
Bálint Tóth
(Budapest & Bristol)

Statistical Physics with Continuous Symmetries

II. The O(ν), or Classical Heisenberg Model

1



The O(ν), or Classical Heisenberg Model: ν ≥ 2,

Λ := (Z/L)d, ΩΛ = (Sν−1)Λ, νΛ(dσ) =
∏
x∈Λ

d σ(x)︸ ︷︷ ︸
Haar

The Hamiltonian and the Gibbs measure:

HΛ(σ) := −
1

2

∑
x∼y∈Λ

σ(x) · σ(y)

︸ ︷︷ ︸
O(ν)-symmetry

−ε
∑
x∈Λ

σ1(x)︸ ︷︷ ︸
symm. breaking

µΛ,β,ε(dσ) := (ZΛ,β,ε)
−1 exp{−βHΛ(σ)}

∏
x∈Λ

d σ(x)︸ ︷︷ ︸
Haar

ZΛ,β,ε =
∫

(Sν−1)Λ
exp{−βHΛ(σ)}

∏
x∈Λ

d σ(x)
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The spontaneous magnetisation:

mΛ(β, ε) :=

〈
|Λ|−1 ∑

x∈Λ

σ1(x)

〉
Λ,β,ε

per. b.c.︷︸︸︷
= 〈σ1(0)〉Λ,β,ε

m(β, ε) := lim
Λ↗Zd

mΛ(β, ε)

m(β) := lim
ε→0

m(β, ε)

{
=
6=

}
0 ?

The long range order parameter: ε = 0,

rΛ(β)2 :=

〈|Λ|−1 ∑
x∈Λ

σ(x)

2〉
Λ,β

per. b.c.︷︸︸︷
= |Λ|−1 ∑

x∈Λ

〈σ(0) · σ(x)〉Λ,β

r(β)2 := lim
Λ↗Zd

rΛ(β)2
{

=
6=

}
0 ?
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Theorem 1. [R Griffiths (1966)]

r(β) > 0 ⇒ m(β) > 0

Theorem 2. [ND Mermin, H Wagner (1966, 1967)]
In dimensions d = 1,2, at any β <∞ (that is T > 0)

m(β) = 0

Theorem 3. [J Fröhlich, B Simon, T Spencer (1976)]
In dimensions d ≥ 3 there exists β∗ <∞ such that for any β > β∗

r(β) > 0
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Conventions on Fourier transforms (valid for the whole course)

The discrete torus and its dual: Let L1, . . . , Ld ∈ N and

Λ =
{
x = (x1, . . . , xd) : xi ∈ [−Li/2, Li/2) ∩ Z, i = 1, . . . , d

}
Λ∗ =

{
p = (p1, . . . , pd) : pi =

2πki
Li

, k ∈ Λ
}
⊂ [−π, π]d

Later we will assume Li ∈ 2N.

The Hilbert spaces l2(Λ) and l2(Λ∗) with the inner products

(f, g) =
∑
x∈Λ

f(x)g(x) resp. (f, g)∗ =
1

|Λ|
∑
p∈Λ∗

f(p)g(p)
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The Fourier transform and its inverse:

l2(Λ) 3 f 7→ f̂ ∈ l2(Λ∗) : f̂(p) :=
∑
x∈Λ

eip·xf(x)

l2(Λ∗) 3 f 7→ f̌ ∈ l2(Λ) : f̌(x) :=
1

|Λ|
∑
p∈Λ∗

e−ip·xf(p)

where p · x =
∑d
i=1 pixi

It is easy to check that the Fourier transforms are unitary be-
tween l2(Λ) and l2(Λ∗) and are inverse of one-another

f, g ∈ l2(Λ) : (f̂ , ĝ)∗ = (f, g) ˇ̂f = f

f, g ∈ l2(Λ∗) : (f̌ , ǧ) = (f, g)∗ ˆ̌f = f

The Fourier transform diagonalizes (jointly) Töplitz operators:
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Let

