ `2/3? , which
reflects the tendency of eddies to become more and more
elongated as the energy cascades to smaller scales.
It is important to stress that the scales `? and `k are

measured in respect to the system of reference related
to the direction of the local magnetic field “seen” by the
eddy. This notion was not present in the original for-
mulation of the GS95 theory and was added to it later
(Lazarian & Vishniac 1999; Cho & Vishniac 2000; Maron
& Goldreich 2001; Cho et al. 2002). In terms of mixing
motions, it is rather obvious that the free Kolmogorov-
type mixing is possible only in respect to the local mag-
netic field of the eddy rather than the mean magnetic
field of the flow5.
The quantitative properties of Alfvenic turbulence that

we mostly deal with can be expressed for subAlfvenic
turbulence using LV99 expressions:
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which, unlike those in GS95, are valid for the arbitrary
injection velocity < VA. For subAlvenic turbulence the

5 Fast reconnection is also required for the mixing motions. The
reconnection theory in LV99 provides the necessary rates to make
the GS95 picture of turbulence self-consistent.

ratio MA is
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< 1, (3)

while when the injection is superAlfvenic MA =
VL/VA > 1.
We feel that the claims that the �5/3 slope predicted

by the GS95 is incorrect are not substantiated. For
instance, recent work by (Beresnyak & Lazarian 2010)
shows that present day numerical simulations are unable
to reveal the actual inertial range of MHD turbulence
making the discussions of the discrepancies of the nu-
merically measured spectrum and the GS95 predictions
rather premature6.
GS95 theory assumes the isotropic injection of energy

at scale L corresponding to the Alfven Mach number

MA ⌘ �B/B = 1, (4)

where �B is the field fluctuation and B is the mean field.
For the incompressible MHD turbulence �B/B is equal
to VL/VA, where VL is the injection velocity and the
Alfvén velocity in the fluid is vA. Thus it provides the
description of transAlfvenic turbulence with VL = vA.
This model was later generalized for both subAlfvenic,
i.e. MA < 1, and superAlfvenic, i.e. MA > 1, cases
(see Lazarian & Vishniac 1999, henceforth LV99, Lazar-
ian 2006, respectively; see also Table 1). Indeed, if
MA > 1, instead of the driving scale L for one can use
another scale, namely lA = LM�3

A , which is the scale at
which the turbulent velocity equals to VA (see Lazarian
2006). The scale lA is termed Alfvenic scale (Lazarian
2006) and is the scale below which magnetic field lines
become sti↵ and their back-reaction becomes essential.
For MA � 1 magnetic fields are not dynamically im-
portant at the scales larger than lA and the turbulence
at those scales follows the isotropic Kolmogorov cascade
�u` ⇠ `1/3 over the range of scales [L, lA]. At the same
time, if MA < 1, the turbulence obeys GS95 scaling (also
called “strong” MHD turbulence) not from the scale L,
but from a smaller scale ltrans = LM2

A, while in the range
[L, ltrans] the turbulence is “weak”.
The properties of weak and strong turbulence are

6 More recent higher resolution simulations by Beresnyak (2011)
reveal the predicted �5/3 spectral slope. In any case, the pro-
posed additions to the GS95 model do not change the nature of
the physical processes that we discuss below.
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COSMIC RAYS > TURBULENCE

¡ Cosmic Rays carry a lot of power.

¡ In sources up to 10-30% of shock ram pressure, almost carried by TeV (and beyond) CRs.

¡ In the ISM the mean CR component is in pressure equipartition with the gas, the magnetic field, carried by GeV CRs

¡ In between (sources and ISM) CR pressure can dominate gas and magnetic pressures ! ó source vicinity effects 

Ø Cosmic Rays can trigger their own turbulence via different instabilities. See talk by G. Morlino.

§ Kinetic : Resonant streaming instability (Skilling’75, Nava+16+19, Brahimi+19); Gyroresonant (pperp> p//) instability (Lazarian & 
Beresnyak’06 , Lebiga+18)

§ Hydrodynamic: Firehose/mirror type instability (Achterberg’13, Bykov’13), Non-resonant streaming instability (Bell’04, Blasi & 
Amato’19, Inoue 19). 
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SELF-GENERATED TURBULENCE AND COSMIC RAY TRANSPORT

¡ CR streaming induces the growth of 3 modes (2 resonant, 1 non-resonant, Gary’90, Bell & Lucek’01, Bell’04).
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Resonant modes: 2 
polarizations (left/right-
handed)

2.6 Physics of the magnetic streaming instability

Figure 2.2: Scheme of the resonant mode. The particle trajectory (red) around the
magnetic field (green) follows the polarized electromagnetic field of the waves (blue).

Ê ≠kÎvÎ ±�C = 0 (2.9)

where Ê and kÎ are the frequency and wave number parallel to the magnetic field of the
wave, vÎ1 the parallel component of the resonating particle and �C = qB/m the cyclotron
frequency of the particle of mass m and charge q. The ± sign depends on the polarization
of the wave and shows the presence of two di�erent modes, oppositely polarized, that will
be investigated in the following chapters. Ê ≠kvÎ is the frequency of the wave as seen by
the particle with Doppler e�ect, and when it is equal to the particle cyclotron frequency,
then particle always experiences the same electromagnetic field and the resonance takes
place. This is illustrated in figure 2.2, representing the motion of a particle (red) around
a magnetic field line (green) following the electromagnetic field in the frame of a wave
(blue). Tsurutani and Lakhina 1997 give a more general resonance condition:

Ê ≠kÎvÎ +n�C = 0 (2.10)

with n a positive or negative integer. The case n = 0 corresponds to the Landau resonance
and the cases n = 1 and n = ≠1 are respectively the right and left fundamental resonance
conditions that we will consider in this paper. The right-hand resonant mode (n = 1) has
been widely studied and is believed to be responsible for the waves observed in the solar
wind and mentioned in section 2.2.1 (see Winske and Leroy 1984)

2.6.3 Non-resonant mode
The non-resonant mode, as opposite to the resonant modes, does not require a reso-

nance condition to be fulfilled. It was referred by Gary 1991 and Winske and Leroy 1984
as "firehose-like", which happens when a strong temperature anisotropy along a magnetic
field TÎ/T‹ > 1, with a parallel pressure exceeding the contributions of the perpendicular
and the magnetic pressures —Î > 1. In the case of the streaming instability, they believed
that the role of the pressure was played by the bulk pressure of the beam, associated with
its mean velocity.

17

Non-resonant mode (right-handed) 

Elements on the magnetic streaming instability

Figure 2.3: Scheme for the non-resonant mode. The perturbed magnetic field (green) acts
on the current with the Lorentz force (red) and there is a reaction on the background
that amplifies the waves (red).

According to Malovichko, Voitenko, and De Keyser 2014, this instability actually has
a current-driven origin which was not identified at the time by Winske and Leroy 1984
and it is identical to the instability described by Bell (Bell 2004). As shown in figure 2.3
(taken from Zirakashvili, Ptuskin, and Völk 2008), the driving force is j0 ◊ B1 (in red),
which acts on the beam-induced current, and the reaction to this force (blue) increases
the magnetic perturbation, creating a feedback that enhances the driving force. This
mode does not require an ion-cyclotron resonance to take place. It was in fact initially
studied within a fluid approach in Bell 2004, and only later re-derived within a fully
kinetic description by Amato and Blasi 2009.

2.7 Analytical results

To study analytically the development of the instability we use the linear theory from
the Vlasov equation, which applies while the perturbation is still relatively small (in the
first moments of its development). In this section we present the main equations and
results as well as the underlying hypothesis. The detailed development of these equations
can be found in Montgomery et al. 1976 (original development), Gary 1991 (review of
previous theoretical works) and Gary 1993 (book that summarizes the linear developments
of most of the streaming configurations).
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where α = NCR
ni

kvs"
∗
i . It is useful to express α as a function of the

acceleration efficiency of the shock. The total pressure in the form
of accelerated particles is

Pc = 1
3
NCR

! pmax

p0

dpp3v(p)g(p) ≈ 1
3
NCRcp0 ln

"
pmax

mic

#
. (30)

The second part of this expression is a consequence of the fact that
for spectra harder than p− 5 and not harder than p− 4, which are of
interest here, the pressure is mainly contributed by relativistic par-
ticles with p ∼ mic. In case of cosmic-ray-modified shocks, spectra
can become mildly harder than p− 4, but this is not expected to af-
fect our conclusion in a dramatic way, since it only introduces a
weak dependence on pmax. Moreover, in case of strongly modified
shocks, the major complication does not come from the spectrum
of accelerated particles, but rather from the fact that the upstream
plasma develops a precursor, namely a gradient in the fluid velocity
that makes the standard treatment illustrated here formally not ap-
plicable. On the other hand, as pointed out several times throughout
the paper, the magnetic reaction of the shock acts in the direction
of smoothening the precursor, so that although formally the math-
ematical treatment illustrated here is not applicable, in practice it
should provide a good description of the physical processes at work.

