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Outline.

• Hard sphere dynamics 


• Fluctuating Boltzmann equation 

‣ out of equilibrium (short time)

‣ at equilibrium (long time)


• Long time derivation : sketch of the proof



Dilute gas of hard spheres


Gas of N hard spheres with 
deterministic Newtonian dynamics 
(elastic collisions).


Dimension :  
Periodic domain: 


Sphere radius = ε


Strongly unstable dynamics

d ≥ 2
Td = [0,1]d

"

Td

Microscopic scale :

ZN (t) = (xi(t), vi(t))iN

Boltzmann-Grad scaling Nεd−1 = 1
[0, 1]d
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1

εd−1

• Typical volume covered by a particle 

•  particles per unit volume

= εd−1

N

Boltzmann-Grad scaling

Mean free path ≃ 1

⇒ Nεd−1 = 1

Limit  : dilute gasε → 0



Hard sphere dynamics

dxi

dt
= vi,

dvi

dt
= 0

ZN = {(xi(t), vi(t)}i≤NGas of hard spheres

as long as |xi(t) − xj(t) | > ε

|xi(t) − xj(t) | = εand elastic collisions if 

{
v′￼i + v′￼j = vi + vj

|v′￼i |
2 + |v′￼j |

2 = |vi |
2 + |vj |

2

vi

vj

v′￼i

v′￼j

xi

xj

Deterministic dynamics :

•Reversible

•Unstable


ε

ε no collision



Hard sphere dynamics

dxi

dt
= vi,

dvi

dt
= 0

ZN = {(xi(t), vi(t)}i≤NGas of hard spheres

as long as |xi(t) − xj(t) | > ε

|xi(t) − xj(t) | = εand elastic collisions if 

Statistical description

WN(0,ZN)

time

WN(t, ZN)

t

Liouville equation





with specular reflection

∂tWN +
N

∑
i=1

vi ⋅ ∇xi
WN = 0



Initial density.

WN(0, ZN) =
N

∏
i=1

f 0(zi) ×
1

𝒵N ∏
i≠j

1|xi−xj|>ε

Dilute gas : 

almost product 


measure

Grand canonical  formalism :

 random :      with    N με = 𝔼(N) μεεd−1 = 1

Boltzmann-Grad

scaling

Typical density of a particle at time t :   Fε
1(t, z1)

Typical density of  particles at time t : k Fε
k(t, Zk)



μεεd−1 = 1

Theorem (Convergence to the Boltzmann equation)

Density   smooth and bounded  

There exists  such that

f 0 f 0(x, v) ≤ C0 exp(−v2)
T > 0

t ≤ T, ∥Fε
1(t) − f(t)∥∞ = γ(ε)

ε→0
0

Solution of the Boltzmann 
equation starting from  f 0

∂t f + v ⋅ ∇x f = ∬ [ f(x, v′￼)f(x, v′￼2) − f(x, v)f(x, v2)] ((v − v2) ⋅ ν)+
dv2dν



μεεd−1 = 1

Theorem (Convergence to the Boltzmann equation)

Density   smooth and bounded  

There exists  such that

f 0 f 0(x, v) ≤ C0 exp(−v2)
T > 0

t ≤ T, ∥Fε
1(t) − f(t)∥∞ = γ(ε)

ε→0
0

Microscopic

Newtonian dynamics


Mesoscopic

Boltzmann equation
Kinetic


limit

Deterministic description 

• Hamiltonian dynamics

• Reversible

Reduced description 

• Dissipative equation

• Irreversible



μεεd−1 = 1

Theorem (Convergence to the Boltzmann equation)

Density   smooth and bounded  

There exists  such that

f 0 f 0(x, v) ≤ C0 exp(−v2)
T > 0

t ≤ T, ∥Fε
1(t) − f(t)∥∞ = γ(ε)

