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Some advertisement: the lens transform

Principle : the harmonic oscillator is “nicer” than the free Schrodinger
operator (compactness).
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Some advertisement: the lens transform

Principle : the harmonic oscillator is “nicer” than the free Schrodinger
operator (compactness).
The lens transform: if v solves

1
i0rv + EAV = Av[¥yv Vle—o = Uo,
where A € R, then u, given for |t| < 7/(2w) by

u(t,x) _ 1 (tan(Wt) X t)) e—i%|x|2tan(wt)

v )
(cos(wt))/? w " cos(w

solves

O+ Lan— L ad, _
/3tu—|—2Au— 2\x|u+>\|u| U ;U= = Up-

~~ Compactification of space (harmonic oscillator) and time (obvious).
~> An application: existence of rotating points for the scattering operator.
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More advertisement: the generalized lens transform

Let v solve
1
i0rv + EAV = H(t)|v|*v ; Vit—o = Uo-
There exists T > 0 such that the following holds. Define u by

1 pu(t)  x F) b2
_ ZOR: <T.
o) = e (S o) <0 ST

Then for |t| < u(T)/v(T), u solves

1 1
iOru+ 5 A = SQ(E)|xPu+ h(D]ul7u; ue—o = to,

where h(t) = v(£)97=2H (u(t)/v(t)).
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Logarithmic nonlinear Schrodinger equation

1
iOru + §Au = MXln (|u|2) U, Ugg = Up.

In this lecture, we assume A > 0 (always).
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Logarithmic nonlinear Schrodinger equation

1
iOru + §Au = MXln (|u|2) U, Ugg = Up.

In this lecture, we assume A > 0 (always).
~» Formal conservations:

@ Mass: M(u(t)) := ||lu(t)
e Energy (Hamiltonian):

E(u(t)) := %HVU(t)H%Z(Rd) + A/Rd lu(t, x)[2 In |u(t, x)[2dx.

ey
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Forget all about scaling

. 1
iOru + EAU = Aln (Ju?) u.

For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Juf?) ku = Xn (|ku[?) ku — X (In k?) ku.

Gauge transform: (ku)e?™ "% solves the same equation as v.
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Forget all about scaling

1
iOru + EAU = Aln (Ju?) u.
For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Juf?) ku = Xn (|ku[?) ku — X (In k?) ku.

Gauge transform: (ku)e?™ "% solves the same equation as v.

~ A scaling factor does not change the dynamics.
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Forget all about scaling

1
iOru + EAU = Aln (Ju?) u.
For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Juf?) ku = Xn (|ku[?) ku — X (In k?) ku.

Gauge transform: (ku)e?™ "% solves the same equation as v.
~ A scaling factor does not change the dynamics.

~> Typical feature of linear equations.
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Forget all about scaling

. 1
iOru + EAU = Aln (Ju?) u.

For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Juf?) ku = Xn (|ku[?) ku — X (In k?) ku.
Gauge transform: (ku)e?™ "% solves the same equation as v.
~ A scaling factor does not change the dynamics.

~> Typical feature of linear equations.
~~ Still, new nonlinear effects. ..
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Universal dispersion

Lemma

Consider the ODE:

It has a unique solution 7 € C?(0,00), and, as t — oo,
7(t) = 2tV AIn t(l + O(E(t))), #t) = 2V/AIn t(l + (’)(E(t))),

Inint
where ((t) := r; nt .
n
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Let ug € HX N F(HY), and v(y) = e "I/, Define
1 X 7(t) I\ luoll.2
t = t 3
09 = v (0735 ) 22 (7 ) e

[ @ IR+ i ey )Pl) vt )y + s 19, vl ey <

1 1
/ y | Iv(t,y)]Pdy — y | (y)dy.
R\ Jyl? TR |y

lv(t,)]> = 4 weakly in L}(RY).

t—o00
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Positive Sobolev norms

Corollary

Let up € H N F(HY)\ {0}, and 0 < s < 1. Ast — oo,

(In )2 S u() )l sgey S (0 2)*/2,

where H*(R?) denotes the standard homogeneous Sobolev space.

Proof in the case s = 1.