If we define η = Pc/(ni mi v2
s ) as the acceleration efficiency, we

can write

α = 3η
1
R

v3
s

c

k

rL,0
= σ

k

rL,0
, (31)

where R = ln( pmax
mic

) and rL,0 = p0c/eB0 is the Larmor radius of
the particles with momentum p0 in the background magnetic field
B0. We have also introduced σ = 3η 1

R

v3
s
c

. A resonant mode can be
obtained from equation (28) with both signs of the polarization. On
the other hand, the non-resonant mode appears only when the lower
sign is chosen.

We note that the following relation holds

σ

v2
A

= NCR

ni

p0

mic

vSc

v2
A

= 4π

c
J

rL,0

B0
, (32)

Figure 1. We plot the real and imaginary parts of the frequency as a function of wavenumber for the resonant and non-resonant modes. Wavenumbers are
in units of 1/rL,0, while frequencies are in units of v2

S/(crL,0). Top panel refers to the non-resonant branch, while lower panel is for the resonant branch. In
each panel, the solid (dashed) curve represents the real (imaginary) part of the frequency. The values of the parameters are as follows: vS = 109 cm s− 1, B0 =
1 µG, ni = 1 cm− 3, η = 0.1 and pmax = 105mpc.

where J = e NCR vS. This means that the system is strongly current
driven when σ

v2
A

≫ 1.

Therefore, the parameter σ/v2
A controls the growth rate of the

non-resonant mode: when σ/v2
A ≫ 1, the non-resonant mode is

almost purely growing and its growth is very fast. When σ/v2
A

≪ 1, the non-resonant mode is subdominant and a resonant mode
is obtained, asymptotically identical to that corresponding to the
left-hand-polarized waves (upper sign in equation 28).

In the following, we often refer to the mode arising with the
lower sign of the polarization as the non-resonant mode, although
one should keep in mind that its peak growth rate reduces to that of
the standard resonant mode in the limit σ/v2

A ≪ 1.
In Fig. 1, we plot the solution of the dispersion relation in a

case for which σ/v2
A ≫ 1. The values of the parameters are vS =

109 cm s− 1, B0 = 1 µ G, ni = 1 cm− 3, η = 0.1 and pmax = 105 mpc.
The frequency (y-axis) has been normalized to the advection time
for a fluid element upstream of the shock through the characteristic
distance crL,0/vS, namely crL,0/v

2
S . It is worth stressing, however,

that this is a good estimate of the diffusion time-scale only in the
case of Bohm diffusion, when the diffusion coefficient is D(p) ≈ rL,0

c and the diffusion time-scale is D(p)/vS ≈ crL,0/v
2
S. The plots in

the upper (lower) panel in Fig. 1 are obtained by choosing the lower
(upper) sign of the polarization in the dispersion relation (equa-
tions 28 and 29).

First, let us comment on the consistency of our derivation of the
dispersion relation. It is easy to check, from Fig. 1, that these are
indeed low-frequency modes. More specifically, they satisfy both
assumptions underlying our calculation: ω̃ ≪ kvS and ω̃ ≪ "i.
Moreover, the non-resonant mode (lower sign of the polarization
in the dispersion relation) is characterized by an imaginary part
that is much larger than its oscillatory part for a very large range
of wavenumbers. In this same range of k, for our choice of the
parameters, its growth is much faster than for the resonant branch.

Further insight in the behaviour of the different wave modes can
be gained by investigating the limits of the dispersion relation for
the regimes krL,0 ≪ 1 and krL,0 ≫ 1. Based on these asymptotic
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SELF-GENERATED TURBULENCE AND CR MEAN FREE PATH

¡ The problem is non-linear but based on a linear theory:  the diffusion coefficients are derived in the QLT framework.

¡ Need to solve a couple system of Eqs on CR pressure PCR(E), and wave pressure I(k) (Ptuskin+08, Malkov+13, 
d’Angelo+16+18, Nava+16,’19,  Evoli+18, Brahimi+19, Blasi’19)
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The damping process Gd dependent on the interstellar medium properties: 
(eg Cold neutral medium)

D=DB/I , DB=Bohm diffusion coefficient rLv/3

Q: turbulence injection term

Va drift speed of the scattering centres and CRs
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Figure 1. Ion-neutral damping rate (�in

d
, black curves), Farmer &

Goldreich damping rate (�FG

d
, red curves) and Lazarian damping

rate (�L

d
, blue curves) as a function of resonant CR energy. The

shaded region refers to the range of energy where the real pulsa-
tion of Alfvén waves is not defined, hence the turbulent damping
which depends on the Alfvén is not defined in this scale range.

Berezhko 1996).
Ptuskin et al. (2008) and Malkov et al. (2013) propose a
model to account for the escape of CRs from SNR which
is disconnected from the acceleration process. This model
assumes that escaping CRs progressively leak-out from the
source which can be seen as a CR cloud, so the name of
Cosmic Ray Cloud or CRC model. The model further con-
siders that while escaping in the ISM CR propagate along
the background magnetic field and that the cloud expansion
is su�ciently slow to approximate the CR transport by a
1D process (see Ptuskin et al. (2008); Malkov et al. (2013)).
CRs while propagating along the background magnetic field
trigger slab-type Alfvén waves through the resonant stream-
ing instability. The generation of self-generated turbulence
produces a reduction of the CR di↵usion coe�cient. Finally,
the model is developed in the quasi-linear approximation,
so it is valid only in the case of well-developed, weak turbu-
lence, an assumption which needs to be verified a posteriori.
The 1D approximation for the CR transport is valid for dis-
tances to the CRC smaller than the background magnetic
turbulence coherence length.

In this paper, we use the kinetic code developed and

presented in N16 and N19. We adapt the simulations to the
case of partially ionized phases. In this paper we again use
the setup proposed by Malkov et al. (2013) and N16. We
describe the transport of CRs and waves along magnetic
field lines by solving two coupled equations given by
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=
@
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!
(14)

for the CR pressure PCR and

@I
@t
+VA

@I
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⇣
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⌘
I+Q (15)

for the waves energy density I. Equation (14) governs the
evolution of the CRs pressure PCR in time and space. The
space propagation is controlled by two processes: an advec-
tion with the scattering centers at a speed VA and a random
walk along the background field with a di↵usion coe�cient
D. Note that in our case both VA and D are energy depen-
dent. The Alfvén speed depends on the energy regime (see
section 2.1.2): if ions and neutrals are coupled the Alfvén
speed is calculated using the total density while in the de-
coupled regime only the ion density should be retained. The
Alfvén speed can also be space-dependent in case the
ISM is inhomogeneous. In that case, the above equa-
tions have to be modified (Skilling 1975; Zank et al.
2012). It should be stressed that the above Eqs are
restricted to the quasi-linear theory. Then any mod-
elling of the back-reaction of the self-generated tur-
bulence over the background turbulence is beyond
the scope of this simple model and requires the use
of a MHD code properly coupled to CR kinetics. We
will come back on this point in sections 4 and 5. The di↵usion
coe�cient is D(E)=DB(E)/I(E) where DB(E) is the Bohm dif-
fusion coe�cient (see Bell (1978a,b)) and I(E) is the energy
density of the resonant Alfvén waves. The background di↵u-
sion coe�cient is defined by D0 =DISM(E/10 GeV)

0.5 and has
been fixed to DISM = 10

28
cm

2
s
�1 which of is the order of the

value inferred from direct CR primary to secondary ratios
measurements. CR transport is linked to the turbulence by
equation (15). In the latter, the growth of Alfvén waves is
governed by the relaxation of the streaming instability which
corresponds to the first RHS term. Skilling (1975) gives the
expression for the growth rate:

