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What is an inverse problem?

A@

Dolphin echolocation

>_— 3 .
Ultrasonography

X-ray tomography Magnetic resonance Positron emission
(CAT scan) imaging (MRI) tomography (PET)

Image deblurring Astronomical spectroscopy Gravimetry



What is an inverse problem (in mathematical terms)?

Let X and Y be subsets of Banach spaces.

(IP)

A X—=>Y Given 'y = A(X), find X.
X~y = A(X)
We assume it is well-posed (in the sense of Hadamard): The Iinverse problem is well-posed (in the sense of
Hadamard) if Al Y > Xis well-posed, i.e.
existence: forany X € X, thereisy € Y, A is surjective (Y = A(X)),
uniqueness: for each X, y is unique, /\ is injective (uniqueness),
continuous: if |[|X; — X,|| = 0, then ||y, — y,|| = O. A~ 1is continuous (stability).

Disclaimer: Often, inverse problems are ill-posed.

n the context of PDEs: X refers to the model (coefficients of the PDE, domains involved,...) and y
represents properties of the solutions to the model.




Example: X-ray tomography

AN opulx,y) = Au(t, 0) = J' U g = {(x,y) . xcos 6+ ysinf = 1}
C1o

The IP is ill-posed due to the lack of continuity of the inverse of the Radon

T

transform: u(x,y) ~ J (A,u( ., 0)* h)(x cos 0 + y sin 60)do, iz(cf) = [ &].
0

Math. theory published in 1917
J. Radon (Austrna 1687-1956)

TAC development in the 60’s -70’s

A. McL. Gormack(Suddfrica 1924-EEUU 1996)
G. Hounsfield (Reino Unido 1919-2004)

P Nobel Prize in Physwlogy or Medicine in 1979




Questions about an inverse problem

IP: Can we find X from measurements y = A(X)?

Uniqueness: A(X{) = A(X,) = X; = X,?
Stability: ||A(X;) = AX) |+ = 0 = ||x; — X,||xy = 07 (and if so, how fast?)

Reconstruction: given A(X), is there a convergent algorithm to obtain x?

Partial data: we know A(X) only partially.

=.g.: the Radon transform only for angles @ in some interval.

Finite data: we know only a finite set of measurements of A(X).

=.g.: the Radon transform only for some (2, 6}), je{l,....J}.



Scattering by an obstacle

l[dea: (acoustic) waves are scattered by some obstacle.
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< The pressure, p(t, x), satisfies the wave equation (3? p = c*Ap, where ¢ is the sound speed.

<+ We assume that ¢ = ¢youtside the object (D C R" compact) and that p has fixed frequency w, i.e.

. . 0,
p(t,x) = Re(e"‘”u(x)). Therefore (A + kP)u(x) = 0 in R™\D, where k = —, and u satisfies some boundary
€0

condition on dD, e.g. u = 0 on 0d€2 (soft obstacle).

% u is the superposition of the incident plane wave, u'(x) = ¢*’* 9 € S*!, and the scattered wave, u*(x), which
— 1
obeys the Sommerfeld radiation condition (so it is outgoing): r 2

ik)u> — Qasr — 0.



Quantum scattering

|dea: particles/waves are scattered off by a potential.

h
« The wave function, ‘P (z, x), satisfies the Schrédinger equation 1710, = ( > A+ V)‘P.
m
% We assume that V= V(x)and that ¥ has fixed energy E> 0, i.e. Y(,x) = e E'y(x). Therefore
, | \/ 2mE 2m
(A + k- — q(x))u(x) =01 R", where k = - and g = ﬁV.

< We assume ¢ is bounded and suppg C Bp and consider that u is the superposition of a free wave function
u'(x) = e™* 9 e S" !, and an outgoing wave function, u*(x), obeying the Sommerfeld radiation condition:

n—1

rz(0.—ikju” — 0asr - oo.

“* Under the previous assumptions u is unique (in suitable space) and

| eikr
u’(re') = (

n—1

y 2

+O(r_1))as r— o (@€ S

A glx)— aq(k, 0, ) (for fixed k, fixed @, a = — 0,...)



Inverse scattering problem

IP: Can we find g from the scattering amplitude at fixed energy, a,(k, - ; - )7

‘Novikov 19941/ Reduction to an inverse boundary value problem.

Letn > 3,k # 0, g1, g, € L™(R") with supp g; C By.

. _ . o _ 2 2 _
Ii aql(k, L) = aqz(k, .3 ), then J' (g, — g>)u,u, dx = 0 for all u € H (Bp) such that (—A — k“ + qj)uj = 0.
BR
Ingredients: “integration by parts”, Rellich uniqueness theorem, density of “u’ + u’” solutions in H 2(BR).

