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The Mermin-Wagner Theorem — quantum set-
ting

1
Hpe=— 3 (S1(2)81() + 52(2)52(y) + uS3()S3(v))
xr~yeN
—h ) S3(z) —e > Si(=z)
TEN o xEeN
t_rangflerse U(l)—s;fmmetry
field term  preaking term
1
=2 > (54@)S-(v) +uS3(x)S3(v))
x~yeN

~h Y S3(a) =5 3 (S4(@) + - ()
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Theorem 1. [N.D. Mermin, H. Wagner (1966))
Ind= 2, at any 8 < c©

fimy Jim, (S(@)pp =0

Proof: We will apply Bogoliubov's inequality with, p € A* fixed:
A=38,(p) = eP"Sy(x)

TEN
AT = S'\_(—p) = Z e_ip'xS_(x)
xeN
C = 5S3(p) = Y P?S3(x)
TEN

C* = S3(-p) = Y e P*S3(x)
TEN



The (anti)commutators involved are:
A7) = 5, ()S(-p) — 55(0)
[C*, A] = S1.(0)
[C,H),Cl =3 3 (1-cosp-e)Sq(x)S—(z +e)

+ 5 3 (S4(2) + 5-(2))

xeN

T hese identities follow from very instructive computations left
as (HW).



Expectations, correlations: 8 < oo, h € R fixed,;
AN 27% then e — 0

che(p) = IA]~1 <§_|_(p)§_(—p)>/\7€ correlation
=Y P (S (0)S (2)) A

rEN
N (S3(ac)>,\7{5 transversal magnetisation

Y

ma - .= <S_|_(w)>/\ = (S—(x))p. Parallel magnetisation



Bogoliubov:

m2
ene(p) — ppe > A

B(Xe:jej=1 (1 —cosp-e) (S1(0)S—(e)), +emn,)
~~ N <, \\/—/
>0 N <s

<s(s+1) =
2
m/\,s

>
— B(D(P)s(s+ 1) +es)
Note: The denominator is a priori positivel

Take on both sides |A[71 Y cpe.. .

ma . 1 1

(84OS-)) — e = =350 X S DG ¥ =
<s(s+1)+s




Let A 774

m/\/%d m/z\,s / 1
[

2 >
STt 2sz (2m)4g3 —r,m)ds(s+ 1)D(p) + es

dp

Let € — O:

82—|—282 dp

7

im0 limy sgam3 . / 1
(2m)4Bs(s +1)  Jl=mm? D(p)

—00

G

Hence, necessarily

[im Tim m2 . =0
a—>0/\/tZd ’
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The Dyson-Lieb-Simon Theorem:
1

Ha=—7 3 (512)51(y) + S2(2)S2(y) + uS3(2)S3(v)) ~h 3 S3()
x~yeN . TEN )
trang(/erse
field term
1
= 2 (S4(2)5-(v) +uS3(2)53()) ~h 3 S3(x)
CCNyE/\ o mE/\ P
transverse
field term
The LRO:
> o1 — e L
r(B)? = A"}%M;E:A (S1(0)S1(2))p 5 = NI x% (52(0)S2(z)) A g

I will mostly concentrate on the isotropic cases with no transverse
field, v = +1, h = 0 and comment on the extensions.



Theorem 2. [F Dyson, EH Lieb, B Simon (1978)], with exten-
sions/additions/improvements from [EJ Neves, JF Perez (1986)],

[T Kennedy, EH Lieb, BS Shastry (1988)], [K Kubo, T Kishi
(1988)], ...

(i) [Néel order in the ground state.] roc > 0 if

s=5, h=0, wue€[-0.13,0]
od=2":
s>1, h=0, wuecl[-1,0]
1
od>3: 325, h=0, wuwel[-1,0]

(ii) [Néel order at positive temperature.] There exists
B* = B*(s,d,u) < oo such that for 8 > B«, rg > 0, if

1

od>3: s> —,
-2

h=0, wuel[-1,0]
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Comments & remarks:

(1) Note that in all cases
o h = 0: no transverse field

o u < 0: antiferromagnetic coupling

Extension to u € (0, 1] (ferromagnetic coupling)
and/or |h| < h«(d, s,u,3) (small transverse field) remain
major open problems.