2�growthI = �VA

W0

@PCR

@z
(16)

where W0 = B2

0
/8⇡ corresponds to the magnetic energy of

the medium. The second RHS term in equation 15 describes
the damping of the waves due to ion-neutral collisions and
turbulent damping �d = �IN +�turb,L16. We also add the non-
linear Landau e↵ect to handle cases where I(E) becomes suf-
ficiently close to one (see N16 and N19). Finally, the last
term allows to consider all external sources of turbulence,
we set Q= 2�dI0 where I0 is the background turbulence level.
Hereafter, the latter is assumed to be identical whatever
the ISM phase. A detailed investigation of the large-scale-
injected turbulence in partially ionized media is a di�cult
task postponed to a future study (see the discussion in Xu
et al. (2016)).
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model to account for the escape of CRs from SNR which
is disconnected from the acceleration process. This model
assumes that escaping CRs progressively leak-out from the
source which can be seen as a CR cloud, so the name of
Cosmic Ray Cloud or CRC model. The model further con-
siders that while escaping in the ISM CR propagate along
the background magnetic field and that the cloud expansion
is su�ciently slow to approximate the CR transport by a
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CRs while propagating along the background magnetic field
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produces a reduction of the CR di↵usion coe�cient. Finally,
the model is developed in the quasi-linear approximation,
so it is valid only in the case of well-developed, weak turbu-
lence, an assumption which needs to be verified a posteriori.
The 1D approximation for the CR transport is valid for dis-
tances to the CRC smaller than the background magnetic
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presented in N16 and N19. We adapt the simulations to the
case of partially ionized phases. In this paper we again use
the setup proposed by Malkov et al. (2013) and N16. We
describe the transport of CRs and waves along magnetic
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evolution of the CRs pressure PCR in time and space. The
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2012). It should be stressed that the above Eqs are
restricted to the quasi-linear theory. Then any mod-
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where W0 = B2

0
/8⇡ corresponds to the magnetic energy of

the medium. The second RHS term in equation 15 describes
the damping of the waves due to ion-neutral collisions and
turbulent damping �d = �IN +�turb,L16. We also add the non-
linear Landau e↵ect to handle cases where I(E) becomes suf-
ficiently close to one (see N16 and N19). Finally, the last
term allows to consider all external sources of turbulence,
we set Q= 2�dI0 where I0 is the background turbulence level.
Hereafter, the latter is assumed to be identical whatever
the ISM phase. A detailed investigation of the large-scale-
injected turbulence in partially ionized media is a di�cult
task postponed to a future study (see the discussion in Xu
et al. (2016)).
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Flux tube approximation = 1D propagation along background MF up to a distance z=L, 
at one coherence length (Malkov+13) 
Ø effects over less than a few times 104 years

10 L. Nava et al.

Figure 5. Time evolution of a CR cloud of initial radius R in
the WIM phase of the interstellar medium. CR energies of 10
GeV, 100 GeV, and 1 TeV are considered (top to bottom). The
top (bottom) section of each panel shows the CR partial pressure
(diffusion coefficient). See the text for more details.

Figure 6. Time evolution of the diffusion coefficient D (nor-
malised to the background galactic value D0) for CR energies of
1 TeV. The initial radius and the half-time of the CR cloud are
indicated on the top of the panel.

is larger than 0.75 everywhere, reaching its minimum at a
distance of ∼ 65 pc;

• A different assumption on the level of background tur-
bulence would modify the solutions in the following way.
Larger D0 do not influence the region (typically at small dis-
tances/early times) where the turbulence is efficiently am-
plified, since for large amplifications, the evolution of I be-
comes insensitive to the background level I0. However, at
larger distances, the self-excited turbulence decays quickly
and the background turbulence dominates the diffusion. D0

larger than those considered in Fig. 5, would in this case pro-
duce a faster transport, resulting in a higher CR pressure at
larger distances. At late times the numerical solution ap-
proaches the TP solution, and its dependence on D0 is well
known. Conversely, when a smaller D0 is considered, the
wave amplification is less relevant (because the background
turbulence is already large) and the numerical solution tend
to approach at all times the analytic solution. This can be
seen from Fig. 3: for small values of D̂ the maximum radius
above which the growth of Alfvén waves is not relevant is
smaller.

It is worth reminding that gamma-ray observations
of molecular clouds located in the vicinity of SNRs have
been used in order to constrain observationally the CR
diffusion coefficient around SNRs (e.g. Gabici et al. 2010;
Nava & Gabici 2013). From an observational point of view,
the main limitation of these studies, to date, is linked to the
quite scarce number of SNR/molecular clouds associations
currently detected in gamma-rays. However, it is beyond
any doubt that observations performed by next generation
instruments (such as the Cherenkov Telescope Array) will
increase significantly the statistics of detections and pro-
vide meaningful constraints to our model. The gamma-ray
emission from a molecular cloud is proportional to the mass
of the molecular cloud and to the intensity of CRs at the
cloud’s location. In Fig. 7 the over-density of 1 TeV CRs
above the galactic CR background is plotted as a function
of time for a given distance from the SNR centre. This quan-
tity is proportional to the gamma-ray emission above ∼ 100
GeV from a molecular cloud of a given mass located at a
distance d from the SNR. The solid lines in Figure 7 refer
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Figure 2. Evolution in time of the spatial distribution of a CR cloud with initial radius Resc in the HIM phase. z is the distance from
the center of the SNR. CR energies of 100GeV (left) and 1TeV are considered (right). For each energy, the top panel shows the CR
partial pressure PCR (see definition in equation 4), also in terms of CR energy density (see right-hand axis). The middle panel shows
the diffusion coefficient D (left-hand axis) and I = DB/D on the right-hand axis. The bottom panel shows the rate of the damping
mechanisms (see section 2.1). In each panel the solid curves show the solution to equations 3 and 5 at three different times, as labeled
in the upper left panel. Dotted lines show the test particle solution.

Figure 3. Evolution in time of the spatial distribution of a cloud
of CRs with energy ECR = 10GeV and initial radius Resc =
100 pc in the HIM phase. z is the distance from the center of the
SNR. The solid curves show the CR partial pressure PCR (see
definition in equation 4) at different times, also in terms of CR
energy density (see right-hand axis). Dotted lines show the test
particle solution.

A first result that can be inferred from the inspection
of spectra is, as expected, that CRs of lower energy reach a
given distance at later times as compared to those of higher
energy, that diffuse faster and are released at earlier times.
Concerning the spectral index, in the top-right panel, the
two dotted lines show, for comparison, a power-law with
index equal to the spectral index of the injected spectrum
(g = −2.2) and a power-law with a steeper index −2.4.
Above the peak, all the computed spectra are steeper than
the spectrum of released CRs. Again, this is a consequence
of the faster diffusion of high energy particles.

The bottom panels in Fig. 4 show, for the same fixed
distances z = 60 pc (left) and z = 100 pc (right), the ratio
D(E, t, z)/D0 as a function of energy. Different curves show
the evolution in time. As it can be deduced from the left-
hand panel, at a fixed time the derived diffusion coefficient D
is equal to D0 at low energies, because low energy CRs have
not been released yet or have not reached yet the location
where D is estimated. At higher energies, the value of D
starts to deviate from D0. At later times, the energy above
which a deviation is evident decreases.

A somewhat more complex behavior is governing the
shape of the curves at z = 100 pc (right-hand bottom panel).
Let us focus, as an example, on the curve at t = 105 yr: the

c⃝ RAS, MNRAS 000, 1–9
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Damping
1. Below ion-neutral collision frequency partially ionized phases ion-neutral damping rate drops as k2 (Mc Ivor’77),  so 

drops as E-2 if we deal with resonant wave-particle interaction. 
2. Interaction rate of self-generated waves with background turbulence (Lazarian or Farmer-Goldreich damping) also 

drops as E-1/2.
3. Non-linear Landau damping varies as Ea-1 where the self generated turbulence spectrum scales as k-a

Growth rate
1. Resonant instability growth rate scales as E1-b, where the energy CR spectrum scales as E-b

2. The CR can trigger many other instabilities, especially the non-resonant
streaming instability, efficient in producing MF (Inoue’19).

Ø Not so easy to anticipate over the final result…
Ø Importance of local source effects for CRA (Ahlers’16).

Brahimi+19



TURBULENCE < > COSMIC RAYS

¡ CR-Turbulence constitutes a complex system. Its dynamics is difficult to handle unless using numerics.  

19



PARTICLE-IN-CELL-MAGNETOHYDRODYNAMICS
¡ Combine a MHD solver with a PIC module to handle CR dynamics. (alternative di-hybrid method; Gargaté+07, 

Caprioli & Spitkovsky’14).

