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Statistical Physics with Continuous Symmetries

II. The O(v), or Classical Heisenberg Model



The O(v), or Classical Heisenberg Model: » > 2,
A= (Z/L)", Qp = (" HA, va(de) = [] do(z)

TEN Haar
The Hamiltonian and the Gibbs measure:
1
Hp(o) = -5 Y o(x)-o(y) —e ) oi1(x)
. x~yeN N TEN
O(v)-symmetry  Symm. breaking

unpe(da) = (Zpg..) texp{—BHA(2)} [] do(a)
rEN Haar

Inpe= [ g 10 OPLBHAG) [T dot)

xeN




The spontaneous magnetisation:

per. b.c.

g
mpa(B,¢e) = <|/\|_1 > 01(33)> = (01(0)A g
N\,B,e

xeN

m(8,) 1= lim ma(8,e)

m(3) :=€Ii_r>r(1)m(5,5) {;} 0 ?

The long range order parameter: e = 0,

per. b.c.

2 —~
rA(8)? = <(|/\|_1 2. "(”3)> > = AT X (0(0) - a(@))ap
A

TeEN TEN

r(8)? :=Al>r%drA<@>2 {;} o ¢



Theorem 1. [R Griffiths (1966)]
r(B) >0 = m(B) >0

Theorem 2. [ND Mermin, H Wagner (1966, 1967)]
In dimensions d = 1,2, at any 8 < oo (that isT > 0)

m(B) =0

Theorem 3. [J Frohlich, B Simon, T Spencer (1976)]
In dimensions d > 3 there exists B« < oo such that for any 5 > B«

r(8) >0



Conventions on Fourier transforms (valid for the whole course)

T he discrete torus and its dual: Let Lq,...,L; € N and
A= {a: = (z1,...,39) : x; € [=L;/2,L;/2)NZ, i= 1,...,d}

27k,
N={p=1....pa) : pi=" " keA} C [-ma]

(

Later we will assume L, € 2N.

The Hilbert spaces [2(A) and [2(A*) with the inner products

(f,9) =Y fl@)glz) resp. (fig)+=— > Ffp)aglp)

xEN |/\| pEN*



The Fourier transform and its inverse:

2(N) 3 fe FEP(N): Fp) = eP7f(x)

a:E/\

PN) 2 [ Jel?(N): Jla) =0 > e Pof(p)

|/\| peEN*
where p.-x = Zd 1 Pi%;

It is easy to check that the Fourier transforms are unitary be-
tween [2(A) and [2(A*) and are inverse of one-another

f,9 € 2(N) : (F, ) = (f,9) f=7f
f,g € 2(N¥) - (F,3) = (f,9)« F=1f

The Fourier transform diagonalizes (jointly) Toplitz operators:



Let

A= (Asy)pyen Azy = a(z —y)
Then
Af(p) = a(p) f(p)

The lattice Laplacian:

2

—2d if l[x—y| =0
0 if lx—y| >1

\

and its Fourier transform: D : [-m,7]¢ — R

d
D(p) =23 (1 — cospy), D(p) < |p|* as |p| <« 1
=1

I will assume basic knowledge about the Fourier transform.
.



Correlation functions (second order):
The (finite volume) correlation functionandits FT:4,5 =1,...,v

cfyj(@) 1= (0i(0)0;j(2)) \ , = (0i(W)o;(y +2))

a{}j(p) = > €pr07/;}j($)
rEN
As we will prove uniform-in-/\ estimates for the correlations, I
will drop the superscript A. If no danger of confusion explicit
notation of dependence on 8 and ¢ will also be dropped.

NG e

Note:

v

o For any A and p € A*, the matrix (E’Qﬂ'(m)ij—l is
positive semi-definite. ’
1 1%

o (Here e = 0) ra(8) = —= S &N(0)
A=



Proof of Theorem 2 [Mermin-Wagner]
[following [J Frohlich, T Spencer (1981)]]

Assume v = 2 and write o = (01,00) = (cos#@,sin®), 6 € [0,2m).

The general case, v > 2, is notationally and computationally
somewhat more involved, but conceptually similar.