1 X LGy
VU(t,X) = va (V <t, 7't> ') 2 >

_ 1 1 v ; X %% . 1 x ; X %%
o2 \brw) ¢ T rmers \Brm )T

-~

~
1 . .
Il 2= 7Vl 2=0(1). -l 2=7llyvil 2~7llyyll 2~VIn t
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utline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-
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Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

e Proof of |v(t,)[? . 72
o0

o Polar decomposition (Madelung transform) ~~ hyperbolic system
(compressible Euler).
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Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

e Proof of |v(t,)[? . 72
o0

o Polar decomposition (Madelung transform) ~~ hyperbolic system
(compressible Euler).
e Change in time variable ~~ perturbation of Fokker—Planck equation.
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Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.
@ Proof of |v(t,-)]? — ~2
vt )2 = 4
o Polar decomposition (Madelung transform) ~~ hyperbolic system
(compressible Euler).

e Change in time variable ~~ perturbation of Fokker—Planck equation.
o A priori estimates ~~ weak limit satisfies Fokker—Planck equation.
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Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
/8tv + WAV = Avin ?

s V\t:O = up.

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.
@ Proof of |v(t,-)]? — ~2
V(e )1, v
o Polar decomposition (Madelung transform) ~~ hyperbolic system

(compressible Euler).
e Change in time variable ~~ perturbation of Fokker—Planck equation.
o A priori estimates ~~ weak limit satisfies Fokker—Planck equation.
o Limit of |v(t,-)|? in the kernel of the Fokker-Planck operator.
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Outline of the proof

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

2

1
i0tv + ——5Av = Avin Y s Vjt=0 = Uo-
Y

27(t)?2

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

e Proof of |v(t,)[? . 72
o0

o Polar decomposition (Madelung transform) ~~ hyperbolic system
(compressible Euler).

Change in time variable ~~ perturbation of Fokker—Planck equation.
A priori estimates ~~» weak limit satisfies Fokker—Planck equation.
Limit of |v(t,-)|? in the kernel of the Fokker—Planck operator.

A priori estimates on v ~~ tightness, hence the conclusion.
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General case: a priori estimates

1 x \ itk ||uol| 2 [1vll.2
u(t,x) = v (t, ) (6) 2 Vo i= Up
7(t)d/2 7(t) [e7IrE |uol 12

where T is the solution to 7 = %, 7(0) =1, 7(0) =0.
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General case: a priori estimates

1 X\ it w2 [Vl 2
u(t,x) = v(t >eT(f 2 Vo 1= U
’ ()42 \ (1) o7z *llwoll.2
where 7 is the solution to 7 = 22, 7(0) = 1, 7(0) = 0. Then v solves

2

2
—AdvinT+Avin <||u0||L2> , Vt=o = Yo

1
i0tv+——5Ayv = Avin|—
g [efiye

27(t)?
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General case: a priori estimates

) X\ b uoll Iz
u(t.x) = vi|t e 7() 2 Vo 1= U
(89 = "ty (’ru)) T

where 7 is the solution to 7 = %, 7(0) =1, 7(0) = 0. Then v solves

v

2 2
—Advint + OL2> s V]t=0 = V0.
g 72

) 1
iOrv + WA},V = Avin
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General case: a priori estimates

1 X\ it w2 [Vl 2
u(t,x) = v(t >eT(f 2 Vo 1= U
’ ()42 \ (1) o7z *llwoll.2
where 7 is the solution to 7 = 22, 7(0) = 1, 7(0) = 0. Then v solves

2

1
10tv + o——=Ayv=Avin|—| |, V0= w.
v

27(t)?
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General case: a priori estimates

1 X\ iEQEE o2 [llye
u(t,x) = v (t, ) e (0 2 Vo 1= Up
7(t)7/? 7(t) vl *lluoll.2
where 7 is the solution to 7 = 27—)‘, 7(0) =1, 7(0) = 0. Then v solves

. 1 v|?
iOpv + WA}/V = Avin ; V=0 = Yo

E(t) :==1Im /Rd v(t,y)orv(t,y)dy = Exin(t) + NEent(t),

where

Bun®) = 3 IV (O Eanlt) = [ Iv(ey)Pin
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General case: a priori estimates

1 x \ 20U w2 [edlVE;
— T(t) 2 :
u(t, x) 7_(t)d/zv (t, T(t)> er Vo 1= Up

[ell/en *llwoll.2

where 7 is the solution to 7 = %, 7(0) =1, 7(0) = 0. Then v solves

2

1
i0tv + ——=A,v=Avin v V=0 = Vo

27(t)? v

E(t):=1Im /Rd v(t,y)0ev(t,y)dy = Exin(t) + NEent(t),

where

1 v(t
Bian(t) = 5 IO, Ean(0)i= [ IW(ey)Pin| 202

27(t)

- : T
It satisfies: E = —2— Eyy,.
T
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Csiszar-Kullback inequality

Csiszar-Kullback inequality: if f,g > 0 with [ f = [ g, then

f
If - gl < Il [ 1o (g) dx.
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Csiszar-Kullback inequality

Csiszar-Kullback inequality: if f,g > 0 with [ f = [ g, then

f
If - gl < Il [ 1o (g) dx.