¡ Methodology 1)Solve MHD Eqs [Bai+15 ATHENA, 

van Marle+18 MPI-AMR-VAC, Mignone+18 PLUTO]
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PIC-MHD models of shocks and particle acceleration 3

Unlike grid-based MHD, the PIC approach to gas dy-
namics treats the gas as a large collection of particles. This
allows the user to describe physical e↵ects that are based on
the behavior of individual particles, something that is not
possible in grid-based MHD. The downside of the PIC ap-
proach is that it is numerically expensive, has a high level
of numerical noise, and hence can only deal with relatively
small physical volumes and/or short physical timescales.
Both approaches however share common features as the fact
that both have to provide a temporal description of the elec-
tromagnetic field occurring within the plasma. PIC codes
usually use a Yee-type algorithm to solve the Maxwell equa-
tions while MHD code solve the magnetic induction equa-
tion. In the non-relativistic MHD limit, it is generally as-
sumed that the inertia of the thermal electrons can be ne-
glected leading to a so-called Ohm’s law linking the elec-
tric field to the magnetic field so that only magnetic terms
enter the various MHD equations. In the context of astro-
physical shocks where supra-thermal particles carry electri-
cal charges, such relationship between electric and magnetic
field has to be revisited.

2.3 Combining both methods using Ohm’s law

The large-scale description of particle acceleration occur-
ring near astrophysical shocks stands as a challenge for PIC
codes as such numerical method is inherently computation-
ally expensive if one considers large volume of gas. In many
practical applications the majority of the particles behave
as a thermal fluid and is described far more e�ciently by
grid-based MHD. It is only the (relatively) small number
of non-thermal particles that need to be treated individu-
ally. Therefore, the key to handle simultaneously both the
thermal fluid and the supra-thermal particles is to achieve
a mutual feedback in order to provide a self-consistent de-
scription of the interplay between both populations. Such
link lies in the electromagnetic field whose interaction with
both type of particles is the cornerstone of collisionless plas-
mas. In the context of non-relativistic MHD, the electric field
can be expressed as a function of the magnetic field and
the fluid velocity via a so-called Ohm’s law. The presence
of supra-thermal particles within the thermal plasma leads
to the addition of extra terms within the Ohm’s law tak-
ing into account the electrical current and charge carried by
these particles. Such an approach has been presented by Bai
et al. (2015) considering a single particle species with a pos-
itive electrical charge. In the next subsection we generalized
the aforementioned approach to any type of supra-thermal
particles (electrons and ions).

2.3.1 PI[MHD]C equations

The MHD conservation equations for mass, momentum and
energy, including the additional terms that arise from the
interaction with the non-thermal particles are:

@⇢
@t

+ r · (⇢v) = 0, (1)

where ⇢ and v stand as the mass density and velocity of the
thermal plasma,

@⇢v
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◆
= � Fpart, (2)

with B being the magnetic field while Ptot = P +B2/8⇡ is
the total pressure. The energy equations reads
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where e is the total energy density of the thermal plasma.
The new terms appearing on the rhs of Eq.(2,3) involve
an averaged supra-thermal particle velocity upart as well
as the opposite of the force density applied by the thermal
plasma upon the supra-thermal particle Fpart. The defini-
tion of upart stems from the generalized Ohm’s law expres-
sion, namely
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!
⇥ B

nee
(4)

where ne is the number density of thermal electrons, ni is
the number density of thermal ions. n↵ is the average num-
ber density of supra-thermal particle species ↵, q↵ being its
individual electrical charge while u↵ stands for its average
velocity. e is the positive elementary charge. We note the to-
tal non-thermal density as npart =

P
↵ n↵q↵/e. From charge

conservation we have ne = ni + npart. As discussed by Bai
et al. (2015), the terms related to the electron thermal pres-
sure and the Hall current can be safely discarded provided
we consider plasmas where the magnetic field pressure is not
very small compared to thermal pressure and typical varia-
tion lengthscales larger than the ion skin depth. Consider-
ing the local electrical neutrality of the plasma and supra-
thermal population altogether, we obtain the expression of
Ohm’s law, namely

cE = � ((1�R)v +Rupart)⇥ B (5)

where R =
P

↵ n↵q↵/nee is a direct measure of the relative
density of supra-thermal particles. The average velocity of
the whole supra-thermal population is

upart =

P
↵ n↵q↵u↵P
↵ n↵q↵

=
Jpart

nparte
(6)

Additionally we define

E0 = � v
c
⇥ B (7)

as the electric field that would be generated by the thermal
gas alone. The actual electric field, E, generated by both
thermal and non-thermal populations combined is related
to the force applied by the thermal gas upon supra-thermal
particles, namely

Fpart

nie
= (1�R) (E0 � E) (8)

The Lorentz force Fpart can be expressed as

Fpart = (1�R)

✓
nparteE0 +

Jpart

c
⇥ B

◆
, (9)

In order to close the set of PI[MHD]C equations, we consider
the temporal evolution of the magnetic field provided by the
Maxwell-Ampere equation,

@B
@t

= cr⇥ E (10)

For the sake of completeness we have to consider the total
electric field generated by both populations in the induction
equation.
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In order to close the set of PI[MHD]C equations, we consider
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the number density of thermal ions. n↵ is the average num-
ber density of supra-thermal particle species ↵, q↵ being its
individual electrical charge while u↵ stands for its average
velocity. e is the positive elementary charge. We note the to-
tal non-thermal density as npart =

P
↵ n↵q↵/e. From charge

conservation we have ne = ni + npart. As discussed by Bai
et al. (2015), the terms related to the electron thermal pres-
sure and the Hall current can be safely discarded provided
we consider plasmas where the magnetic field pressure is not
very small compared to thermal pressure and typical varia-
tion lengthscales larger than the ion skin depth. Consider-
ing the local electrical neutrality of the plasma and supra-
thermal population altogether, we obtain the expression of
Ohm’s law, namely

cE = � ((1�R)v +Rupart)⇥ B (5)

where R =
P

↵ n↵q↵/nee is a direct measure of the relative
density of supra-thermal particles. The average velocity of
the whole supra-thermal population is

upart =

P
↵ n↵q↵u↵P
↵ n↵q↵

=
Jpart

nparte
(6)

Additionally we define

E0 = � v
c
⇥ B (7)

as the electric field that would be generated by the thermal
gas alone. The actual electric field, E, generated by both
thermal and non-thermal populations combined is related
to the force applied by the thermal gas upon supra-thermal
particles, namely

Fpart

nie
= (1�R) (E0 � E) (8)

The Lorentz force Fpart can be expressed as

Fpart = (1�R)

✓
nparteE0 +

Jpart

c
⇥ B

◆
, (9)

In order to close the set of PI[MHD]C equations, we consider
the temporal evolution of the magnetic field provided by the
Maxwell-Ampere equation,

@B
@t

= cr⇥ E (10)

For the sake of completeness we have to consider the total
electric field generated by both populations in the induction
equation.
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Unlike grid-based MHD, the PIC approach to gas dy-
namics treats the gas as a large collection of particles. This
allows the user to describe physical e↵ects that are based on
the behavior of individual particles, something that is not
possible in grid-based MHD. The downside of the PIC ap-
proach is that it is numerically expensive, has a high level
of numerical noise, and hence can only deal with relatively
small physical volumes and/or short physical timescales.
Both approaches however share common features as the fact
that both have to provide a temporal description of the elec-
tromagnetic field occurring within the plasma. PIC codes
usually use a Yee-type algorithm to solve the Maxwell equa-
tions while MHD code solve the magnetic induction equa-
tion. In the non-relativistic MHD limit, it is generally as-
sumed that the inertia of the thermal electrons can be ne-
glected leading to a so-called Ohm’s law linking the elec-
tric field to the magnetic field so that only magnetic terms
enter the various MHD equations. In the context of astro-
physical shocks where supra-thermal particles carry electri-
cal charges, such relationship between electric and magnetic
field has to be revisited.

2.3 Combining both methods using Ohm’s law

The large-scale description of particle acceleration occur-
ring near astrophysical shocks stands as a challenge for PIC
codes as such numerical method is inherently computation-
ally expensive if one considers large volume of gas. In many
practical applications the majority of the particles behave
as a thermal fluid and is described far more e�ciently by
grid-based MHD. It is only the (relatively) small number
of non-thermal particles that need to be treated individu-
ally. Therefore, the key to handle simultaneously both the
thermal fluid and the supra-thermal particles is to achieve
a mutual feedback in order to provide a self-consistent de-
scription of the interplay between both populations. Such
link lies in the electromagnetic field whose interaction with
both type of particles is the cornerstone of collisionless plas-
mas. In the context of non-relativistic MHD, the electric field
can be expressed as a function of the magnetic field and
the fluid velocity via a so-called Ohm’s law. The presence
of supra-thermal particles within the thermal plasma leads
to the addition of extra terms within the Ohm’s law tak-
ing into account the electrical current and charge carried by
these particles. Such an approach has been presented by Bai
et al. (2015) considering a single particle species with a pos-
itive electrical charge. In the next subsection we generalized
the aforementioned approach to any type of supra-thermal
particles (electrons and ions).