(2) Historical:

O
O

O

O

(3) [u

DLS (1978)]: d >3, s> 1, ue [-1,0], B € (Bx, 0]
NP (1986)]: d=2, s>1, ue[-1,0], B=oc
KLS (1988)]: d >3, s=3, u€[-1,0], B € (B, )]
KK (1988)]: d=2, s=3, u€[-0.13,0], 3=

> 1 is different: at low temperature Ising-like phase

transition expected, proved for u > 1 [T Kennedy (1985)]
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A warning sign: The classical IRB reasoning must fail, due
to quantum ground state fluctuations! Here is an instructive
example showing this.

Let s =3, u =1 (isotropic QHF), h =0 (no transverse field).

ens(@) 1= (5(0) - 8(2)), . eapp) =3 ePep ()
’ rEN
and assume (for the sake of the argument) the IRB

K
BD(p)’

with some K < oo.

cap(p) <

12



Then

cn6(0) —epg(@)| = A7

= |AI7?

> (1—ePT)ep 5(p)

pEN*

> (1 —cos(p-x))capp)

peEN*

K1 (1 —cos(p-z))
< — A
=g pg,:\* D(p)
Azt K (1 — cos(p - x))dp

(27T)d/6 N [_7T77T]d

F2o0 g,

D(p)

<o0o in all d

7
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However, the following operator identities/inequalities hold:

- - 3

5(0) - 5(0) = 51(0) + 52(0)% + 53(0)* = 7 1

R ~ 1

5(0) - S(z) = 51(0)51(x) + 52(0)52(x) + 53(0)S3(x) < 2l (HW)
IQ---QIR(S1®S1+52852+53053)RI®--&1

and hence, for all 8 > 0, and A,

N |~

en5(0) = eng(x) = (5(0) - $(0) - §(0) - §()), ;>

Modified - more sophisticated - strategy of proof is needed. IRB
will be proved for the Duhamel two-point function rather than
for the correlation function.
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I will focus on the isotropic QHAF/QHF, v = F1, with no trans-
verse field, h = 0.

1
Ha= -7 3 (512)51(y) + S2(2)52(») F 53(2)S3(v))
x~yeN
Results are proved only for the antiferromagnetic coupling,
u= —1. However, I want to point out what is the issue with the
ferromagnetic case u = +1.

In all forthcoming formulas the upper branch stands for the AFM
(IRB proved), the lower branch stands for the FM (IRB not proved,
but some version expected to hold)
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Correlation functions:
Conventional:
cpp(a) 1= (51(0)S1(2))p g = (52(0)52(2))A g

= (x1)= (53(0)53(x))A 3
u==F1

Duhamel:
dp g(x) := (51(0),51(2))p g = (52(0), S2(2))A 5

= FDI(85(0), S3(2))n 5
u=%F1

Bogoliubov:
bA,5(x) == ([S1(0), [HA, S1(2)]])A g = ([S2(0), [HA, S2(x)]D)A 4

= (FD)([S3(0), [HA, S3(2)1) A 5
u==F1
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And their Fourier transforms:

. 1 R R
en () = 3 €PTep 5(@) = - (51 (—p)S1(p)
A8 (P %; A |M<1 p 1p>m5
~ : 1 ~ ~
Ing(p) = Y P Tdp 5(2) = —— (51(p). S1.(p)
Ap(p 23 A Mﬁilp 1p)m5
brs@) = X e (e) = o ([S10m). [Hr 51 0],
xEN ’

Note. These are correlation type objects. In particular, for all
p e N

cn5(p) >0, dp 5(p) > 0, bag(p) >0 (HW)
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Proof of DLS Theorem:

Step 1. Apply Falk-Bruch inequality with
A = S1(p), A* = S1(—p)

Get

ca3(p) <

Bbas(p) , (4dp s(p) .
4 ¢(55A,5(p)) )
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Step 2. Compute the double commutators. (HW):
These computations are simpler in the isotropic cases u = F1.