ε→0
0

Lanford; King; Alexander; van Beijeren, Lanford, 
Lebowitz, Spohn; Uchiyama; Cercignani, Illner, 
Pulvirenti; V.Gerasimenko, D. Petrina;  Simonella …


Quantitative convergence : 

Gallagher, Saint-Raymond, Texier; Pulvirenti, Saffirio, 
Simonella; Denlinger; Pulvirenti, Simonella



Test function h(z) = h(x, v)

𝔼 [( 1
N

N

∑
i=1

h(zi(t)) − ∫ f(t, z)h(z)dz)
2

]

Convergence as a law of large numbers

ε→0
0

=
N
N2

𝔼 [(h(z1(t)) − ∫ f(t)hdz)
2]

+
2N(N − 1)

N2
𝔼 [(h(z1(t)) − ∫ f(t)hdz)(h(z2(t)) − ∫ f(t)hdz)]

correlations

≃ ∫ F(2)
N (t, z1, z2)h(z1)h(z2) − (∫ f(t)hdz)

2

ε→0
0

ε→0
0

Asymptotic independence : chaos property

Assuming 

 constantN



Fluctuating Boltzmann equation
Law of large numbers : Boltzmann equation

 

f 0 f(t)

Test function h(z) = h(x, v)

𝔼 [( 1
N

N

∑
i=1

h(zi(t)) − ∫ f(t, z)h(z)dz)
2

] ε→0
0



Fluctuating Boltzmann equation
Law of large numbers : Boltzmann equation

Fluctuation field : choose a test function 

 

h

ζε
t (h) =

1

N

N

∑
i=1

(h(zi(t)) − ∫ dz h(z) f(t, z))
Question: Time evolution of the fluctuations ?

Corrections to the mean behavior : CLT

f 0 f(t)
 



Test function h(z) = h(x, v)

𝔼 [( 1

N

N

∑
i=1

(h(zi(t)) − ∫ f(t, z)h(z)dz))
2

]

Central limit theorem

=
N
N

𝔼 [(h(z1(t)) − ∫ f(t)hdz)
2]

+
2N(N − 1)

N
𝔼 [(h(z1(t)) − ∫ f(t)hdz)(h(z2(t)) − ∫ f(t)hdz)]

For fluctuations the correlations matter

Assuming 

 constantN

the decay needs to be quantified   [Spohn]→ + ∞



= O(1)

εd−1

Nεd−1 = 1Central limit theorem

N [(h(z1(t)) − ∫ f(t)hdz)(h(z2(t)) − ∫ f(t)hdz)]

Recollision operator [Spohn]

t

0

1 2

Time

space
independence

t

0
correlation



Fluctuating Boltzmann equation
Law of large numbers : Boltzmann equation

Fluctuation field : choose a test function 

 

h

ζε
t (h) =

1
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z) f(t, z))

Corrections to the mean behavior : CLT

f 0 f(t)
 

Grand canonical  formalism :

   with    με = 𝔼(N) μεεd−1 = 1



Fluctuating Boltzmann equation
Fluctuation field. ζε

t (h) =
1
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z) f(t, z))

[Spohn] : conjecture & computation of the covariance


Kac model : [Kac, Logan; Méléard] 

Model with stochastic collisions : [Rezakhanlou]

Theorem. [B., Gallagher, Saint-Raymond, Simonella]


Grand canonical distribution 


Convergence to the fluctuating Boltzmann equation in the 
time interval 


    with    

WN(0, ZN) =
N

∏
i=1

f 0(zi) × exclusion

[0, T*]
ζε

t
(law)

ε→0
ζt dζt = ℒt ζt + dηt

SPDE

Same structure



dζt = ℒt ζt + dηt

Linearised Boltzmann 
operator around f(t)

• Dissipation 

f 0 f(t)

initial perturbation



dζt = ℒt ζt + dηt

Linearised Boltzmann 
operator around f(t)

• Dissipation

• Creates entropy

• Covariance : dynamical 
correlations [Spohn]