2.3.1 PI[MHD]C equations

The MHD conservation equations for mass, momentum and
energy, including the additional terms that arise from the
interaction with the non-thermal particles are:

@⇢
@t

+ r · (⇢v) = 0, (1)

where ⇢ and v stand as the mass density and velocity of the
thermal plasma,
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◆
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with B being the magnetic field while Ptot = P +B2/8⇡ is
the total pressure. The energy equations reads

@e
@t

+r·
✓
(e+Ptot)v+(E�E0)⇥

B
4⇡

◆
= � upart ·Fpart (3)

where e is the total energy density of the thermal plasma.
The new terms appearing on the rhs of Eq.(2,3) involve
an averaged supra-thermal particle velocity upart as well
as the opposite of the force density applied by the thermal
plasma upon the supra-thermal particle Fpart. The defini-
tion of upart stems from the generalized Ohm’s law expres-
sion, namely
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where ne is the number density of thermal electrons, ni is
the number density of thermal ions. n↵ is the average num-
ber density of supra-thermal particle species ↵, q↵ being its
individual electrical charge while u↵ stands for its average
velocity. e is the positive elementary charge. We note the to-
tal non-thermal density as npart =

P
↵ n↵q↵/e. From charge

conservation we have ne = ni + npart. As discussed by Bai
et al. (2015), the terms related to the electron thermal pres-
sure and the Hall current can be safely discarded provided
we consider plasmas where the magnetic field pressure is not
very small compared to thermal pressure and typical varia-
tion lengthscales larger than the ion skin depth. Consider-
ing the local electrical neutrality of the plasma and supra-
thermal population altogether, we obtain the expression of
Ohm’s law, namely

cE = � ((1�R)v +Rupart)⇥ B (5)

where R =
P

↵ n↵q↵/nee is a direct measure of the relative
density of supra-thermal particles. The average velocity of
the whole supra-thermal population is

upart =

P
↵ n↵q↵u↵P
↵ n↵q↵

=
Jpart

nparte
(6)

Additionally we define

E0 = � v
c
⇥ B (7)

as the electric field that would be generated by the thermal
gas alone. The actual electric field, E, generated by both
thermal and non-thermal populations combined is related
to the force applied by the thermal gas upon supra-thermal
particles, namely

Fpart

nie
= (1�R) (E0 � E) (8)

The Lorentz force Fpart can be expressed as

Fpart = (1�R)

✓
nparteE0 +

Jpart

c
⇥ B

◆
, (9)

In order to close the set of PI[MHD]C equations, we consider
the temporal evolution of the magnetic field provided by the
Maxwell-Ampere equation,

@B
@t

= cr⇥ E (10)

For the sake of completeness we have to consider the total
electric field generated by both populations in the induction
equation.
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2.3.2 Particle motion

Most of the astrophysical shocks involve collisionless plas-
mas where one can safely discard collisions between parti-
cles. The equation governing the motion of individual supra-
thermal particles will then only take into account the elec-
tromagnetic force, namely

@p↵,j

@t
= qj

✓
E+

u↵,j

c
⇥ B

◆
(11)

with p↵,j , qj and u↵,j the momentum, charge and velocity
of particle j. Inserting Eq.(5) for the electric field leads to
the following equation

@p↵,j

@t
=

q↵
c

(u↵,j � (1�R)v �Rupart)⇥ B (12)

where we see that contributions from the thermal plasma
and the average velocity of supra-thermal particle do influ-
ence the motion of a single particle. Within a given MHD
cell, one can express the energy balance regarding all supra-
thermal particles located in this cell as

X

↵

X

j

n↵u↵,j ·
@p↵,j

@t
= upart · Fpart (13)

which shows that the total energy is conserved as the
supra-thermal population exchanges energy with the ther-
mal plasma and magnetic field.

2.4 Numerical approach

We use the MPI-AMRVAC (van der Holst et al. 2008) code as
a basis. This is a fully conservative, finite-volume code that
solves conservation equations on an adaptive mesh grid and
uses the OpenMPI library for running in parallel on systems
with distributed memory architecture. In order to create a
high-performance PI[MHD]C code, we maintain the existing
architecture of the code but replace the standard equations
of ideal magneto-hydrodynamics with Eqs. 1-3. We have also
created an additional module which includes the additional
physics required to deal with PIC treatment of individual
particles.

The MPI-AMRVAC code is fully 3-D, but for the study
presented in this paper, we limit ourselves to 2D3V appli-
cations, namely using a two-dimensional spatial grid while
velocity and electromagnetic field exhibit three components.
In the following paragraphs we present the various new fea-
tures added to the MPI-AMRVAC code.

2.4.1 PI[MHD]C Code structure

Finite volume MHD codes rely on a grid of given geometry
where MHD quantities are defined at the center of each cell
of the grid. In order to compute the MHD fluxes occurring
through each cell interface, one needs to accurately approach
the solution of the corresponding Riemann problem using
a given MHD solver combined to a slope limiter. On the
other hand, PIC codes usually define physical quantities at
di↵erent locations on the grid when they employ a Yee-type
algorithm. For instance, magnetic fields are defined at the
center of the cells while electric fields and current density
are set on the cell edges and charge density at the corners.

In order to couple both approaches with the minimum

amount of numerical computations, we choose to use the
MHD grid as a base and to consider an o↵set PIC grid where
MHD cell centers stand as PIC cell corners. Such choice
allows us to simply map the charge and current densities
generated by the particles onto the MHD grid without any
interpolation procedure. Mapping the charge and current
densities is achieved through standard second-order cloud-
in-cell techniques (Ferrell & Bertschinger 1994).

The temporal evolution of the simulation follows the fol-
lowing pattern: At the beginning of each time-step, the MHD
quantities are saved. We then advance them for one MHD
time-step according to the equations derived in Section 2.3,
which include both the magneto-hydrodynamical properties
of the thermal gas and the charge and current generated by
the non-thermal particles. We then evolve the particle po-
sitions and velocities of the supra-thermal particles using a
relativistic form of the Boris-method (Birdsall & Langdon
1991, and references therein) based on the MHD quanti-
ties from the beginning of the MHD time-step. Finally, we
map the charge and current densities, as determined by the
new particle distribution in phase space, onto the grid. At
this point the time-step ends and the process repeats itself.
It is noteworthy that MHD time-step (based on Courant-
Friedrich-Levy condition) and PIC time-step (imposed by
particle dynamics) do not match. As PIC time-step is usu-
ally smaller than the MHD ones, we have the possibility to
perform several PIC time-step within one given MHD step.
However, in order to maintain the simulation coherence, we
do not allow more than a few PIC steps within one MHD
step (see Bai et al. (2015)).

2.4.2 Adaptive Mesh Refinement

The MPI-AMRVAC code uses the Octree system of adaptive
mesh refinement (Shephard & Georges 1991). This system
divides the physical domain of the simulation into a number
of identical grids, which can be independently refined. Each
time a grid is refined, it is subdivided into 2D similar grids
that are D-dimensional. The decision on whether or not to
refine is based on the variance of one or more selected vari-
ables within a grid. If the variance exceeds a pre-set limit
then the grid is refined. Conversely, if the variance gets be-
low a given limit within a part of the computational domain,
then the grid is coarsened. The Octree system further en-
sures that adjacent grids never di↵er by more than one level
of refinement. Implementing PI[MHD]C, we maintain this
structure, but put in an additional condition: if the number
of particles within a grid reaches 25% of a pre-set maximum
the grid is no longer allowed to coarsen. If the number of
particles reaches 80% of the maximum, the grid is refined
(assuming it has not yet reached the maximum refinement
allowed). Additionally, the grid can be set to refine if the
average Larmor radius of the particles within the grid be-
comes smaller than a pre-set number times the size of the
individual grid cells. This ensures that the Larmor radius is
always resolved (see also § 2.4.4.)