A = (Ax,y)x,y∈Λ Ax,y = a(x− y)

Then

Âf(p) = â(p)f̂(p)

The lattice Laplacian:

∆ = (∆x,y)x,y∈Λ , ∆x,y :=


−2d if |x− y| = 0

1 if |x− y| = 1

0 if |x− y| > 1

and its Fourier transform: D : [−π, π]d → R+

D(p) = 2
d∑

i=1

(1− cos pi), D(p) � |p|2 as |p| � 1

I will assume basic knowledge about the Fourier transform.
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Correlation functions (second order):
The (finite volume) correlation function and its FT: i, j = 1, . . . , ν

cΛi,j(x) :=
〈
σi(0)σj(x)

〉
Λ,β,ε

=
〈
σi(y)σj(y + x)

〉
Λ,β,ε

ĉΛi,j(p) :=
∑
x∈Λ

eip·xcΛi,j(x)

As we will prove uniform-in-Λ estimates for the correlations, I
will drop the superscript Λ. If no danger of confusion explicit
notation of dependence on β and ε will also be dropped.

Note:

◦ For any Λ and p ∈ Λ∗, the matrix
(
ĉΛi,j(p)

)ν
i,j=1

is

positive semi-definite.

◦ (Here ε = 0) rΛ(β) =
1

|Λ|

ν∑
i=1

ĉΛi,i(0)
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Proof of Theorem 2 [Mermin-Wagner]
[following [J Fröhlich, T Spencer (1981)]]

Assume ν = 2 and write σ = (σ1, σ2) = (cos θ, sin θ), θ ∈ [0,2π).

The general case, ν ≥ 2, is notationally and computationally
somewhat more involved, but conceptually similar.

HΛ(θ) := −
1

2

∑
x∼y∈Λ

cos(θ(x)− θ(y)))− ε
∑
x∈Λ

cos θ(x)

µΛ,β,ε(dθ) := (ZΛ,β,ε)
−1 exp{−βHΛ(σ)}

∏
x∈Λ

d θ(x)

ZΛ,β,ε =
∫

[0,2π)Λ
exp{−βHΛ(θ)}

∏
x∈Λ

d θ(x)
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σ1(x) := cos θ(x), σ̂1(p) :=
∑
x∈Λ

eip·xσ1(x)

σ2(x) := sin θ(x), σ̂2(p) :=
∑
x∈Λ

eip·xσ2(x)

∂(x) :=
∂

∂θ(x)
∂̂(p) :=

∑
x∈Λ

eip·x∂x

An integration-by-parts formula: for any observable θ 7→ A(θ),

〈(∂(x)A)〉Λ,β,ε =
1

ZΛ,β,ε

∫
[0,π)Λ

∂A(θ)

∂θ(x)
e−βHΛ(θ) ∏

x∈Λ

dθ(x)

=
β

ZΛ,β,ε

∫
[0,π)Λ

A(θ)
∂HΛ(θ)

∂θ(x)
e−βHΛ(θ) ∏

x∈Λ

dθ(x)

= β 〈A (∂(x)HΛ)〉Λ,β,ε
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and hence 〈(
∂̂(p)A

)〉
Λ,β,ε

= β
〈
A
(
∂̂(p)HΛ

)〉
Λ,β,ε

Note(
∂̂(p)σ̂2(−p)

)
=

∑
x,y∈Λ

eip·(x−y)∂x sin θ(y) =
∑
x∈Λ

σ1(x) = σ̂1(0)

Putting these together:

(turn page)
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mΛ(β, ε)2 =
1

|Λ|2
〈(
∂̂(p)σ̂2(−p)

)〉2

Λ,β,ε

=
β2

|Λ|2
〈
σ̂2(−p)

(
∂̂(p)HΛ

)〉2

Λ,β,ε

≤
β2

|Λ|2
〈
|σ̂2(p)|2

〉
Λ,β,ε

〈∣∣∣∂̂(p)HΛ

∣∣∣2〉
Λ,β,ε

(1)

