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Problem
• null-hypothesis: e.g. isotropic flux


• alternative hypothesis: e.g. (subclass of) AGN as UHECR sources (see talk by  
M. Zotov)


• observables:                       for cosmic rays with energy above 57 EeV


• aim: find optimal test statistic                  to reject null-hypothesis if alternative 
hypothesis is true

! i , " i , i = 1..N

# = f(! i , " i)

Centaurus A

The case of NUHECR = 500 and 9% events coming from Cen A.

Intro Method Results Lower E Next 11/23

Galactic MF model by R. Jansson 
and G. R. Farrar 2012


Injected spectrum: 

M. Kachelrieß et al 2017!2

$- fraction of the events from the nearest source; few nearest candidates, galactic magnetic field model



Problem

# = f(! i , " i)

Figure 2. The case of NUHECR = 500 and 7% events coming from NGC 253. Top panel: an example
of a possible pattern of arrival directions. UHECRs that form an isotropic background are shown with
small open circles. UHECRs arriving from the source are shown with coloured circles according to the
type of the respective nucleus. The position of the source is indicated by the star. The map is shown
in Galactic coordinates in the Mollweide projection. Left bottom panel: angular power spectrum C!

for isotropic and mixed samples. Confidence intervals for 68%, 95% and 99% levels are shown with
di↵erent shades of magenta for the isotropic distribution. Blue dots with error bars indicate C! for
50,000 mixed samples of size 500 with 7% events in each sample coming from the source. Right
bottom panel: the histograms show empirical probability distribution functions of D(iso) and D(mix)
calculated according to Eq. (1.4). The vertical red line marks a value of D(mix) such that only 5%
of all D(mix) values are less than this particular value. This corresponds to the error of the second
kind � = 0.05. The error of the first kind ↵ is also indicated in the panel.

300, and it does not considerably depend either on the source position on the celestial sphere
or on the distance to it. Thus, this value can be straightforwardly compared with theoretical
expectations. We used the simplest model of identical sources uniformly distributed with a
number density n. Given that the characteristic path length Lc at the relevant energies is
around 100 Mpc (see Fig. 1), we have performed our simulations in a Vbox = (600 Mpc)3

box centered at the observer position. Less than 5% of the total flux comes from outside
this box, so we have ignored that part. The total number of simulated sources was equal
to Nsrc = nVbox. The contribution from an individual source located at a distance d was
calculated as

� = exp(�d/Lc)/d
2.
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• null-hypothesis: e.g. isotropic flux


• alternative hypothesis: e.g. (subclass of) AGN as UHECR sources (see talk by  
M. Zotov)


• observables:                       for cosmic rays with energy above 57 EeV


• aim: find optimal test statistic                  to reject null-hypothesis if alternative 
hypothesis is true

! i , " i , i = 1..N

$- fraction of the events from the nearest source; few nearest candidates, galactic magnetic field model

• Find minimal nearest event fraction     from the source to reject isotropy hypothesis    $



How to choose 
! Use angular power spectrum 

! e.g. 
• IceCube, Auger [Hülss, Wiebusch, ICRC2007; Aab et al. JCAP 

06 (2017) 026]:


• O.K. et al (see talk by M. Zotov)


! Use other function of direct observables 
! e.g. 
• function using expected arrival direction density maps (TA 

correlation with LSS analysis, see talk by Peter Tinyakov)

• functions obtained using machine learning ML (this talk) 

• use ML to build classifier which discriminates samples derived 

assuming null or alternative hypothesis

• use the classifier output as test statistic
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Quick introduction to 
Supervised Machine Learning

 - sample

 - answer (sample property which we want to predict)

x 2 X
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x = (x1, . . . , xd)
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- sample features known

X = (xi, yi)
l
i=1
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 training set is used to Þnd a model

Regression: predict real value

Q(a,X)
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by minimising loss (cost) function

y 2 R
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ClassiÞcation: predict class

y 2 {0, 1, . . . N}
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a(x) = argmina2AQ(a,X)
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Linear Regression
or where x0 ⌘ 1
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Choice for Q: - not smooth, is ok

, ,

Analytic solution requires              operationsO(d3)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Alternative:  numerical optimisation using gradient decent

a(x) =
dX

j=0

wix
j = hw, xi
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Artificial Neural Networks
a(x) = ( (∑ wixi + b)

�(z) ⌘ 1

1 + e�z
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• Sigmoid neuron:
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loss function:

(single layer perceptron)



Artificial Neural Networks
• Multilayer Perceptron

Signal propagation: alj = �(zlj), zlj =
X

k

wl
jka

l�1
k + blj

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

al = �(wlal�1 + bl)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Vector form:

Theorem (". Hornik, 1991): ANY continuous function can be approximated with ANY 
precision by MLP
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Using toy ANN to build #(Cl)

xi =
Cl ! %Cl,iso&

( l,iso
, l # 32

! input features: 

! output:  0 - for isotropic, 1 - for mixture  
! training set  consisting of 100K samples generated in 

mixture model distributed uniformly in log     and 
100K samples generated from isotropic model

$
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Using toy ANN to build #(Cl)

Learned weights
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! input features: 

! output: 0 - for isotropic, 1 - for mixture 
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Using toy ANN to build #(Cl)

Learned weights

# = D(Cl)
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Test statistics used 
in original analysis:

Test statistics used in original 
analysis: 

# = D $
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∑
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xi =
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, l # 32

! input features: 

! output: 0 - for isotropic, 1 - for mixture 
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Using toy ANN to build #(Cl)

Learned weights

# = D(Cl)

Minimal from-source 
event fraction: 
CenA, N=500,  
               : 9% 
               : 4% 

# = D(Cl)

# = fnn(xl)
& = 0.01,%= 0.05Figure 2. The case of NUHECR = 500 and 7% events coming from NGC 253. Top panel: an example

of a possible pattern of arrival directions. UHECRs that form an isotropic background are shown with
small open circles. UHECRs arriving from the source are shown with coloured circles according to the
type of the respective nucleus. The position of the source is indicated by the star. The map is shown
in Galactic coordinates in the Mollweide projection. Left bottom panel: angular power spectrum C!

for isotropic and mixed samples. Confidence intervals for 68%, 95% and 99% levels are shown with
di↵erent shades of magenta for the isotropic distribution. Blue dots with error bars indicate C! for
50,000 mixed samples of size 500 with 7% events in each sample coming from the source. Right
bottom panel: the histograms show empirical probability distribution functions of D(iso) and D(mix)
calculated according to Eq. (1.4). The vertical red line marks a value of D(mix) such that only 5%
of all D(mix) values are less than this particular value. This corresponds to the error of the second
kind � = 0.05. The error of the first kind ↵ is also indicated in the panel.

300, and it does not considerably depend either on the source position on the celestial sphere
or on the distance to it. Thus, this value can be straightforwardly compared with theoretical
expectations. We used the simplest model of identical sources uniformly distributed with a
number density n. Given that the characteristic path length Lc at the relevant energies is
around 100 Mpc (see Fig. 1), we have performed our simulations in a Vbox = (600 Mpc)3

box centered at the observer position. Less than 5% of the total flux comes from outside
this box, so we have ignored that part. The total number of simulated sources was equal
to Nsrc = nVbox. The contribution from an individual source located at a distance d was
calculated as

� = exp(�d/Lc)/d
2.
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Test set: 100K mixture samples
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xi =
Cl ! %Cl,iso&

( l,iso
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! input features: 

! output: 0 - for isotropic, 1 - for mixture 



Can we do better? WhatÕs next? Pattern recognition

Cen A NGC253 M82

M84 M87 Fornax A

See: Oleg Kalashev, Using Machine Learning to Interpret Arrival Directions of
Ultra-high-energy Cosmic Rays. Tuesday, 16:00

Intro Method Results Lower E Next 23/23
Implement pattern recognition 

using HEALPix map of CR arrival 
directions as input
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ANN using HEALPix map as input
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• Handwritten digits 
recognition

MNIST database 
(“Modified National Institute of 
Standards and Technology”)

•  Classification of galaxies 
using images from Sloan 
Digital Sky Survey

Galaxy Zoo Challenge kaggle 
competition

Convolutional ANN - universal tool for image recognition

http://yann.lecun.com/exdb/mnist/
https://www.kaggle.com/c/galaxy-zoo-the-galaxy-challenge
https://www.kaggle.com/c/galaxy-zoo-the-galaxy-challenge


The main idea: extract local features and build their maps
• Convolutional kernel usually 
has small size (compared to 
image)

Convolutional ANN
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Pooling (downsampling) layer

operation:
¥ maximum
¥ average 
¥ minimum

Local translational invariance is achieved via convolution-
pool combination

 16



Convolutional NN on sphere
Several implementations exist: 

• Taco S. Cohen et al 2018

• Nathanaël Perraudin et al 2018

• N. Krachmalnicoff et al 2019 (used in this work)

CNN on HEALPix map

Input (Nside=32;n=1)

Conv n=32

MaxPool

Perceptron

x 4

Output (n=1)

Nside=1, n=32

Nside=16, n=32

Conv n=32

MaxPool

single (n=1) 
HEALPix map

Flatten (n=384)