At the boundaries between grids, each grid has a set
of “ghostcells”, which provide it with information from its
neighbors. For usual MHD without AMR the values in these
ghostcells are a simple matter of copying the values from
the neighbor. In case AMR is triggered, then one must rely
on coarsening/interpolating procedures to provide the nec-
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¡ In the context of shock acceleration physics (van Marle+18, 19)
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Figure 1. Magnetic field strength and thermal plasma density at four consecutive moments in time, showing the development of a
filamentary instability in the upstream medium as well as the distortion of the shock front. Initially, (t=405 !�1

c , upper left panel) the
structure in the magnetic field seems random and the thermal gas density remains undisturbed. However, over time (t=540, 675 and
810 !�1

c ) the disturbance in the upstream magnetic field forms filaments and the thermal gas density follows. The downstream magnetic
field becomes highly turbulent. Owing to the varying pressure, the shock front becomes distorted

the thermal plasma and the magnetic field, whereas the non-
thermal component is calculated using the PIC method. The
interaction between the two components is taken into ac-
count through a modified version of Ohm’s law,

c E = �
�
(1 � R) v + R upart

�
⇥ B (1)

with c, the speed of light, E the electric field, v the velocity
of the thermal plasma, upart the average velocity of the
supra-thermal particles, B the magnetic field and R the
ratio of the supra-thermal particle charge density to the
total charge density (R ⌧ 1). MHD momentum and energy
equations also consider contributions from the non-thermal
population leading to a global momentum and energy
conservation. The gas is considered to be non-collisional
and the only interaction between the non-thermal particles
and the thermal gas is through the electro-magnetic field.

We use the same code described in Paper 1, which
is based on the MPI-AMRVAC code (van der Holst et al.
2008; Keppens et al. 2012). This is an MPI-parallel,
fully conservative code that uses the OCTREE (Shephard
& Georges 1991) adaptive mesh system to dynamically
adapt the grid resolution. Onto this code we have added a

module that calculates the motion of charged particles in
an electro-magnetic field using the Boris-pusher (Birdsall
& Langdon 1991). The influence of the charged particles
on the thermal gas is accounted for through the modified
conservation equations described by Bai et al. (2015);
Mignone et al. (2018); Amano (2018) and Paper 1. This
method allows for a self-consistent interaction between the
particles and the thermal gas while conserving momentum
and energy. In order to ensure that the magnetic field
remains divergence-free throughout the simulation we
have implemented the constrained-transport method as
described in Balsara (1998); Balsara & Spicer (1999).

2.2 Corrugated shock capture procedure

In the simulations shown in Paper 1 we injected the particle
along a straight line, perpendicular to the flow. The posi-
tion of this line was determined by the x-coordinate (here-
after the coordinate along the shock normal) of the highest
density gradient, which was assumed to coincide with the
location of the shock. However, once the shock becomes cor-
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Figure 2. Magnetic field strength relative to the initial magnetic field strength B0 (top), relative density of the non-thermal particles
compared to the thermal gas (middle), and thermal gas density relative to the initial upstream thermal gas density ⇢0 (bottom) at same
moments in time as in Fig. 1. Each figure shows a cut through the simulation box along the yz-diagonal. Note that his image shows a
zoom-in on the shock. The actual simulation box extends along the x-axis from �96 to 96Rl .

Figure 3. Left: Magnetic power spectrum in both the upstream and downstream media as a function of the parallel wave vector k.
Right: Parallel cosmic-ray current as a function of the distance to the front shock. Here x!pi/c = xvinj/RlVA with vinj = 3 ⇥ MAVA, so
the figure covers the area from x = �22.2Rl to +22.2Rl . The upstream spectrum peaks at k ⇠ 0.02!pi/c which is in agreement with the
expected maximal wave vector growth value from the non-resonant streaming instability, namely kmax = JCR, k/2B0.
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Figure 8. Time evolution of the non-thermal particle SEDs for the 3-D simulation (left) 25 million particle 2D simulation (centre), 50
million particle 2-D simulation (right). E0 is the particle injection energy.

Figure 9. Maximum velocity of the particles in the grid as a
function of time relative to the injection energy. The energy of the
particles in the 3-D simulation increases more slowly and tends to
level o↵ more quickly compared to the 2-D models, because the
3-D simulation is more sensitive to shock distortion.
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Figure 8. Time evolution of the non-thermal particle SEDs for the 3-D simulation (left) 25 million particle 2D simulation (centre), 50
million particle 2-D simulation (right). E0 is the particle injection energy.

Figure 9. Maximum velocity of the particles in the grid as a
function of time relative to the injection energy. The energy of the
particles in the 3-D simulation increases more slowly and tends to
level o↵ more quickly compared to the 2-D models, because the
3-D simulation is more sensitive to shock distortion.
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RESONANT STREAMING INSTABILITY 

¡ Anisotropic CR-driven turbulence (Bai+19:): Here two major difficulties 1) the ratio nCR/nISM <<1, 2) among these 
nCR CRs very few are in resonance with a wave with a wave number k. 

¡ Bai+19 adopted a dF method where each particle represents a Lagrangian marker of the difference between the 
full solution F and the equilibrium solution F0  => reduced noise level.

22

8 X.-N. Bai et al.

While the MHD formulation is non-relativistic, the CR
particles can be relativistic. We define an artificial speed
of light C for the CR particles, and the overall formula-
tion is consistent as long as C � vA (typical MHD veloc-
ities). For an individual particle j, we have pj = �jvj ,
with Lorentz factor given by

�j =

q
C2 + p2j

C =
Cq

C2 � v2j

. (33)

The particle equation of motion reads

dpj

dt
=

✓
q

mc

◆

j

✓
cE + vj ⇥B

◆
. (34)

Note that as mentioned earlier, we have dropped the indi-
vidual particle mass in the definition of particle momen-
tum. This mass is absorbed to the factor q/(mc), rep-
resenting particle charge-to-mass ratio. Also note that
the physical speed of light c has no significance in all
equations where it appears: inspection of Equations (29),
(30), (32), and (34) shows that c appears only in the
combinations JCR/c, cE , and q/mc, and for numerical
purposes can be absorbed into the parameter (q/mc).
In our simulations, ideal MHD equations for the back-

ground thermal plasma are solved using the Athena
MHD code (Stone et al. 2008), which is a higher-order
Godunov code with constrained transport to enforce the
divergence-free condition of the magnetic field. The cor-
ner transport upwind (CTU, Gardiner & Stone 2005,
2008) method is adopted for time integration. We use
the Roe Riemann solver (Roe 1981) and third-order re-
construction in characteristic variables. CR particles are
implemented as Lagrangian particles, and the coupling
between CRs and the background plasma is handled by
adding source terms in the gas momentum and energy
updates, as indicated on the right hand sides of Equa-
tions (29), (30). The CR particle equation of motion (34)
is solved by the standard Boris integrator (Boris 1970).
A standard triangular-shaped cloud (TSC) scheme (Bird-
sall & Langdon 2005) is used for interpolating grid quan-
tities to particle locations, and for depositing particle
quantities back to the grid (e.g., to evaluate nCR and
JCR in Equation (32)). Details of the CR implementa-
tion are described in Bai et al. (2015).

3.2. The �f Method

The original CR implementation in Bai et al. (2015)
interprets individual particles as representing the full dis-
tribution function f(x,p), and evaluates physical quan-
tities such as nCR, JCR directly according to Equation
(32). We refer to this approach as the “full-f method”,
which can be subject to large Poisson noise.
In the case where the distribution function is close to

some equilibrium distribution f0(x,p), one can use the
fact that f0 is already known analytically, and employ
individual particles as Lagrangian markers taken to rep-
resent the di↵erence, �f , between f0 and the full distri-
bution function f . This is known as the �f method (e.g.,
Parker & Lee 1993; Dimits & Lee 1993; Hu & Krommes
1994; Denton & Kotschenreuther 1995; Kunz et al. 2014).

The basis of the �f method is the Liouville theorem,
which requires that the full distribution function f be
constant along particle trajectories in phase space (i.e.,
characteristics).
To implement the �f method, we first record the initial

value of f at t = 0 for all particles (which is essentially
f0). Then at every time t, we assign a weight wj to each
particle j given by

wj ⌘
�f(t,xj(t),pj(t))

f(t,xj(t),pj(t))
= 1�

f0(xj(t),pj(t))

f(0,xj(0),pj(0))
. (35)

Physical quantities such as the CR number density and
current density are obtained by

nCR(t,x) = nCR,0 +

Z
�f(t,x,p)d3p

' nCR,0 +

NpX

j=1

wjS(x� xj) ,
(36)

JCR(t,x) = JCR,0 + qCR

Z
v�f(t,x,p)d3p

' JCR,0 + qCR

NpX

j=1

wjvjS(x� xj) ,
(37)

where S(r) is the shaping function used in particle in-
terpolation (i.e., the TSC scheme), and nCR,0 and JCR,0
are obtained analytically from f0. By contrast, full-f
method corresponds to setting wj = 1, nCR,0 = 0 and
JCR,0 = 0. In this way, the �f method dramatically
reduces the Poisson noise of the background particle dis-
tribution, allowing the signal from the �f part to be sub-
stantially boosted.
In practice, we have found that the �f method is essen-

tial. Without employing it (i.e., using the full-f method),
and using our fiducial simulation parameters, we barely
observe the development of the CRSI even using ⇠ 104

particles per cell, and the system is almost entirely dom-
inated by Poisson noise (see Appendix D for more infor-
mation).
We note that with the �f method, exact conserva-

tion of the total (gas and CR) momentum and energy,
achieved in the full-f method, is lost. This is inevitable,
since the formulation of the �f method is intrinsically
non-conservative. However, the benefit from low noise is
of overwhelming importance for the CRSI problem, and
in practice we find that the error in total momentum and
energy is negligible throughout all our simulations.