[S1(0), [Hp, S1(2)]] =
(Z\e\zl (S52(0)S>(e) F S3(0)S3(e)) if |x —0] =

— (53(0)S3(x) F S2(0)S2(x)) if |x—0]=
O if [« —0]>1

7\

\

Assume A = (Z/L)% cubic. This is not essential, but simplifies
the computations. Denote

KAB = (Sl(O)Sl(G»/\,B = <52(O)32(6)>/\,5 = + <53(O)S3(€)>/\,5

The r.h.s. is the same for all e € Z4, |e| = 1.
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Get
(4dkpp  if |lz—0]=0
b/\,ﬁ(ib) = X :|:2/<,/\75 if o —0|=1

10 if [t —0]>1
and, finally,
(4kp 5 (2d — D(p)) for the QHAF
ba,5(p) = D(p) (2)
| 4rn 8 D(p) for the QHF
It also follows that
kAB = 0.

See sketchy plots of the functions p — D(p), D(p) on next slides.
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Step 3. IRB for the Duhamel two point function.

~ 1
da g(p) < 25D () (3)

Proved only for AF coupling, v < 0, and no transverse field,
h = 0. This is an essential restriction of the proof method.

For ferromagnetic coupling, u € (0, 1], and small transversal field
|h| < h«(d, s, 3) something of the form

~ K
Ins(P) < 520 (4)

may be expected, where K = K(d,s,h). This is THE major open
problem in this context.
Note the difference from the classical/commutative setting: The
IRB holds for the Duhamel correlation J/\,B rather than the con-
ventional one.
Proof of (3) postponed to the end.
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Step 4. Put these things together.

() < BBAf@) ’ (4@,5@))
=5 Bba,5(p)
_ Bbas(p) ¢( 2 )
=~ 4 B2D(p)bp 5(p)
- <(ﬁ/<;/\,55(p)q§ (252’{/\’[3;)@)13@)) QHAF, proved
comp. \BKA’BD(p)qS (252%/\’161)@)2) QHF, presumed
(5)
Recall:

ka5 € [0, s7]
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Step 5. Two identities ("sum rules™).

s(s+ 1) 1 n
3 = oA 3(0) Wpé/\* ca,3(p)
1
= 7“/2\75 + Al Z E/\,B(p) (6)
N penriioy
1 1 D
ANB = ﬁ| | 16/\,5(6) = W /\ (1 — glp)> ca,3(p)
e|= peEN*
=7“/2\/3+% >, (1—D(p)> c,5(p)
N penriioy
1 D
<rRsta 2 ( —T’”> on5(P) (7)
peA\{0} +
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Step 6. Long Range Order in the Ground State.

First 3 — oo (finite volume ground state), no issues ...
then A " 7% (thermodynamic limit), subsequential limits

Remark 1. The ground states of the isotropic ferromagnetic
QHM, v = +1, h = 0, on any graph, are well understood (some-
what trivial): They are all vectors in the (2 |A]| s+ 1)-dimensional
subspace of maximal total spin. (HW)

{p € @penC> T 1 (5T + 53 +59)p = (IAIs)(IAls + Ly}
The ground state LRO is
1 52 S

2 . : 2 :
= Iim = — lim (S1(0)S = — — HW
oo = gl |/\|xg\5l—>oo< 1(051@)as = 3 = g5 (W)
2
2 . : 2 S
= |lim = —
0T g M T3
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Remark 2. The ground state(s) of the isotropic QHAF, u =
—1, h = 0 is(are) very complicated. [W Marshall (1955)], [EH
Lieb, DC Mattis (1962)]: on a bipartite lattice it is unique,
nondegenerate. (Perron-Frobenius argument.)