Noise

𝔼ε(ηt(φ)ηs(φ)) =
1
2

δt=s ∫ dz1dz2dν ((v1 − v2) ⋅ ν)+
f(t, z1) f(t, z2)

δx1=x2
× [φ(z′￼1) + φ(z′￼2) − φ(z1) − φ(z2)]2

‣ Deterministic microscopic dynamics

‣ Randomness only in the initial conditions

‣ Dynamical  instabilities  Space/time white noise ⇒

Same noise structure as for Kac’s model

test function



Strategy of the proof.
1/ Convergence in law of the process :

•Control the characteristic function by cluster expansion

λ ↦ 𝔼ε (exp( iλ
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)f(t, z))))

2/ Tightness of the process.

•Estimates on the size of the cumulants imply that only

   two-point correlations are relevant 

•Identification of the covariance [Spohn]

No stochastic process at the microscopic level

Cluster expansion  better controls

 large deviations

⇒
⇒



Equilibrium initial data :

WN(0, ZN) =
N

∏
i=1

M(vi) ×
1

𝒵N ∏
i≠j

1|xi−xj|>ε

invariant under the dynamics

Fluctuation field :  ζε
t (h) =

1
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)M(v))

M(v) =
1
cd

exp( −
v2

2 )

 

t = 0 t > 0

Remark. 

The convergence time to the Boltzmann equation cannot 
be improved close to equilibrium by applying directly 
Lanford’s strategy.




Equilibrium initial data :

WN(0, ZN) =
N

∏
i=1

M(vi) ×
1

𝒵N ∏
i≠j

1|xi−xj|>ε

invariant under the dynamics

Fluctuation field :  ζε
t (h) =

1
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)M(v))

M(v) =
1
cd

exp( −
v2

2 )

Theorem. [B., Gallagher, Saint-Raymond, Simonella]


Convergence to the fluctuating Boltzmann equation  


    with    ∀t > 0, ζε
t

(law)

ε→0
ζt dζt = ℒ ζt + dηt

[Rezakhanlou]

 

t = 0 t > 0



• Fluctuation/dissipation :

lim
ε→0

𝔼(ζε
0(h)ζε

0(g)) = ∫ dzh(z)g(z)M(v)

• Time correlations decay : dissipation

• Noise preserves the invariant measure


Consequences of    :dζt = ℒ ζt + dηt

initial correlations

t = 0

 

t > 0

lim
ε→0

𝔼(ζε
0(h)ζε

t (g)) = 𝔼(ζ0(h)ζt(g)) t→∞ 0



Hydrodynamic scalings
Convergence quantitative for large times:

Rescaling time by , we test :


• the energy               


• the momentum        

α

Θε
τ = ζε

τα(ψ( v2

d + 2
− 1))

Uε
τ = ζε

τα(φ ⋅ v)

φ(x) : [0,1]d ↦ ℝd, ∇φ = 0

ψ(x) : [0,1]d ↦ ℝd

New scaling:      with  Nεd−1 = α α = log log | log ϵ |

then        with    ∀t ≪ α, ζε
t ≃ ξα

t dξα
t = ℒα ξα

t + dηt

overall scaling α2



Hydrodynamic scalings

Theorem. [B., Gallagher, Saint-Raymond, Simonella]


Convergence of    to the fluctuating Fourier-

Stokes equations as :


(Uε
τ , Θε

τ)τ≤T

ε → + ∞

∂τΘ = κΔxΘ + 4κ
d + 2 ∇ ⋅ ·Wt

∂τ𝒰 = νΔx𝒰 + 2ν P ∇ ⋅ ·Wt

projection on divergent free fields

New scaling:      with  Nεd−1 = α α = log log | log ϵ |

then        with    ∀t ≪ α, ζε
t ≃ ξα

t dξα
t = ℒα ξα

t + dηt



Back to the fluctuating Boltzmann equation

WN(0, ZN) =
N

∏
i=1

M(vi) ×
1

𝒵N ∏
i≠j

1|xi−xj|>ε

invariant under the dynamics

Fluctuation field :  ζε
t (h) =

1
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)M(v))