(“Algebraic” proof:
Yw>0, 3(w-12<Qw+4)(wihw—w+1),

w = f/g, and Cauchy-Schwarz.)
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Csiszar-Kullback inequality

Csiszar-Kullback inequality: if f,g > 0 with [ f = [ g, then

f
V—gM1§WWU/fm<g>W¥

(“Algebraic” proof:
Yw>0, 3(w-12<Qw+4)(wihw—w+1),

w = f/g, and Cauchy-Schwarz.)
Therefore,

2
2 vit
1) =220 S Eenle) = [ eI dy.

since by definition, ||vo|[;2 = ||7]|;2. Therefore, E(t) > 0 for all t > 0.
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Lemma

Let ug € H' N F(H'). There exists C such that for all t > 0,

L, @ P+ (e ) 1Py + 19, v(0) ey <

In addition, / T((t))3 IV, v()||7.dt < .

Proof

o
=
A,

Ey := EntA /

|v

1
|v\2ln|v]2+)\/ yRIvE < E(O)+)\/ V2In
I>1 RY v|<1 v
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Lemma

Let ug € H' N F(H'). There exists C such that for all t > 0,

L @ P+ vt )R1) (e 5Dy + sl 9, v(0) ey < €.

7(t)

In addition, / T((t))3 IV, v()||7.dt < .

Proof

o
=
A,

Ey := EntA /

|v

1
/| Pin s/R VP~ S VI 2,
vi<

d£/4

1
|v\2ln|v]2+)\/ yRIvE < E(O)+)\/ V2In
I>1 RY v|<1 v

hence Ey S1+E,
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Estimates of quadratic observables: order one

b)) = [ ey Toulendy. bl = [ vy
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Estimates of quadratic observables: order one

b)) = [ ey Toulendy. bl = [ vy

We compute:
= —2\b, b =
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Estimates of quadratic observables: order one

b)) = [ ey Toulendy. bl = [ vy

We compute:

= —2\b, b = T(lt)2 I .
Set ly = 7h: 72 =0, hence (unless /1(0) = 0)
b(t) = = (O + h(0) = 5 (-h©O)+ b)) ~ =
7(t) 7(t) 00 In't
and ;
h(t) € — v is oscillatory (in general).

In particular, / ylv(t,y)Pdy — 0= / yy(y)%dy.
Rd t—o00 JRd
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Estimates of quadratic observables: order two

Introduce J = Im / vy-V,v.
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Estimates of quadratic observables: order two

Introduce J = Im / vy -V,v. Cauchy-Schwarz:

|| < |lyvl2|Vv|[2 S 7(t) (previous lemma).
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Estimates of quadratic observables: order two

Introduce J = Im / vy -V,v. Cauchy-Schwarz:

|J] < |lyvlli2| Vv 2 < 7(t) (previous lemma).
Use the conservation of the energy of u:

. 2 ) i

ig In <L10L7> =0.
71l 2

+ 2\

Rémi Carles (CNRS & Univ Rennes)

Universal dynamics for the logarithmic NLS



Estimates of quadratic observables: order two

Introduce J = Im / vy -V,v. Cauchy-Schwarz:

|J] < |lyvlli2| Vv 2 < 7(t) (previous lemma).
Use the conservation of the energy of u:

. 2 ) i

ig In <L10L7> =0.
71l 2

= O [ypie - adinr [P =0).

+ 2\
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Estimates of quadratic observables: order two

Introduce J = Im / vy -V,v. Cauchy-Schwarz:

|J] < |lyvlli2| Vv 2 < 7(t) (previous lemma).
Use the conservation of the energy of u:

. 2 ) i
i(Eki11+(T2)/|y2|\/2:J+/\'/ V2|nV|2)\d|nT/|V2

ig In <L10L2> =0.
71l 2

= O [ypie - adinr [P =0).

But (7)? = 2\ InT and [|v[|Z = [[1]3. = ZllyIZ:

+2A[1

1
= (D)l — yalZ = 0 <m> |
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Madelung transform: Schrodinger meets Euler

Polar decomposition: v(t,y) = a(t,y)e®t¥) with a,¢ € R.