HA®W) =~ 3 cos(8(x) — 0(x))) — ¢ 3 cosf(x)

x~yeN xeN
pnpe(d0) = (Zpg.) "t exp{—BHA(2)} [] db(z)
xeN

Inpe = exp{~BHA®)} [] d0(x)
Mo /[0’277)/\ 4 :cl;[/\



o1(x) ;= cosf(x),

oo(x) :=sinf(x),

An integration-by-parts formula: for any observable 0 — A(0),

(@5 =5 [

ZNBe

ZNBe

DA(0)
N 00(x)

G1(p) = eP%oq(x)

xeN
G2(p) =Y ePTopr(x)
xeEN
o(p) == Py
xEN

—BHA(Q) I do()

TrEN
OHA(0) _

b o~ BHA(O) .
/[o,w)/\ A) 00(x) [ o)

reN

= B(A@@)HN))pAp



and hence

((0)A)), ,. = B(A(0®)HA)), , .
Note

(02(-p)) = 3 P Waysing(y) = 3 o1(a) = 51(0)
x,yeN reEN
Putting these together:

(turn page)
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1

2
ma(B,€) |/\|2

((0)a2(—p))) > N

B2 2

= W <82(—p) (5(p)H/\>>/\ B,e

52 5
<1 (02@P), (@A) @

(62(p)52(~ = > ert
2(p)a2(=P))A g x,yzé/\ep( W (02(2)o2(Y)IA 5

= A Y P (02(0)oa(2))p 4.2

TrEN
= |A\[ &3 z(p) (2)
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BLOWIHA) (O(=p)HA) ), ;= (0)O(~p)Hp)

B,e N\,B,e
__ ol (z—y) /92
_x,yze:/\ o <aw’yHA>/\,6,s
= Y (1-ePEW) (cos(0(z) — 0(y))IA 5.
x~yeN
+¢e > (cos 0(x)) A 5.c
TEN
< A (D(p) + ema(B,¢€)) (3)
Finally, (1), (2) and (3) vyield
ma(B,e)?

6A
22(p) = B (D(p) + ema(B;¢))

and hence (turn page)
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1 ~ 1 ma(B,€)?

1> cho(0) = —— &5 o(p) >

Al She 22 T AL ER B(D(p) +ema(B, )

uniformly as A " 74,
In the thermodynamic limit,

dp < 1
[—mm]d D(p) + em(B,e) T =

1 m(B,e)?
B(Qw)d/
Letting ¢ — O,

—1
D(p)_ldp) =0
d=2

m(8)2 < B(2r) ( /[

_7-‘-77-(-]d

_IMermin-Wagner
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Proof of Theorem 3 [Frdhlich-Simon-Spencer] (here ¢ = 0)
The (finite volume) correlation functionandits FT:4,7=1,...,v

(@) == (0:(0)o;(@)) , , = (iWo(y + ), ,

. . p-x N\,
i(p) = 3 e (@)
xeEN
As we will prove uniform-in-/\ estimates for the correlations, I will
drop the superscript A. If no danger of confusion the superscript

£ will also be dropped.

Note:
o For any A * ix (&N Y '
y A and p € A*, the matrix (Ci,j(p))ij_l IS
positive semi-definite. ’
1 XA
© ra(B) = — cm-(O)
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Main stations of the proof:

(A) Infrared Bound (IRB) on the correlation function:
For all p € A*\ {0} the matrix

BD(p)

is positive definite. This is the heart of the proof.

1 174
<—5i,j — 5i,j(p)> (IRB)
1,J=1

(B) Sum rule — a straightforward identity:

i.F.t.

1 ~ = 4
1 =(c(0) - c(0))p = > ¢i(0) = Z > ¢ii(p)
1=1 1=1 peN*
|/1\| C; z( ) + |— Z Z Az,i(p) (SR)

i=1 peN*\{0}
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(C) Conclusion:

FT (SR)
N 1 14 R ~ N 1 4 R
rA(B) = — > ¢4i(0) = 1 - — > ¢.ilp)
|/\| =1 |/\| 1=1 peN*\{0}
(IRB)
/>\ 1 — v Z i
a B |/\| pEA*\{0} D(p)
Riemann
A 74 v 1

7 —1
<5 1 5\(2w)d/[—7r,7r]dD(p) dZi

I;< oo for d>3

Hence r(B) >1— %Id.
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Proof of the IRB [Infrared Bound]:
We will use the following equivalent forms of the Hamiltonian

1
IR ORI)

x~YyEeEN

= Y 0(@) Aayoly) —dinT

x,yeN
1
=—§Q-AQ —=d{N\|

=, Y @ -owP —ainl

r~yeN

Hp(o)

18



Let v € (]R%’/)/\ and define the v-dependent partition function

Q gTv)- T
Zp,5(v) ::/Q/\ e2(a ) Aletu) TT do(x)
TEN

B
— eV Av Z/\,ﬁ(Q) <652'AQ>A5

This is actually an exponential moment generating function.