M(v) =
1
cd

exp( −
v2

2 )

Theorem. [B., Gallagher, Saint-Raymond, Simonella]


Convergence to the fluctuating Boltzmann equation  


    with    ∀t > 0, ζε
t

(law)

ε→0
ζt dζt = ℒ ζt + dηt

[Rezakhanlou]



Strategy of the proof.

‣ Characterizing the limit : Proof of the Wick rule  
 timesk

test functions
θ1 θ2 θk….

hkh2h1

𝔼ε(
k

∏
i=1

ζε
θi
(hi)) = ∑

η
pairings

∏
(i,j)∈η

𝔼ε(ζε
θi
(hi)ζε

θj
(hj)) + quantified error

dζt = ℒ ζt + dηt

‣  Tightness argument :      ζε
t

(law)

με→∞
ζt

Wick rule :    𝔼(
k

∏
i=1

ζθi
(hi)) = ∑

η
pairings

∏
(i,j)∈η

𝔼(ζθi
(hi)ζθj

(hj))

Limiting process

is Gaussian



Strategy of the proof.
Proof of the Wick rule : 

 timesk
test functions

θ1 θ2 θk….

hkh2h1

𝔼ε(
k

∏
i=1

ζε
θi
(hi)) = ∑

η
pairings

∏
(i,j)∈η

𝔼ε(ζε
θi
(hi)ζε

θj
(hj)) + quantified error

and identification of the covariance

𝔼ε(ζε
0(h0)ζε

θ(h1)) = ∫ dzM(v)h0(z) exp(−θℒ)h1(z) + quantified error

[van Beijeren, Lanford, Lebowitz, Spohn]   (short time)

[B., Gallagher, Saint-Raymond]   (d=2)

dζt = ℒ ζt + dηt



Summary.

 timesk
test functions

θ1 θ2 θk….

hkh2h1

Covariance :  𝔼(ζ0(h0)ζθ(h1)) = ∫ dzM(v)h0(z) exp(−θℒ)h1(z)

The limiting Gaussian process     is fully 
characterized by 

dζt = ℒ ζt + dηt

Wick rule :    𝔼(
k

∏
i=1

ζθi
(hi)) = ∑

η
pairings

∏
(i,j)∈η

𝔼(ζθi
(hi)ζθj

(hj))



+
1
με

𝔼ε(∑
i≠j

h0(zi(0))h1(zj(0)))

=
1
με

𝔼ε(
N

∑
i=1

h0(zi(0))h1(zi(0)))

Identification of the covariance
Mean zero test functions :               


Correlations at time 0 : 

ζε
t (h) =

1
με

N

∑
i=1

h(zi(t))

initial measure

 product≃

≃O(εd)

𝔼ε(ζε
0(h0)ζε

0(h1)) = ∫ dzM(v)h0(z)h1(z) + o(ε) pairing

1 2 N. . .

𝔼ε(ζε
0(h0)ζε

0(h1)) =
1
με

𝔼ε( (
N

∑
i=1

h0(zi(0))) (
N

∑
i=1

h1(zi(0))))×



 is represented by 

a function  

at time 0 coding the

linearized evolution

(  is random)

h1
Φk(z1, …, zk)

k
Φk(z1, …, zk)

Identification of the covariance : correlations at time θ

Dynamical 
correlations

h1

h0
1 2 N. . .

θ

0 ̂ζ ε
0(Φk) =

1
με

∑
i1,…,ik

Φk(zi1, …, zik)

Correlations at time  :   0 𝔼ε(ζε
0(h0)ζε

θ(h1)) = ∑
k

𝔼ε(ζε
0(h0) ̂ζ ε

0(Φk))

𝔼ε(ζε
0(h0)ζε

θ(h1)) =
1
με

𝔼ε( (
N

∑
i=1

h0(zi(0))) (
N

∑
i=1

h1(zi(θ))))×



Controlling correlations for large θ

h1

h0
1 2 N. . .