Proceed with the QHAF. Letting 8 — oo in the upper branch of
(5) and in (6) and (7) get:

N KA, 00 5(17)
C/\,oo<p) < \/ > D(p)

> s(s+1) _ [FAe 1 3 D(p)

T 0o = —
A 2 2 |/\|p€/\*\{0} D(p)

d

D(p)

25

K 11 D D
7“/2\ > 5 N\,00 RN, 00 Z 1 (p) (p)
’ 2 2 2/A| N

peN*\{0}



Now, take the thermodynamic (subsequential) limit A~ 74 and

get
2 S(3+1) Koo 2 /ioo( Koo 1 )
> — =2 >0, /=2 (222, 8
Too Z 3 > Too Z > > > ( )

where
_ 1 D(p)
V= ID = Gy |\ Dy
_ L D(p) D(p)
I=1(d):= /[—m]d (1 ; d>+\ de

Finally, the inegs (8) jointly imply that ro > O is guaranteed if

21(d) 7(d) < s(s + 1)

See the plots on next page
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1(d) J(d) 21(d)J(d)
d=?2 0.690 1.443 1.494 € (3,2)
d=3 0.350 1.157 0.607 < 3

Conclusion:

od=2: The isotropic QHAF exhibits Néel order in the ground
state for s =1,3,2,.... The case of s = 3 remains open.
o d= 3: The isotropic QHAF exhibits Néel order in the ground

state for s = 2,1,3,....

o In the non-isotropic cases, u € (—1,0], the computational parts
are more subtle. For the results see the comments page 10.
of these notes.

N
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Step 6. Stability of the ground state LRO ind > 3
This will be essentially a dominated convergence argument.

Apply the upper bound (5) in the identities (6) and (7)

2 55t 1 Bra gD ()¢ -
ANE=T3 A pe/\z*%{o} ™ 262k, D (@)D (p)
P2 > e o 1 <1 — M) Brp 3D(p)é - =
AB =TI A] pe/\z*%{o} d )y 2p8%kp,5D(P)D(p)
and then take the thermodynamic (subseq.) limit A 7 Z¢ to get
2 s(s+1) 1 D 1 — d
B3 (2m)d /[—w,w]dﬁﬁﬁ ) 232k D (p)D(p) g

R ! D@\ L, & 1
R (27T)d/[—7r,7r]d<1 d )f pDp)¢ (25%5D<p>5<p>)dp
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Letting 5 — oo under the integrals we obtain exactly the inequal-
ities (8) for which we know the consequences. The question
remains whether on the r.h.s. the limit  — oo can be properly
done outside the integrals. This is a Dominated Convergence
question.

Note that ¢(y) < a/y + by for some a,b € (0,00) and hence, the
integrands on the r.h.s. are dominated by

| D) 1
N T D)

uniformly in 8 > 1, which is integrable in d > 3 (but not in d = 2).

Conclusion: The Néel order of the ground state is stable under
small thermal fluctuations (8 > £*) in dimensions d > 3.

_Thm DLS, modulo IRB
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Back to Step 3: Proof of the IRB

1

dp 5(p) < 25D () (3)

We will proceed similarly as in the classical case (in the proof of
Thm FSS). However, there are some substantial differences due

to non-commutativity.

Hp === Y (51(2)S1(0) + $2(2)Sa(y) + uS3(2)S3() — Y h3(x)
xNyEA xEN
= 2 Y (510) =512+ (S2(@) — S2(y))?+u(S3() —S3(1))?)
xwaA

— > (hS3(x) + d(S1(2)? + S2(2)? 4 S3(2)?))

xeN
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for v: AN — R let

Ha(w) :=— > (((S1(2) 4+ v(@)) = (S1(y) +v(@))°+

x~yeN

(S2(z) — S2(y))? + u(S3(x) — S3(y))?)
— > (hS3(@) + d(S1(2)? + S2(2)? + uS3(2)?))

xeN

Zp(w) = Tr(exp(—BHA(v)))
Note that Z5(0) = Z, is the partition function.

Straightforward computation yields:

1 027
Zx Ov(x)ov(y)

1
— Z Awazld(zl T Z2)AZ27y _I_ _Axay
v=0 z1,20€EN B



Note the difference from the classical/commutative setting: on
the right hand side of the identity the Duhamel two-point func-
tion d(z1 — zo) replaces the conventional correlation function

c(z1 — z9)!