Note:
Zn3(0) = Zp g
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Theorem 4. [Gaussian Domination and Infrared Bound]
For any even A\, B < oo and v € (RV)A, the following are true

(i) Zp g(v) < Zp 5(0)
(ii) [Gausssian Domination]
1
v- Ao —550 Av
<e >/\,5§8 26 (GD)
L 1
Gii) > Y. vi(s)Asa <0i(37)(7j(y)>/\ 3 Ay pv;(t) < —EQ' Av
1,7=1 s,t,x,yeEN ’
(iv) [Infrared Bound]: Vp € A*\ {0}: the matrix
1 1%
————0ij — G '(p)> >0 (IRB)
(BD(Z?) " " ij=1

is positive semi-definite
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Proof of Theorem 4 [Gaussian Domination]:
The following equivalences/implications hold

(1) & (1) = (i) e (iv)
strfwd expansion FT

We will prove (i).
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Proposition. [Reflection Positivity - classical case]

Let (2,n) be a finite measure space and
A,B,Cl,...,Cl,Dl,...,Dl = C

bounded measurable functions. The following inequality holds

|/Q QGA(S)‘FB(t)_%Zgg:l(Ck(s)_Dk(t))Qd'u(S)d'u(t) ’ < (RP)
X

/ eA(S)-FZ(t)—%22:1(Ck(S)—ék(t))zd’u(s)du(ﬂ
QxS

v /QXQ B(s)+B()—3 22:1(Ek(s)—Dk(t))leu(S)dlu(t)

Remarks: (1) It is not just a plain Schwarz.
(2) In the proof of Thm 3 we will only need the real case, but
with view on the QHM it is instructive to see the complex setting.
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Proof of (RP) [Reflection Positivity Lemma]. 1 will prove it for
[ =1. For generall > 1 only the notation gets more complicated.

‘/ d(8)dp(t)eA S TBM=3(C()=D®))? 2
Q2xQ2

= /QX du(s)dp(t)eASTB®) / S e 2 ie(c(s)-D(e)|
> d —— S [2 S 2
2 /_ - f ( [ dn(s)eArFiEC >) ([ dn(tePO- §D<t>>

v

00 dg _ &2 B(s)+i¢D(s) B(t)—i&D(t)
/_OO /d,u(s)e /d,u(t)e

A(s)+iEC(s) 1eA—iET()
dM(S)e du( )
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2 dyu(8)dp(t)eA ) HA®) / e SR ICORIONN

QAxN

@) \/
B(s)+B(t) Zﬁ(D(S) D(t))
/QxQ du(s)du(t)e / \/_e 5 e

E dyu(s)dp(t)e A FAM=3(C()-C1))?
Q2 x2

/ () dp(t)e B FBM—3(D(s)-D(1)?
Q%2

o0 2
(1) & (5): use o722 — df & e,

(2) & (4): straightforward rearrangement
(3) Schwarz. _I(RP)
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Back to the proof of Gaussian Domination:

We assume that the discrete torus A is of even side-lengths.
Divide A in two symmetric halves by a hyperplane intersecting
(cutting) only edges

N\ = /\right U Aleft

and define the natural reflection through the dividing hyperplane

R:N— A

We apply the Reflection Positivity Lemma in the following setting

25



O — (Sy—l)/\right _ <S;/_1)/\Ieft

s= (0@aengs  t= (0@ sene
)= [[ do(),  du@®= [[ do)
r€NArignt TE€Neft

A =5 Y @+ @) o)~ vw))?

T~YENrignt

By =" Y (0@ +v@) - o@) —v(m))?

T~YEN|eft

k= (e~ i)t o€ Angnts ¥ E A, = Lo...v

(Cr(s) — Dy())? = B (04(x) + vi(x) — 03(y) — v;(y))?
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For a vector field v € (RN let v, v, € (RY) be the following

or(z) ‘= v(z) Itz € Aright o(z) = v(z) if 2 € Neft
v(Rx) if ¢ € Nert v(Rx) if 2 € Apignt

In this setting (RP) yields:
Z2(v) < Za(vr) Za(v)) (4)

Since 1imy,_, Za(v) = 0, argmax Zx(-) € (RV)" is finite

Let v* € argmax Za(-) be such that

v(v™) ;= {(z,y) edge in A:v*(z) #v"(y)}
IS minimal.

If v(v*) =0, then x — v*(x) is constant and we are done.
27



Assume that v(v*) # 0 and realize the reflection of the previous
argument through a hyperplane cutting at least one edge in v(v™*)
From (4) we obtain that v/, v € argmax Zx(-).

But, from the choice of v* € argmax Z5(-) and the reflection
plane it clearly follows that

min{#~y(ve), Zy(v)} = 2min{F~y(v™) N Ar, Zy(v™) N A}
< #y(v™)

which contradicts the choice of v* € argmax Z(-).

IThm 4

__IFrdhlich-Simon-Spencer
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