θ

0
Φk(z1, …, zk)

Reducing to time  :          0 ̂ζ ε
0(Φk) =

1
με

∑
i1,…,ik

Φk(zi1(0), …, zik(0))

𝔼ε(ζε
0(h0)ζε

θ(h1)) = ∑
k

𝔼ε(ζε
0(h0) ̂ζ ε

0(Φk))

 has to be 
controlled

for  large

k

θ



Controlling correlations for large θ

h1

h0
1 2 N. . .

θ

0

Φk(t, z1, …, zk)

Reducing to time  :           t ̂ζ ε
t (Φk) =

1
με

∑
i1,…,ik

Φk(t, zi1(t), …, zik(t))

𝔼ε(ζε
0(h0)ζε

θ(h1)) = ∑
k

𝔼ε(ζε
0(h0) ̂ζ ε

t (Φk(t)))
t

Stop at time   to remove :

• large 

• recollisions

t > 0
k

Controlled backward propagation



Controlling correlations for large θ

Reducing to time  :           t ̂ζ ε
t (Φk) =

1
με

∑
i1,…,ik

Φk(t, zi1(t), …, zik(t))

𝔼ε(ζε
0(h0) ̂ζ ε

t (Φk(t)))
≤ 𝔼ε(ζε

0(h0)2)
1/2

𝔼ε( ̂ζ ε
t (Φk(t))2)

1/2

h1

h0
1 2 N. . .

θ

0

Φk(t, z1, …, zk)
t

Time decoupling :

•(local) equilibrium

•symmetrisation  averaging

(better than just BBGKY)

•geometric estimates on trajectories

⇒

Large  can be neglectedk



Wick rule for several times.
 timesk

test functions
θ1 θ2 θk….

hkh2h1

𝔼ε(
k

∏
i=1

ζε
θi
(hi)) = ∑

η
pairings

∏
(i,j)∈η

𝔼ε(ζε
θi
(hi)ζε

θj
(hj)) + quantified error

h3

h0
1 2 N. . .

θ3

0

h1

h2θ2

θ1



Wick rule for several times.
 timesk

test functions
θ1 θ2 θk….

hkh2h1

𝔼ε(
k

∏
i=1

ζε
θi
(hi)) = ∑

η
pairings

∏
(i,j)∈η

𝔼ε(ζε
θi
(hi)ζε

θj
(hj)) + quantified error

h3

h0
1 2 N. . .

θ3

0

h1

h2θ2

θ1

Difficulty : 

‣  intertwined pairings

‣  dynamical interactions

Tool : 

‣dynamical cluster expansion



Remark. 
Equilibrium measure :      WN(0, ZN) =

N

∏
i=1

M(vi) ×
1

𝒵N ∏
i≠j

1|xi−xj|>ε

•Boltzmann equation : 
N

∏
i=1

f 0(zi) = O(exp(με))

• Tagged particle :      Brownian motionO(1) ⇒

•Fluctuating equation : 
k

∏
i=1

ζε
θi
(hi) = O(μk/2

ε )
Averaging is key 

to go beyond L∞

Perturbation size in  of the equilibrium measure : L∞

Weak convergence method :

no estimate of the correlation functions 



Conclusion.
Deterministic dynamics of a dilute gas of  hard spheres 


• Fluctuating Boltzmann equation :

‣ stochastic corrections to Boltzmann equation

‣ same structure as for the Kac model

‣ fluctuation/dissipation relation


• Long time fluctuations at equilibrium  

• Hydrodynamic scalings 


‣ fluctuating Stokes equation (momentum)

‣ fluctuating Fourier equation (energy)


