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l7Setting of the theorem

The system of particles

The system of particles
Look n particles in T¢ with coordinates

Zy = (x1,v1,"* ,Xn,Vn) €ED" = (Td X ]Rd)n

They follow the Hamiltonian dynamic

Ho(Zo) = vl + Y0 v (Ll

1<I<J<N
d Xi—
EX" =V, E \a% ( )
€ G
The potential V is assume
. hard core
Vg \~1/r potential
T d

Figure: V compactly supported interaction potential
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l7Setting of the theorem

Grand canonical ensemble

Grand canonical ensemble

We don't fix the number of particles:
Define D := | |,~o D" grand canonical phase space and N the number of particles.

The system is at equilibrium: define the Gibbs Measure as

= 1 m —BHA(Z1)
dP.(Z ) = = gg mnmne dzZ,.
nz

Note that Ec[N] ~ u.

We fix the Boltzmann Grad scaling ue?=1 = 1.

o) e

- T >

Figure: The density of particle is of order p, the speed of order 1
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L*Setting of the theorem

Law of large number and central limit theorem

Law of large number and central limit theorem
Define the empirical measure: for g € C2°(D) a test function

1 N
wi(g) = = > glzi(t)).
H i=1

Theorem (Law of large number)

v

2
In the Boltzmann-Grad scaling, for M(v) := e~ 7 /(2m)9/2, Vg € (D)

5. [rt(e) - [ eamman] o

Define the fluctuation: for g € C2°(D) a test function

¢Hg) == Vi (nl(g) — Ex [7L(g)]) -

We want to prove that the ¢! converge in Boltzmann-Grad scaling to a Gaussian field
(Bodineau, Gallagher, Saint-Raymond, Simonella 2022)
The first step: prove the convergence of the covariance for g, h two test functions

Ee [¢E()¢2(g)]
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L*Setting of the theorem

Law of large number and central limit theorem

Theorem
In the Boltzmann-Grad scaling, for Vg, h € C(D), T >0

sup

- [C{Ne2e)] - [ h2)e(t, IM(v)dz| — 0

te[0,(log | log <) 3 ]
with g(t) solution of the linearized Boltzmann equation

0:g(t) + v - Vxg(t) = Lg(t)
g(t=0)=g

£h(v) = [ () + (1) = B(V) = B )IM()((v = v2) - V) el

@ For hard hard spheres: (Bodineau, Gallagher, Saint-Raymond, Simonella 2021, L.
2022).
o For other interaction potentials: you have to adapt the proof.
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L Idea of the proof

Pseudotrajectory devellopement

Pseudotrajectory devellopement

To simplify the presentation, take

/h(z)M(v)dz - /g(z)M(v)dz —o.
Then

Ee [¢E(h)¢2(g)] = [ Zh(z (t))zg(zf ]

We want to construct a family of functionals ®{ | : L>°(D) — L*°(D") such that

N
Ee [¢Z(h)2(g)] = > Ee th > ol L[h(Z;,(0)) Zg(ZJ(O))}
i j=1

n>1

where i, := (i1, -+ ,in), 1 <ix <N, ix # iy
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L Idea of the proof
Pseudotrajectory devellopement

We want to know the final position of particle /y:
, I i
"R b
o WG h i

We can now develop the functionals ®f ,

1
cI>§.,n[h](z'7) = ; Z h(zk(t))ﬂhistorya'history

" history

There is two kind of collision:

@ annihilation: we remove one of
the particles,

o recollision: the two particles
survive.
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L Idea of the proof

L Bound of the of [h

Bound of the ®! [h]

2
We do not know how to use the cancellations due to opgeory-

llAllLoo

n!

HCD []H Z ”]lhinory”Ll(M@ndzn)

history

LI(M®ndz,)

Construct the clustering tree T

Construct the clustering tree T

hl| oo "t {T
|o%. 01| , Oz < < MPlzee “L > ZHIH’:FW o SCltle ( t) 1t }ll{hlstory}|

history

N e’
ct\n—1 ct\" 1 .
<c() < Cllhlleee (= [{history}|

If there are a recollision, Ja > 0

H<I>t "eeolh ]|| < C||h|| o0 & " [{history}|e*
LL(M®ndz,) L N
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L Idea of the proof

L Bound of the number of annihilation

Bound of the number of annihilation
We stop the expansion when the number of history begin to explode.

For the annihilation, we consider a first sampling of size § ~ |loge|™!:
Consider the case with no recollision

< 2k collisions

> 2k (5 2k-1 <4 < 1]

collisions collisions collisions collisions
| | | |
I I I I I I I I I |
-

0 t—ko 9 t

Stop the expension at time t — k6.
. K

We have [{history}| < C?" and

2k 2k
LIIES) k
< CJlhllpee ¢ (E) (Q) < bl erpgy2
11 m o MZ -1

k6 ,samp
H¢1,2k+1 [h]‘

Useful to have long time convergence.
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L Idea of the proof

I=Eaundlonenumbarictrecolision
Bound of the number of recollision
We consider a second (smaller) sampling of size § = ¢?, 8 € (0,1).
+ 4
Define ts = t — ké such that there is

@ No recollision after time ts + 6,

@ at least one in (ts, ts + 0)

We need two conditioning on the initial data Z, € D to estimates the number of
recollisions:

@ one to provide that only v € N (fixed) particles can form a dynamical cluster on
(ts, ts + &), (a symmetric conditioning),

o in (Bodineau, Gallagher, Saint-Raymond, Simonella 2021) use a billard theory
theorem (Burago, Ferleger, Konenko, 1998),

@ a second to provide that the collision graph on (ts, ts + §) has no cycle (an
asymmetric conditioning)
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Derviation of linearized Landau equation

We add an other scaling parameters «

1 Xj — X
HN(ZN)¢:§|\VN|\2+Q 3 V(” - /H>

1<i<j<N

Take V(r) = 2=11,<;5.

Conjecture

We take the Boltzmann-Grad scaling pe?® = o= 2| log a| =%

o = (loglog |loge|)~*.
Then for f,g € C2°(D) we have VT > 0

and the grazing collision limit

lim sup [C (h)¢? (g /h(z)gL(t z)M(v)dz| = 0.
e—0 tefo,
where g, (t) is solution of the linearized Boltzmann equation
Oeg(t) + v - Vg (t) = Kg(t)
g (t=0)=g,
Kh 2 g Pt () — Th(va)) MO)M(v.)d
() = s Ve ([ 7752 (h0) = Th(v)) MM o )

with Pj; the projector on the plan orthogonal to v — v,.

Vi
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L Derviation of linearized Landau equation

Thank you
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