!17



Minimal from-source event fraction  
in % to reject isotropy hypothesis

2 Main results

Let us consider the simplest case of a large-scale anisotropy arising from an impact of a
single source. BothD(iso) and D(mix) are random variables in our case, thus one needs to
compare their distributions. As the null hypothesis, we assume that arrival directions of a
mixed sample of UHECRs obey an isotropic distribution. We adopted the value of the error
of the second kind ! = 0 .05 and searched for a fractionF1/F tot of from-source events in
the total ßux such that the error of the Þrst kind " ! 0.01.4 We performed simulations for
NUHECR = 100, 200, . . . , 500 to cover the whole possible range of UHECRs to be detected by
K-EUSO above 57 EeV. The main results are presented in Tables2 and 3.

The numbers in Table 2 give the percentage of events arriving from a particular source
in a sample of sizeNUHECR , such that the above condition is satisÞed (! = 0 .05, " ! 0.01).
Table 3 provides actual values of" found in each case. For example, the error of the Þrst
kind " ⇡ 0.004 as soon as the fraction of events arriving from Cen A in the otherwise
isotropic sample of the sizeNUHECR = 500 is � 9%. Thus, Table 2 provides the percentage
of from-source events in the whole sample that will allow detecting a large-scale anisotropy
of UHECRs arriving from a particular source with a su�ciently small error of the Þrst kind.

Table 1. Percentage of UHECRs arriving from Þve candidate sources in samples of sizesNUHECR =
100, . . . , 500 such that the error of the Þrst kind" ! 0.01 for the null hypothesis of isotropy providing
the second kind error! = 0 .05. The accuracy of the numbers is±1.

NUHECR 100 200 300 400 500
Cen A 21 14 12 10 9
M82 26 18 14 12 11
M87 29 20 16 14 12
Fornax A 19 13 11 9 8

Table 2. Percentage of UHECRs arriving from Þve candidate sources in samples of sizesNUHECR =
100, . . . , 500 such that the error of the Þrst kind" ! 0.01 for the null hypothesis of isotropy providing
the second kind error! = 0 .05. The results obtained using convolutional NN-classiÞer.

NUHECR 100 200 300 400 500
Cen A 6 4 2.7 2.5 2
M82 9 5 3.7 3 2.8
M87 8 4.5 3.3 2.75 2.6
Fornax A 5 3 2.3 2 1.6

All results presented in Tables2 and 3 were obtained for 500,000 isotropic samples and
at least 10,000 mixed samples for eachNUHECR .5 Results for NUHECR = 500 are illustrated
in Figures 2Ð6 for each of the sources. It is interesting to mention that a fraction ofD(iso)
greater than the median value ofD(mix) is ! 10�5 in all cases shown. Thus, the isotropy
hypothesis will be rejected with a high conÞdence level for a typical sample.

4
Let us remind that an error of the first kind (a type I error) stands for false positive errors, i.e., the

rejection of a true null hypothesis, while an error of the second kind (a type II error) is committed when a

false null hypothesis is not rejected.
5
We tried up to 10

5
mixed samples but simulations revealed that final results weakly depend on the size

of samples beyond 10
4
.
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Let us consider the simplest case of a large-scale anisotropy arising from an impact of a
single source. BothD(iso) and D(mix) are random variables in our case, thus one needs to
compare their distributions. As the null hypothesis, we assume that arrival directions of a
mixed sample of UHECRs obey an isotropic distribution. We adopted the value of the error
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NUHECR = 100, 200, . . . , 500 to cover the whole possible range of UHECRs to be detected by
K-EUSO above 57 EeV. The main results are presented in Tables2 and 3.

The numbers in Table 2 give the percentage of events arriving from a particular source
in a sample of sizeNUHECR , such that the above condition is satisÞed (! = 0 .05, " ! 0.01).
Table 3 provides actual values of" found in each case. For example, the error of the Þrst
kind " ! 0.004 as soon as the fraction of events arriving from Cen A in the otherwise
isotropic sample of the sizeNUHECR = 500 is " 9%. Thus, Table 2 provides the percentage
of from-source events in the whole sample that will allow detecting a large-scale anisotropy
of UHECRs arriving from a particular source with a su! ciently small error of the Þrst kind.

Table 1 . Percentage of UHECRs arriving from Þve candidate sources in samples of sizesNUHECR =
100, . . . , 500 such that the error of the Þrst kind" ! 0.01 for the null hypothesis of isotropy providing
the second kind error! = 0 .05. The accuracy of the numbers is± 1.