Theorem 3. [GD & IRB — Quantum Setting] For any even A,
B < oo, ve (RN, w <0 and h = 0 the following are true

(i) [Gaussian Domination - 1]

Znp(v) < Zp 3(0)
(ii) [Gaussian Domination - 2]

(), <o e (GD)
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(iii) [Infrared Bound - 1]: The A x A matrix

—922Z,
Ov(z)0v(y) |,=0 yeA

IS positive semidefinite.

(iv) [Infrared Bound - 2]: For all p € N*\ {0}

~ 1
1) < 5o s (IRB)

Proof of Theorem 3 [Gaussian Domination].
As in the classical/commutative setting, the following equiva-

lences/implications hold

(1) & (i) = (>Gir) s (iv)
strfwd expansion FT

We will prove (i).



Proposition. [Reflection Positivity - Quantum Setting]
LetI, A, B,Cq,...,C;,Dq,...,D; nemxm complex matrices. The
following inequality holds>

2

1 l
Trexp<A®I+I®B—2Z(C’k@)I—I@Dk)?) < (RP)

k=1

l
Trexp (A@I—I—I@A; > (Ck®ff®0k>2)
k=1
_ 1t 2
X Trexp <B®I+I®B—2 > (Dk®I—I®Dk) )
k=1

Note: On the rhs the complex conjugate matrices appear. Not
the adjoints!
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Proof of (RP/Q) I will prove it forl=1. ...

2
1 2
‘Tr LARI+I®B—4(CoI-1@D)

= |Iim

1 1 1 2\ 1
L (eﬁA@)I LI9B A (Col-1eD) )
n—oo

N 2

00 00 no(1 1 Ur(C®I-I®D
Z lim / d<b(§1).../ A (&) Tr [] <eaA®f enl®B ynCBTIE )>
— 00 — 00 r—=1

—

2 im |7 awe).. [T aee) tr 11 (e%A ) o ( "&"D>
Jim | [ o). 11 I

’r':

iﬂli_)moo dd(&1). . /OO d(en) tr [ <6%A Vs )tr 1T ( A ZérC) «
—00 —00 —1 r—1
o0 _> ©Er 7 —157"
Jim_ [ dd>(§1).../_ dD (&) trH <% fD)trH <% D)



Notation on the previous page:

I -
dd(¢) 1= voralk de. L[l X, = X1Xo--- X,
(1) & (1I): Use Lie product
eAtTE = im (eA/neB/n>n

(2) & (2): Use Gaussian integrals

2
e_M2/2 — /OO a8 6_%ei§M
—00 V2T

(3) & (3): Use (ANI®B)=U®B)(A®I) and
Tr(A® B) = trA trB,

(3) Use Schwarz. L(RP)
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Back to the proof of GD/Q:
We proceed very similarly as in the classical/commutative set-
ting. However, there will be one surprise.

Assume that the discrete torus A is of even side-lengths. Divide
A in two symmetric halves by a hyperplane intersecting (cutting)
only edges

N = /\right U Aleft

and define the natural reflection through the dividing hyperplane

R:N\N—= AN

We apply the RP/Q Lemma in the following setting
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RNy QN
H = Hright ® Hiert = (C2*H1) 779 @ (21 ) 7er

A= ((510) +0(@)) ~ (510) + v+

r~YENright

(S2(z) — S2(y))? + u(S3(x) — S3(y))?)
+8 > (hS3(x) 4 d(S1(x)? + Sa(2)? + uS3(2)?))

xEAright

B = same with Ajert

k= (xwy,@)I r € Nrights Y € Neft, «=1,2,3

(/2 (S1(2) + v(@)) 2 (S1 () 4 v()
Cr = § /552 (x) Dy = {/255(y)
\\/g\/a*%(f’?) \\/gx/ﬂ53(y)




The RP/Q Lemma can be applied if and only if all matrices on
the previous page have jointly real representation. However,
(S1,55,53) have only (R,R,7R) (or mixed) representation. For
this reason h = 0 and u < 0 must be imposed in order that
RP/Q could be applied.

The rest of the proof is identical to that in the classical.commutative
setting (see the proof of Thm FSS).

_GD/Q
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