〈σ̂2(p)σ̂2(−p)〉Λ,β,ε =
∑

x,y∈Λ

eip·(x−y) 〈σ2(x)σ2(y)〉Λ,β,ε

= |Λ|
∑
x∈Λ

eip·(x) 〈σ2(0)σ2(x)〉Λ,β,ε

= |Λ| ĉΛ2,2(p) (2)
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β
〈(
∂̂(p)HΛ

) (
∂̂(−p)HΛ

)〉
Λ,β,ε

=
〈
∂̂(p)∂̂(−p)HΛ

〉
Λ,β,ε

=
∑

x,y∈Λ

eip·(x−y)
〈
∂2
x,yHΛ

〉
Λ,β,ε

=
∑

x∼y∈Λ

(1− eip·(x−y)) 〈cos(θ(x)− θ(y))〉Λ,β,ε

+ ε
∑
x∈Λ

〈cos θ(x)〉Λ,β,ε

≤ |Λ| (D(p) + εmΛ(β, ε)) (3)

Finally, (1), (2) and (3) yield

ĉΛ2,2(p) ≥
mΛ(β, ε)2

β (D(p) + εmΛ(β, ε))

and hence (turn page)
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1 ≥ cΛ2,2(0) =
1

|Λ|
∑
p∈Λ∗

ĉΛ2,2(p) ≥
1

|Λ|
∑
p∈Λ∗

mΛ(β, ε)2

β (D(p) + εmΛ(β, ε))

uniformly as Λ↗ Zd.
In the thermodynamic limit,

1

β(2π)d

∫
[−π,π]d

m(β, ε)2

D(p) + εm(β, ε)
dp ≤ 1

Letting ε→ 0,

m(β)2 ≤ β(2π)d
(∫

[−π,π]d
D(p)−1dp

)−1

=︸︷︷︸
d=2

0

Mermin-Wagner
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Proof of Theorem 3 [Fröhlich-Simon-Spencer] (here ε = 0)
The (finite volume) correlation function and its FT: i, j = 1, . . . , ν

cΛi,j(x) :=
〈
σi(0)σj(x)

〉
Λ,β

=
〈
σi(y)σj(y + x)

〉
Λ,β

ĉΛi,j(p) :=
∑
x∈Λ

eip·xcΛ,βi,j (x)

As we will prove uniform-in-Λ estimates for the correlations, I will
drop the superscript Λ. If no danger of confusion the superscript
β will also be dropped.

Note:

◦ For any Λ and p ∈ Λ∗, the matrix
(
ĉΛi,j(p)

)ν
i,j=1

is

positive semi-definite.

◦ rΛ(β) =
1

|Λ|

ν∑
i=1

ĉΛi,i(0)
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Main stations of the proof:

(A) Infrared Bound (IRB) on the correlation function:
For all p ∈ Λ∗ \ {0} the matrix(

1

βD(p)
δi,j − ĉi,j(p)

)ν
i,j=1

(IRB)

is positive definite. This is the heart of the proof.

(B) Sum rule – a straightforward identity:

1 = 〈σ(0) · σ(0)〉Λ =
ν∑
i=1

ci,i(0)

i.F.t.︷︸︸︷
=

1

|Λ|

ν∑
i=1

∑
p∈Λ∗

ĉi,i(p)

=
1

|Λ|

ν∑
i=1

ĉi,i(0) +
1

|Λ|

ν∑
i=1

∑
p∈Λ∗\{0}

ĉi,i(p) (SR)
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(C) Conclusion:

rΛ(β)

FT︷︸︸︷
=

1

|Λ|

ν∑
i=1

ĉi.i(0)

(SR)︷︸︸︷
= 1−

1

|Λ|

ν∑
i=1

∑
p∈Λ∗\{0}

ĉi.i(p)

(IRB)︷︸︸︷
≥ 1−

ν

β |Λ|
∑

p∈Λ∗\{0}

1

D(p)