NUHECR 100 200 300 400 500
Cen A 21 14 12 10 9
M82 26 18 14 12 11
M87 29 20 16 14 12
Fornax A 19 13 11 9 8

Table 2 . Percentage of UHECRs arriving from Þve candidate sources in samples of sizesNUHECR =
100, . . . , 500 such that the error of the Þrst kind" ! 0.01 for the null hypothesis of isotropy providing
the second kind error! = 0 .05. The results obtained using convolutional NN-classiÞer.

NUHECR 100 200 300 400 500
Cen A 6 4 2.7 2.5 2
M82 9 5 3.7 3 2.8
M87 8 4.5 3.3 2.75 2.6
Fornax A 5 3 2.3 2 1.6

All results presented in Tables2 and 3 were obtained for 500,000 isotropic samples and
at least 10,000 mixed samples for eachNUHECR .5 Results for NUHECR = 500 are illustrated
in Figures 2Ð6 for each of the sources. It is interesting to mention that a fraction ofD(iso)
greater than the median value ofD(mix) is ! 10�5 in all cases shown. Thus, the isotropy
hypothesis will be rejected with a high conÞdence level for a typical sample.

4
Let us remind that an error of the first kind (a type I error) stands for false positive errors, i.e., the

rejection of a true null hypothesis, while an error of the second kind (a type II error) is committed when a

false null hypothesis is not rejected.
5
We tried up to 10

5
mixed samples but simulations revealed that final results weakly depend on the size

of samples beyond 10
4
.

Ð 5 Ð

using

# = D $
' max

∑
' =1

C' ! %C' ,iso&

( l,iso

using                         
given by the output of 
convolutional 
NN on HEALPix grid

#cnn = fCNN({ ! i, " i} )

& = 0.01,%= 0.05
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How robust is      with respect 
to galactic magnetic field model

! Train Conv NN with samples generated assuming MF model by R. Jansson and 
G. R. Farrar 2012 

! obtain                                  (minimal fraction shown on previous slide) 
! Apply          to samples generated assuming MF model by M. Pshirkov et al 2011 

! obtain 

#cnn

#cnn = fJF
CNN({ ! i, " i} JF)

fJF
CNN

#cnn = fJF
CNN({ ! i, " i} P)

# = D $
' max

∑
' =1

C' ! %C' ,iso&

( l,iso

#cnn = fJF
CNN({ ! i, " i} JF)

#cnn = fJF
CNN({ ! i, " i} P)

& = 0.01,%= 0.05
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The effect strongly depends on direction to the source



Conclusions
! ANNs provide e#cient universal way to deÞne test statistic as 

function of direct observables. In case of arrival directions 
interpretation, convolutional NN on HEALPix grid can be used 

! pros: 

! optimal (trained to discriminate two hypothesis) 

! easy to apply to nonuniform exposure data (e.g. TA and 
Auger) 

! cons: 

! not easy to interpret (see however perceptron sample)
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Alternative Hypothesis

!23

The starting point: the single source class model

M. Kachelrie§, O. Kalashev, S. Ostapchenko, D.V. Semikoz ÒA minimal model for
extragalactic cosmic rays and neutrinos,Ó PRD 96, 083006 (2017); arXiv:1704.06893.

Basic assumptions:

I UHECRs are accelerated by (a subclass of) AGN
I the energy spectra of nuclei after the acceleration phase follow a power-law with a

rigidity-dependent cutoff: jinj(E) ! E! ! exp[" E/(ZEmax)]
I the CR nuclei diffuse Þrst through a zone dominated by photo-hadronic interactions,

and then they escape into a second zone dominated by hadronic interactions with
gas.

The model matches:

I experimental data on the total CR ßux, the mean EAS maximum depth Xmax and its
width RMS(Xmax) above # 1017 eV

I HE neutrino ßux measured by IceCube

One of the consequences: there should be a source of UHECRs within # 20 Mpc
Intro Method Results Lower E Next 5/23

For details, see talk by M. Zotov



The main idea of the study

0. K-EUSO is expected to register from 120 to 500 CRs at E & 57 EeV in 2 years
[M. Casolino et al. PoS (ICRC2017) 368]

1. Assume EECRs propagate from a source to the Galaxy in the ballistic regime, so that
deflections from the direction to the source are  2�.

2. Take a spectrum at the source and obtain a spectrum after propagating to the Galaxy:
TransportCR code
[O. Kalashev, E. Kido, J. Exp. Theor. Phys. 120 (2015) 790; arXiv:1406.0735]

3. Propagate CRs from the boundary of the Galaxy to the Earth with CRPropa3
[R. Alves Batista et al. JCAP 05 (2016) 038; arXiv:1603.07142]
assuming the Jansson–Farrar (2012) GMF model (actually backtrack)

4. Study large-scale anisotropy of CRs with the angular power spectrum.

Five AGN were chosen for the analysis: Cen A, NGC253, M82, M87, Fornax A.