2 1 Aya

1 5 a
8t¢+272’v}/¢| —i—)\ln — 27_2 3 _—,

od

8ta+ Vygi) v, a+ aquS—O
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Madelung transform: Schrodinger meets Euler

Polar decomposition: v(t,y) = a(t,y)e®t¥) with a,¢ € R.

2 1 Aya

1 5 a
8t¢+272’v}/¢| —i—)\ln — —27_2 R R

od

8ta+ ng) Va+ aquS—O
Hydrodynamical variables: p = a°, J = a’V¢.
1
Oep+ 5V -J=0,
T

1 1
0t + AVp +2\yp = —AVp——V - Re(Vv @ V7).
4t T
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Madelung transform: Schrodinger meets Euler

Polar decomposition: v(t,y) = a(t,y)e®t¥) with a,¢ € R.

1 ) al> 1 Ay
8t¢+272’v}/¢| —i—)\ln — 27_2 3 _—,

od

8ta+ ng) Va+ aquS—O
Hydrodynamical variables: p = a°, J = a’V¢.
1
Oep+ 5V -J=0,
T
1 1
0td + AVp+ 2 \yp = —AVp——V - -Re (Vv V7).
472 72

v|2, J=ImvVv.
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Heuristics

Baby model:
1
T
0tJ +AVp +2\yp = 0.
In terms of p only: 0O (T2atp) = AV - (V+2y)p=:Alp.
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Heuristics

Baby model:
1
T
0tJ +AVp +2\yp = 0.
In terms of p only: 0O (T2atp) = AV - (V+2y)p=:Alp.
Note that 72 < (77)?: define s such that %Gt = s,

A Pl
= [ L= [ D =Zin).
° /T'T 2 ~ 2"

Notice that

1
s~ —=Inlnt, t—o0.
4

Then again discarding formally lower order terms we find

Osp = Lp.
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This is good news

Recall that p(t,y) = |v(t,y)|?: logarithmic convergence in time,

1 1
1

t, d—/ 2 d+(9< )
/]Rd |;/’2 P( y)y R4 ’;/|2 'y(y)y \/Ith
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This is good news

Recall that p(t,y) = |v(t,y)|?: logarithmic convergence in time,

1 1
1
t,y)d —/ 2 d+0< )
/]Rd |;/’2 P( y)y Rd ’;/|2 'y(y)y \/Ith

We have derived formally:
Osp=1Lp, L=V-(V+2).

For such Fokker—Planck equation, convergence to equilibrium with an
exponential rate (spectral gap),

() =72 S e Sllpo =77l
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This is good news

Recall that p(t,y) = |v(t,y)|?: logarithmic convergence in time,

)1/ p(t,y)dy = )1/ 7 (y)dy+0
. / (

ly|? REA |y [?

1
VIn t) .
We have derived formally:

Osp=1Lp, L=V-(V+2).

For such Fokker—Planck equation, convergence to equilibrium with an
exponential rate (spectral gap),

() =72 S e Sllpo =77l

Both aspects coincide, since

1
SNZInInt. t— 00.
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Back to the complete the hydrodynamical system:
1
Oep+ 5V -J=0,
T
1 1
Ot + AVp+2\yp=—SAVp——V - -Re(Vv @ VV).
472 72

Eliminate J, and introduce the time variable s, (s, y) := p(t, y):

L 2X . A o -
Osp — Wasp‘f‘ Wasp =Lp

For s € [-1,2] and s, — 00, set pn(s,y) = (s + sn, y)-

b

.1 _
4)\7_2A2p— ?V.V-Re(v\/@w).
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Back to the complete the hydrodynamical system:
1
Oep+ 5V -J=0,
T
1 1
Ot + AVp+2\yp=—SAVp——V - -Re(Vv @ VV).
472 72

Eliminate J, and introduce the time variable s, (s, y) := p(t, y):

2\ A 1
Ospp — s Osp + o5 020 = L — ——
Sp (7_)2 sP+ (7_)2 sp p 4)\7_2
For s € [-1,2] and s, — 00, set pn(s,y) = (s + sn, y)-
De la Vallée-Poussin+ Dunford—Pettis yields (up to a subsequence)
Pn = Poo in LE(—1,2; L), for all p € [1,00):

1
A2ﬁ—?v.v.Re(vV®vv).

Osfos = Lo in D' ((—1,2) x Rd> .
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Liouville property

. 7
8sp+)\7v‘.j—07

8J~I—TT(V+2y)p—KVAp——>\—V Re (Vi@ VP).