3.3. The  distribution

While the CRSI is commonly analyzed with f0 being
a simple truncated power law (8), this is incompatible
with the �f method. The reason is that the �f method
requires f0 to be finite at all p since it serves as the
normalization factor in the weighting function, Equation
(35). To avoid divergence, we modify f0 to be a  distri-
bution (e.g., see Summers & Thorne 1991 and references

CR density expressed in terms of the equilibrium solution.

Vd> Va set-up in the frame where CR 
distribution is isotropic – the 
background plasma drifts with a speed Vd

isotropic CR distribution 
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Fig. 6.— The linear growth rate of the CRSI measured in run
M3 (top), Fid (middle) and M5 (bottom), where black/red curves
mark the left/right handed polarization. Blue solid/dashed lines
mark the analytical growth rate expected from a -distribution for
left/right handed modes.

linear growth of all other forward-propagating modes is
observed from the beginning, whereas backward propa-
gating modes always damp. The fastest growing mode,
resonant with particles near p = p0, is found to be near
k = km ⇡ 3.3⇥ 10�3 = ⌦c/p0 as expected.
More quantitatively, we measure the linear growth rate

of forward-propagating modes on the k-by-k bases. This
is done within t = 3⇥104⌦�1

c for run Fid and t = 104⌦�1
c

for run M3. We also consider run M5, and measure its
growth rate within t = 5⇥105⌦�1

c . The results are shown
in Figure 6, and are compared with analytical growth
rates.
Overall, even though the modes are very densely pop-

ulated, the numerical growth rate matches analytical re-
sults remarkably well. For runs Fid and M5, both left
and right handed modes grow at about the same rate,
whereas for run M3, right-handed mode grows slightly
faster, all being consistent with theoretical expectations.
We stress that phase randomization is essential in achiev-
ing these results, as is further discussed in Appendix C.
The growth of the CRSI is better captured towards

low k, whereas for high k, instability growth competes
with wave damping by numerical dissipation. As a re-
sult, the measured growth rates cut o↵ at some k ⇠ kcut,
which decreases from run M3 to run M5 as the instability
growth rate decreases by about two orders of magnitude.
In fact, because of the small CRSI growth rate, kcut cor-
responds to about 20, 30, and 45 grid cells for runs M3,
Fid, and M5. This again indicates much higher numer-
ical resolution is needed to study the CRSI compared
with typical pure MHD instabilities.
Note that for run M3, although the di↵erence in growth

rate between left and right handed modes is small, the
resulting di↵erence in wave amplitudes can be significant
after a few e-folding times. This is already evident in
the right bottom panel of Figure 5: within one e-folding
time, the intensity of the right handed mode is already
about twice that of the left handed mode. This will a↵ect

subsequent QLD of particles to be discussed later.
As a side note, we have also conducted simulations

with drift speed vD between 0 and vA. We find that all
wave modes are damped, and damping is the fastest for
at k ⇠ km. In the case of vD = 0, forward/backward
propagating modes damp at the same rate, whereas for
0 < vD < vA, damping of forward propagating modes
are slower than that for backward propagating modes.
They all agree well with the dispersion relations.

5.2. Quasi-Linear Evolution for run Fid

Past the linear stage, QLD starts to modify the parti-
cle distribution functions, and drives the particle distri-
bution towards isotropy in the wave frame. In Figure 7,
we show the time evolution of the particle distribution
function (�f/f0) via four successive snapshots of the our
fiducial run. For each snapshot, the color scale represents
occupation at a given p and µ. We have also marked with
dashed lines the loci in phase space resonating with the
same wavelength

pµ = ⌦c/k = const . (43)

From Figure 7, it is clear that over time a deficit of par-
ticles develops near µ ⇠ 1 while an excess develops near
µ ⇠ �1. This change in �f reflects the tendency of
QLD to scatter CRs towards a new distribution that is
isotropic in a frame that is moving to the left with respect
to the initial CR distribution. Figure 7 also shows that
an excess and deficit of particles develops respectively to
the right and left of µ = 0; we discuss this further below.
In Figure 8 we show the wave spectrum for the same

snapshots as Figure 7. In these plots, we mark with
dashed vertical lines the k values for the corresponding
dashed lines in Figure 7. Over time, the spectrum of
forward-propagating waves grows at all but the lowest
and highest k, with comparable amplitudes for left- and
right- polarizations.

5.2.1. Overall Evolution

At t ⇠ 3 to 10 ⇥ 104⌦�1
c , QLD has started to make

appreciable changes to the particle distribution function.
The initial QLD is the fastest around particles in res-
onance with the fastest growing mode at k ⇠ km =
3.3⇥10�3, as can be clearly identified in the second panel
of Figure 7.5 As discussed in Section 2.1, the way QLD
acts to isotropize the CR distribution is by scattering
forward-traveling CRs to from higher to lower (positive)
parallel velocities, and by scattering backward-traveling
CRs from lower to higher (negative) parallel velocities.
This is exactly what we see in Figure 7, with excess
and deficits on the left and right sides of the thick black
dashed line.
With some CRs resonant with these waves giving up

their free energy through QLD, the growth of the most
unstable mode slows down. More slowly growing modes
at longer wavelengths have not yet grown to su�cient
amplitudes to yield appreciable QLD to particles in res-
onance with them at this time, thus still grow at the

5 The initial wave spectrum also leads to some QLD that slightly
a↵ects the appearance of the distribution function (owing to con-
tributions from high-k modes) at early times t . 5⇥ 104⌦�1

c .

Linear growth rate for left (black) and right 
(red) handed polarized modes. Blue analytical 
calculation for three different levels of nCR/nISM
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Fig. 18.— Saturation level measured from our simulations, in
terms of wave energy density normalized by CR fraction. Black
circles are from runs Fid, vD4 and vD8, red diamonds are from
run Fid-hires, and blue squares are from run M3. Small/thin sym-
bols are measured based on the total wave energy density, while
large/thick symbols are measured from the same runs, but cor-
rected from numerical dissipation. The dashed line indicates the
expected saturation level assuming all CRs are fully isotropized,
obtained by setting Equations (22) and (24) equal.

energy eventually plateaus, indicating saturation is close
to completion.
In Figure 17, we show results related to quasi-linear

evolution of runs vD4 and vD8. The overall outcomes
are in between those of run Fid and run M3. Crossing
across 90� becomes easier as vD increases. By the end
of the simulations, particles with 4p0 . p . 20p0 are
roughly fully isotropized in run vD4. For run vD8, the
range enlarges to p0 . p . 40p0. 7 Lower-energy parti-
cles are in the process of (but have not yet completed)
isotropization. Isotropization is limited by the rate of
90� crossing, which is much slower for these lower-energy
particles (see discussion in Section 5.4).

6.1.1. The Saturation Level

At this point, we can gather all simulation runs dis-
cussed so far to address the saturation level of the CRSI
as a function of vD. The saturation level is measured in
terms of wave energy density. With equipartition of mag-
netic and kinetic energies, it can simply be represented
by h�B2

/B
2
0i in dimensionless form. Theoretically, the

predicted wave energy saturation level is obtained by
equating Equations (22) and (24), and is proportional
to (nCR/ni)�v. Integrating the derivative of the distri-
bution function numerically, the result is shown as the
dashed line in Figure 18.
The final wave energy density obtained from our runs

Fid, vD4, vD8, M3, and Fid-hires (discussed in the next

7 Two numerical artifacts can be identified in Figure 17. The
banded horizontal feature in the top panels is due to the division
into 8 particle momentum bins. Within each bin, there is more
noise towards higher energies because there are fewer particles.
One may also find that particle mean drift velocities at various
energies do not reach zero even they are theoretically expected to be
fully isotropized (bottom panel). This is related to coarse particle
binning during outputs (mentioned earlier in Section 5.3.2).
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Fig. 19.— Time evolution of total wave intensity for runs with
di↵erent numerical parameters.

subsection) are also shown in Figure 18. Even though
runs M3 and vD8 are close to complete saturation, their
final wave energy densities appear to be far from the ex-
pected level. This is because numerical dissipation, while
very low in the Athena MHD code, is still non-negligible
for the extremely long simulation time necessary to reach
saturation. 8 With an adiabatic equation of state, we
can capture the change in gas internal energy over time
(thanks to the excellent energy conservation properties in
the gas component), and find that it increases steadily as
result of numerical dissipation, and reaches a level that is
comparable to the overall wave energy density by the end
of the runs. When we add this energy lost to dissipation
to the direct wave energy, we find much more reason-
able saturation levels, as shown in thick/larger symbols
in Figure 18. In particular, run Fid remains at a level
below the full saturation prediction because particles be-
come “stuck” at 90�, whereas runs vD4 and vD8 are
more and more close to the expected saturation level,
as more particles are fully isotropized. Run M3, which
based on its distribution function is clearly isotropized,
is excellent agreement with theoretical expectations for
the wave amplitude.