Equivalently, aql(k, ) = aqz(k, -2+ ) implies Aql—k2 = qu_kz, where Aq denotes the Dirichlet-to-Neumann map
Aq - dyu\ag, with
(—A+q(x))u:O in Q2,
u =1 onofl.

(A :qg — Aq is well-posed provided 0 is not an eigenvalue.)



Inverse scattering |CMAT

CGO solutions: Given g and { € C" suchthat - =0 (|Re (| = |Im (| & Re - Im ( = () there exists a
solution to (—A + g)u = 0 such that u(x) = eg'x(l + rq’é(x)), where “r, » — 0" as ¢ = oo.

Key point: to solve (A + 2 -V — q)rqg =q = I, ;= Agl(l — qAEl)_l(q) with Agl = (A + 2¢ - V)~ ! between suitable spaces

so lAZY- S 1¢17
[oylvester, Unlmann 1987 ] [Nachman, Sylvester, Unlmann 1980

_ :
Forany & € R"and 7> 0, let £}, 6, € C"suchthat{;- =0, + = —ifand |G| 27
2 2 0,
gl=—i§+\/72: li' 0, + it6, . C2=i§—\/le 'i' 0, +it0,, 0,0,€R™|6]=1,0-E=0,0,-6,=0 %

Taking the CGO solutions™ u; = e (1 + I, _j2,c), We get
J =

0= J (g — g)urdx = J (g, — qz)e‘i‘:'x(l + 7, e )+ rqz_kz,(:z)dx — J (g, — qz)e_ig'xdx = F (g, — q,)(&).
B B b

extension by O outside By

Since this holds for any & € R", we conclude g; = g,.



The inverse conductivity problem

(—A+q(x))u=0 In €

A, :f— 0 u]
u=pf on gL ! o 1 Aq
- Ayl2 iy =12y
1= yli2 = 125 X ¥
V- (y(x)Vv) =0 in Q
A, g yo] g y A},

y =g 0N gL

We can solve similarly the uniqueness for the inverse problem with A : y — Ay for n > 3 and
v € C*(Q).
3K Boundary reconstruction [Kohn, Vogelius 1984].



The inverse conductivity problem |CMAT

Electrical conductivity of a medium Voltage and current on the boundary

: Q- [cy, 6 {V‘agz’ i-y\ag=—y8yv\ag}

Alberto Calderon
Argentina 1920 - USA 1998




The inverse conductivity problem |CMAT

Electrical conductivity of a medium Voltage and current on the boundary
: Q= [¢, 6] {V‘agz’ i-y\aQ:—y@yv\aQ}
R e,

In one dimension, the Calderdn problem has no solution.
f n = 2, uniqueness by Astala, Piivarinta for L*°(£2) conductivities (2006).

if n > 3, uniqueness, stability and reconstruction by Uhlmann, Sylvester, Alessandrini, Nachman,

Novikov, among others, for C*(Q) conductivities (1980's); and for less regular conductivities by
Brown, Haberman, Tataru, Caro, Rogers, Garcia, Zhang, GF and others, up to Lipschitz conductivities (in

the HoOlder class) (1990's-202079).

% Stability does not hold unless a priori information is assumed. Stability results look like
g1 — Bl 2 ) S (— log(lIA,, — A%H*))_“ @@ssuming [|gill L« < M). This is optimal [Mandache 2001],

but under extra assumptions, it might become better.



An inverse problem for data-driven prediction in QM ICMA T

Let us consider again the wave function W(¢,x) describing the guantum state of some moving particles under the
influence of a potential V(¢, x) . Its evolution is described by the Schrodinger equation

h
0 W = ( A+ V)‘P s o= (—A+ V)

2m

f Ve L'((0,T),L*(R")), given any initial state f € L*(R"), there exists a unique u € C([0,T], L*(R"))solving

idu=(—A+Viu in [0,T] X R”, ) \"phys/ca/ solutions”
u(0,)) =7 in R,

Define the initial-to-final map as %7 : f +— (T, - ), with u solving (#).

A:V— Y | Theforward problem is well posed (as a map from L'((0,7), L*(RY))to & (L*R"), L*(R™)).

IP: Can we find V (and therefore the evolution of the quantum state) from the knowledge of CZ[¥?

(Caro, Ruiz 2024] (under some decaying conditions on V)

%;1 = ‘Zl;z = J (Vi = V)uy ity dtdx = 0 for “physical solutions”.
(0,T)XR"
Density of products does not hold with “physical solutions”.




Thank you very much
for your attention
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