Since J = Im ¥V, v, a priori estimates on v yield

J e 211, hence fv Jy — 0 in L3(=1,2; w11,

’
sty n—oo

Therefore, Jspoo = 0.
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Conclusion

It is known (A. Arnold, P. Markowich, G. Toscani & A. Unterreiner '01)
that any solution to
as,b’oo = Lﬁoo

satisfying the above a priori estimates (it is tight) converges for large time
. ~ 2 o
Mim {|poo(s) = 7"l (rey = 0.

On the other hand, the Liouville property yields Jsp = 0, hence

Poo :72-
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Conclusion

It is known (A. Arnold, P. Markowich, G. Toscani & A. Unterreiner '01)
that any solution to
as,b’oo = Lﬁoo

satisfying the above a priori estimates (it is tight) converges for large time
. ~ 2 o
Mim {|poo(s) = 7"l (rey = 0.

On the other hand, the Liouville property yields Jsp = 0, hence
Pso = ¥2. Thus, the limit is unique, and no extraction is needed:

p(s) — +* weakly in L}(RY).

S—00
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Growth of Sobolev norms: intermediary indices

Corollary

Let up € HX N F(HY)\ {0}, and 0 < s < 1. Ast — oo,

(In )2 < [[u(t)] gy S (In)*/2,

where H5(R9) denotes the standard homogeneous Sobolev space.

s = 1: direct consequence of a priori estimates, and the convergence of
the second momentum of v,

vett) = g (17 ) )
(

1 1 v X %g i 1 x X ,%g
= 35 vit,—= IT———V|t,— et .
T(t) ()92 7\ 7 (t) ()42 \ 7 7(t)
Il 2=2119vll 2=0(1). -l 2=yl 2~y 2 ~vin e
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By interpolation, for 0 < s < 1, we readily have

()l S a1 a5 S ().

For the other (more interesting) estimate, we use the property

/!y|25! (t,y)] dy—>/ly\2s %(
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By interpolation, for 0 < s < 1, we readily have

lu(e)ll e S NuCE " lu(e)]Fy < ()2

For the other (more interesting) estimate, we use the property

/!y|25! (t,y)] dy—>/ly\25 %(

It is not obvious, and uses all the conclusions of the main theorem
(including the weak convergence).
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By interpolation, for 0 < s < 1, we readily have

()l S a1 a5 S ().

For the other (more interesting) estimate, we use the property

/!y|25! (t,y)] dy—>/ly\2s %(

It is not obvious, and uses all the conclusions of the main theorem
(including the weak convergence). Assuming this property:

Lemma (with T. Alazard, '07)

If u € HY(RY) and w is such that Vw € L>(R9),

lwl*ulliz < lull g + 1V = w)ullz=llullz® + C QL+ [Vwlie) [[ull 2.

Application: w(t,x) =
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Convergence of fractional momenta

Main theorem:

1 1

/ y | vt ) Pdy — y | 20y, ()P = 2wl
A2 TR AP

This implies that |v(t,-)|? converges to 72 in Wasserstein distance:

W, <W V2> — 0,

7rd/2 ’ 7'rd/2 t—o0

where, for v1 and v, probability measures,

Wp(vy,v2) = inf { (/Rded Ix — )/I”du(x,y)> 1/p; (7j)gn = Vj} ,

where 1 varies among all probability measures on RY x R9, and
T RY x RY — R denotes the canonical projection onto the j-th factor.
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A convenient property of Wasserstein distance

We find (e.g. in C. Villani's book): if
Wa (v(t), vso) ]H—O>OO,

then for0 < s < 1,

/|x]2sy(t, dX)H—O>O/|X|2Sl/OO(dX).
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Extensions and open questions

@ Compressible fluid mechanics:

Orp + div (pu) =0,

2
O¢(pu) + div(pu ® u) + VP(p) = %pv <A\/\gﬁ> + vdiv (pDu),

with £, > 0, P convex and P’(0) > 0. Generalized isothermal fluid.
Joint work with Kleber Carrapatoso & Matthieu Hillairet.
e Vlasov equation (fusion plasmas):

O¢f + E0xf — (OxIn(p)) Ocf =0, p(t,x) :/ f(t,x,&)d¢.
R

Partial results with Anne Nouri.
Work in progress by Guillaume Ferriere.
@ Dynamics for logNLS in the case A < 0: numerical simulations with
Weizhu Bao, Chunmei Su & Qinglin Tang.
Analytical aspects: PhD thesis of Guillaume Ferriere.
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