6.2. Numerical Parameters

Here, we examine our runs Fid-Hires, Fid-short, Fid-
Np64 and Fid-Np1024, in which we keep physical param-
eters the same and vary only numerical parameters (note
that for run Fid-Hires, we have slightly reduced the box
size to save computational cost). In Figure 19, we show
the time evolution of the wave energy density of these
runs. Overall, these three runs proceed very similarly
to run Fid.9 QLD proceeds slightly slower in run Fid-
Short, but it catches up to the other runs shortly after.
Run Fid-Hires eventually grows to reach larger wave am-
plitudes, which we will show later is due to more e�cient

8 Dissipation of low-amplitude waves imposed in the initial con-
ditions is also evident at early times in Figure 4.

9 All these runs have the same initial wave amplitude A = 10�4

(see Equation 42). Run Fid-Hires thus has more initial wave energy
because of more spectral range it covers.

Saturation magnetic energy density for three different 
runs varying the drift speed. Dashed line: analytical 
saturation level 
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In the wave frame, we have

@fw

@µw
⇡ @�f

@µw
� @f0

@ ln p

�v

vw
. (20)

In the fully saturated state, we expect @fw/@µw = 0,
and hence the pitch angle distribution should satisfy

@�fsat

@µw
⇡ @f0

@ ln p

�v

v
) �fsat ⇡ µw

@f0

@ ln p

�v

v
. (21)

The amplitude of the Alfvén waves in the saturated
state can also be estimated. The net momentum density
acquired by the CRs after saturation is reached is

�PCR =

Z
µp(�fsat)d

3
p =

4⇡

3

Z
@f0

@ ln p

�v

v
p
3
dp . (22)

Note that with @f0/@p < 0, this implies that if initially
�v = vD � vA > 0, in saturation the CR distribution
must have acquired a momentum deficit, �PCR < 0. In
the limit that all CRs are relativistic, this yields

�PCR ⇡ �4

3

nCR�v

c
hpi , (23)

where hpi ⌘
R
f0pd

3
p/

R
f0d

3
p. For the non-relativistic

CR limit, the momentum reduction is �PCR ⇡
�mnCR�v.
The deficit in CR momentum must have been trans-

ferred to forward-propagating Alfvén waves. Note that
there is an equipartition in kinetic and magnetic ener-
gies in Alfvén waves, with e↵ective momentum density
in waves (the Poynting flux divided by v

2
A; cf. Kulsrud

2005) given by

Pwave = ⇢vA

⌧
�B

2

B2
0

�
. (24)

Following the discussion in Kulsrud (see also Wentzel
1974), this momentum density represents the growth of
Maxwell and Reynolds stresses in waves needed to trans-
fer the CR momentum to the bulk gas, and is exhibited
as a small fractional change in the momentum of the bulk
gas.
Equating |�PCR| with Pwave, we can obtain the ex-

pected saturation level for magnetic fluctuations. For
ultra-relativistic and non-relativistic cases, we simply
have

�B
2

B2
0

⇡ 4

3

hpi
mc

nCR

ni

�v

vA
, or ⇡ nCR

ni

�v

vA
. (25)

The real situation (as we consider) is of course somewhere
in between nonrelativistic and ultrarelativistic, but the
dependence of wave amplitude on the basic problem pa-
rameters is clear. These relations show that the satura-
tion level of the instability is limited by the initial free
energy in CR streaming. The above upper limit for mag-
netic field amplitudes would be reduced in the presence
of damping.
The timescale for the CRs to relax to a state of isotropy

in the wave frame is characterized by the scattering fre-
quency ⌫, which depends on both the pitch angle and
the wave amplitudes. This means that scattering across

di↵erent pitch angle ranges can take di↵erent amounts
of time. Still, one may define a characteristic scattering
frequency for the bulk CR population as

⌫QLD ⇠ ⌫(p, µ) ⇠ ⌦
�B

2

B2
0

. (26)

Note that wave growth is eventually quenched as the
gradient in distribution function is smeared out through
QLD. This suggests that another way to estimate the
wave saturation amplitude is by equating the above ⌫QLD
with � from Equation (7), which is indeed similar (to
order-of-magnitude) to the more rigorous estimate dis-
cussed above.

2.4. Reflection Across 90
�
Pitch Angle

In Equation (16), when µm ! 0 (i.e., pitch angle ap-
proaches 90�), kres ! 1, i.e., the resonant wavelength
becomes infinitely small. There is little energy in the
waves generated from the CRSI towards the shortest
wavelength, leading to a bottleneck for particles to be
scattered across this 90� pitch angle. This is a well-
known problem, and without crossing the 90� pitch an-
gle, the CRSI would saturate prematurely far from fully
utilizing the free-energy in the system.
This problem has been discussed extensively in the lit-

erature. Within quasi-linear theory, relaxing the mag-
netostatic approximation [Equation (2)] allows for addi-
tional resonant interactions when both forward and back-
ward propagating waves are present (Schlickeiser 1989),
covering a pitch angle of �✓ ⇠ 2vA/c around 90�.
Magnetic mirroring is more commonly invoked in over-

coming the 90� problem (e.g., Felice & Kulsrud 2001).
With magnetic moment M ⌘ p

2
?/2B being an adiabatic

invariant, a particle will experience a backward mirror
force when its guiding center travels along a positive
gradient in total field strength. For particle pitch angle
su�ciently close to 90�, this mirror force can lead to re-
flection, thus directly jumping over the 90� barrier. With
total field strength B =

p
B2

0 + �B2 ⇡ B0(1+�B
2
/2B2

0),
the critical pitch angle cosine below which mirror reflec-
tion can occur is thus given by

µmir ⇡
1p
2

�B

B0
. (27)

One thus expects mirror reflection to take over when
QLD manages to scatter particles to pitch angle µ ⇠
µmir.
Note that mirror reflection requires slow changes in

field strength over many particle gyro orbits. Given that
a broad range of wave spectrum is excited by the CRSI,
including those at small scales (. k

�1
res ) for particles of

a given momentum, we can also imagine the opposite
situation, where changes in field strength occurs more
abruptly. For instance, an abrupt change of perpendic-
ular field by �Bdis would change the direction of par-
ticle motion by �Bdis/B0, and in the mean time, the
change the particle pitch angle is also on the order of
⇠ �Bdis/B0. Depending on the gyro-phase, particles
have a good chance to be reflected when µ . �Bdis/B0.
The (extreme) scenario outlined above falls into the

category of non-linear wave-particle interaction: consid-



PERSPECTIVES

¡ CR propagation in background turbulence (high-energy CRs, E > TeV in the ISM,)

¡ Need to a better exploration of CR transport properties in different type of MHD turbulence : influence of the forcing, 
wave-particle interaction especially in Goldreich-Sridhar turbulence.

¡ CR-driven turbulence

¡ Explore the model of CR escape from, sources more deeply. 

¡ Explore more set-ups with PIC-MHD or PIC techniques to study the non-resonant streaming instability (galactic escape 
Blasi & Amato’19, SNR/molecular cloud interaction Inoue’19, …) => to study impact of sources over CR anisotropy. 

¡ Explore the physics of different resonant instabilities, retrace particle trajectories to derive the transport properties (eg
Lebiga + 18).
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GIACALONE & JOKIPII 1999

¡ Results on parallel mfp for composite (slab+2D) 
[open circles] and isotropic turbulence [filled circles] 
with a Kolmogorov spectrum. 
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LAITINEN ET AL 2013

28

Methodology: 
Plane wave development modulated by an envelope (a kind of wavelet)

Envelope function

impact of steepness over the envelope shape