Riemann︷ ︸︸ ︷
Λ↗Zd−→ 1−

ν

β

1

(2π)d

∫
[−π,π]d

D(p)−1dp︸ ︷︷ ︸
Id<∞ for d≥3

Hence r(β) ≥ 1−
ν

β
Id.
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Proof of the IRB [Infrared Bound]:
We will use the following equivalent forms of the Hamiltonian

HΛ(σ) = −
1

2

∑
x∼y∈Λ

σ(x) · σ(y)

= −
1

2

∑
x,y∈Λ

σ(x) ·∆x,yσ(y) ������−d |Λ|

= −
1

2
σ ·∆σ ������−d |Λ|

=
1

4

∑
x∼y∈Λ

|σ(x)− σ(y)|2 ������−d |Λ|
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Let v ∈ (Rν)Λ and define the v-dependent partition function

ZΛ,β(v) :=
∫

ΩΛ

e
β
2(σ+v)·∆(σ+v) ∏

x∈Λ

dσ(x)

= e
β
2v·∆v ZΛ,β(0)

〈
eβv·∆σ

〉
Λ,β

This is actually an exponential moment generating function.

Note:

ZΛ,β(0) = ZΛ,β
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Theorem 4. [Gaussian Domination and Infrared Bound]
For any even Λ, β <∞ and v ∈ (Rν)Λ, the following are true

(i) ZΛ,β(v) ≤ ZΛ,β(0)

(ii) [Gausssian Domination]〈
ev·∆σ

〉
Λ,β
≤ e−

1
2βv·∆v (GD)

(iii)
ν∑

i,j=1

∑
s,t,x,y∈Λ

vi(s)∆s,x

〈
σi(x)σj(y)

〉
Λ,β

∆y,tvj(t) ≤ −
1

β
v ·∆v

(iv) [Infrared Bound]: ∀p ∈ Λ∗ \ {0}: the matrix(
1

βD(p)
δi,j − ĉi,j(p)

)ν
i,j=1

≥ 0 (IRB)

is positive semi-definite
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Proof of Theorem 4 [Gaussian Domination]:
The following equivalences/implications hold

(i) ⇔︸︷︷︸
strfwd

(ii) ⇒︸︷︷︸
expansion

(iii) ⇔︸︷︷︸
FT

(iv)

We will prove (i).
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Proposition. [Reflection Positivity - classical case]
Let (Ω, µ) be a finite measure space and

A,B,C1, . . . , Cl, D1, . . . , Dl : Ω→ C

bounded measurable functions. The following inequality holds∣∣∣∣∫
Ω×Ω

eA(s)+B(t)−1
2

∑l
k=1(Ck(s)−Dk(t))2

dµ(s)dµ(t)
∣∣∣∣2 ≤ (RP)

∫
Ω×Ω

eA(s)+A(t)−1
2

∑l
k=1(Ck(s)−Ck(t))

2
dµ(s)dµ(t)

×
∫

Ω×Ω
eB(s)+B(t)−1

2

∑l
k=1(Dk(s)−Dk(t))

2
dµ(s)dµ(t)

Remarks: (1) It is not just a plain Schwarz.
(2) In the proof of Thm 3 we will only need the real case, but
with view on the QHM it is instructive to see the complex setting.
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Proof of (RP) [Reflection Positivity Lemma]: I will prove it for
l = 1. For general l ≥ 1 only the notation gets more complicated.∣∣∣∣∫

Ω×Ω
dµ(s)dµ(t)eA(s)+B(t)−1

2(C(s)−D(t))2
∣∣∣∣2

1
=

∣∣∣∣∣
∫

Ω×Ω
dµ(s)dµ(t)eA(s)+B(t)

∫ ∞
−∞

dξ√
2π
e−

ξ2

2 eiξ(C(s)−D(t))

∣∣∣∣∣
2

2
=

∣∣∣∣∣
∫ ∞
−∞

dξ√
2π
e−

ξ2

2

(∫
Ω
dµ(s)eA(s)+iξC(s)

)(∫
Ω
dµ(t)eB(t)−iξD(t)