Intro Method Results Lower E Next 6/23

Alternative Hypothesis
From the talk by M. Zotov

!24



Expected fraction of events from the nearest source

Average from-source ßux fraction
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• Perceptron model.
Walter Pitts, Warren McCulloch (1943)

Artificial Neural Networks
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Input and output are binary

Network of perceptrons can implement binary logic

• Perceptron model.

Artificial Neural Networks
Walter Pitts, Warren McCulloch (1943)
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Artificial Neural Networks
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• Sigmoid neuron
We want to train the weights. 

! continuous input/output instead of binary 
! replace step by a smooth function 
! deÞne lost (cost) function
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Convolutional layer
building feature maps

al+1
d,m,n = �(bd +

X

c,↵,�

Wdc↵�a
l
c,m�1+↵,n�2+�)

padding: 
‘same’

output image size is 
equal to input image 

size
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• Can be viewed as MLP with most of weights equal to zero 
and the rest of them are shared 

• Number of independent weights:

5х5xN vs 28х28х24х24 , where 
N - number of maps we want to build 28х28 24х24

How filters look like (MNIST): 
(weights are color-coded)

Local feature map

Convolutional layer
building feature maps
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Convolutional NN architecture 
minimal

Galaxy zoo challenge winner

rotated 
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https://www.kaggle.com/c/galaxy-zoo-the-galaxy-challenge
http://benanne.github.io/2014/04/05/galaxy-zoo.html


Galaxy Zoo Challenge
purpose: using image as input, we want to predict how Galaxy 
Zoo users (zooites) classify the image, i.e. predict vector of 
probabilities for all classes

training set: color images 424х424 along with vectors of 
probabilities for more than 60000 galaxies 

https://www.kaggle.com/c/galaxy-zoo-the-galaxy-challenge
 32

https://www.kaggle.com/c/galaxy-zoo-the-galaxy-challenge


Galaxy Zoo
Manual classification of galaxies using images from Sloan 

Digital Sky Survey 
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Test statistics using expected 
arrival direction density maps

Figure 1: Aitoff projection of the sky (galactic coordinates l and b; see also Fig. 3) showing
the relative integral CR flux above 40 EeV in the matter tracer model (grayscale) together with 15
fictitious CR events (‘+’ symbols). The gray bands are chosen such that each band contains 1/5 of
the total flux, with darker bands indicating a larger flux. Inset: distribution of the 15 CR events
over the five bands.

above 40 EeV predicted in the matter tracer model together with 15 fictitious, uniformly

distributed CR arrival directions. (We discuss how this figure is obtained in Sect. 2.4).

The contours of equal flux are drawn in such a way that they divide the sky into 5 areas,

each containing an equal share of the total flux (1/5 in this case). This implies that events

produced according to the matter tracer model should be distributed roughly equally over

the five bands. On the contrary, if the sources are distributed in a different way, one

generally expects deviations from equipartition. For instance, in the case of an isotropic

CR flux most events will fall in the region with the smallest flux (the lightest band in Fig. 1)

just because this region covers the largest area. Comparing the distribution of observed

events over the five bands to a model prediction then allows one to test the underlying

model. This is illustrated in the inset of Fig. 1 with a histogram that shows the number of

events in every band. For this specific example one would reject the matter tracer model

as the distribution of events over the five bands deviates significantly from equipartition.

The method described above can be formulated in a binless way. This is an important

advantage because binning introduces ambiguity which complicates the statistical analysis.

Our numerical method starts by generating a (continuous) skymap of expected flux. We

then extract flux values at the positions of data events, thus obtaining a set of flux values

which we refer to as the “data set”. Then a large number of simulated events is generated

by Monte Carlo event generation from the model that is to be tested (e.g., an isotropic

distribution or the matter tracer model). The flux values at positions of simulated events

form the (Monte Carlo) “reference set”. Then a statistical test is performed to determine

whether the data and reference sets are drawn from the same distribution. This final step

can be done with the well-known Kolmogorov-Smirnov (KS) test. In this work we also

propose a modified version of the KS test, which we show to be more sensitive than the

standard KS test for the case at hand. Both the KS test and its modification do not require

binning, rendering the whole procedure binless. Furthermore, the method does not invoke

scanning over unknown parameters and hence avoids the use of penalty factors to estimate

statistical significances.

– 3 –

Hylke B.J. Koers, Peter Tinyakov, JCAP 0904 (2009) 003
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