)∣∣∣∣∣
2

3
≤
∫ ∞
−∞

dξ√
2π
e−

ξ2

2

∫
Ω
dµ(s)eA(s)+iξC(s)

∫
Ω
dµ(t)eA(t)−iξC(t)×

∫ ∞
−∞

dξ√
2π
e−

ξ2

2

∫
Ω
dµ(s)eB(s)+iξD(s)

∫
Ω
dµ(t)eB(t)−iξD(t)

. . .
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4
=
∫

Ω×Ω
dµ(s)dµ(t)eA(s)+A(t)

∫ ∞
−∞

dξ√
2π
e−

ξ2

2 eiξ(C(s)−C(t))×

∫
Ω×Ω

dµ(s)dµ(t)eB(s)+B(t)
∫ ∞
−∞

dξ√
2π
e−

ξ2

2 eiξ(D(s)−D(t))

5
=
∫

Ω×Ω
dµ(s)dµ(t)eA(s)+A(t)−1

2(C(s)−C(t))2
×

∫
Ω×Ω

dµ(s)dµ(t)eB(s)+B(t)−1
2(D(s)−D(t))2

(1) & (5): use e−z
2/2 =

∫ ∞
−∞

dξ√
2π
e−

ξ2

2 eiξz, z ∈ C

(2) & (4): straightforward rearrangement

(3) Schwarz. (RP)
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Back to the proof of Gaussian Domination:

We assume that the discrete torus Λ is of even side-lengths.
Divide Λ in two symmetric halves by a hyperplane intersecting
(cutting) only edges

Λ = Λright ∪ Λleft

and define the natural reflection through the dividing hyperplane

R : Λ→ Λ

We apply the Reflection Positivity Lemma in the following setting
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Ω =
(
Sν−1

)Λright =
(
Sν−1

)Λleft

s = (σ(x))x∈Λright
, t = (σ(x))x∈Λleft

dµ(s) =
∏

x∈Λright

dσ(x), dµ(t) =
∏

x∈Λleft

dσ(x)

A(s) = −
β

4

∑
x∼y∈Λright

(σ(x) + v(x)− σ(y)− v(y))2

B(t) = −
β

4

∑
x∼y∈Λleft

(σ(x) + v(x)− σ(y)− v(y))2

k =
(
x ∼ y, i

)
: x ∈ Λright, y ∈ Λleft, i = 1, . . . , ν

(Ck(s)−Dk(t))2 = β (σi(x) + vi(x)− σi(y)− vi(y))2
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For a vector field v ∈ (Rν)Λ let vr, vl ∈ (Rν)Λ be the following

vr(x) :=

v(x) if x ∈ Λright
v(Rx) if x ∈ Λleft

, vl(x) =

v(x) if x ∈ Λleft
v(Rx) if x ∈ Λright

In this setting (RP) yields:

Z2
Λ(v) ≤ ZΛ(vr)ZΛ(vl) (4)

Since lim|v|→∞ZΛ(v) = 0, argmaxZΛ(·) ⊂ (Rν)Λ is finite

Let v∗ ∈ argmaxZΛ(·) be such that

γ(v∗) := {(x, y) edge in Λ : v∗(x) 6= v∗(y)}
is minimal.

If γ(v∗) = ∅, then x 7→ v∗(x) is constant and we are done.
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Assume that γ(v∗) 6= ∅ and realize the reflection of the previous
argument through a hyperplane cutting at least one edge in γ(v∗)
From (4) we obtain that v∗r , v∗l ∈ argmaxZΛ(·).

But, from the choice of v∗ ∈ argmaxZΛ(·) and the reflection
plane it clearly follows that

min{#γ(v∗r ),#γ(v∗l )} = 2 min{#γ(v∗) ∩ Λr,#γ(v∗) ∩ Λl}

< #γ(v∗)

which contradicts the choice of v∗ ∈ argmaxZΛ(·).

Thm 4

Fröhlich-Simon-Spencer
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