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Heat equation

1
8[‘” e EAL]’ X 6 Rd, U|t:0 - UO 6 Ll(Rd)
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Explicit solution : u(t,x) = (27”)0’/2/" e uo(y)dy.
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Heat equation

1
81‘” e EAL]’ X 6 Rd, U|t:0 - UO 6 Ll(Rd)

1 x—y|?
Explicit solution : u(t,x) = (27”)0’/2/" e uo(y)dy.
R

Large time description:

i(t,€) = e3P go(6) = e P ap(0) + ez (dp(€) — 0(0))

—_——

-~

order t=4/(20) in LP O(|§|e_£‘5|2>: order t—(d+1)/(2p) in LP
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Heat equation

1
81‘” e EAL]’ X 6 Rd, U|t:0 - UO 6 Ll(Rd)

1 x—y|?
Explicit solution : u(t,x) = (27”)0’/2/" e uo(y)dy.
R

Large time description:

R _tye2 A _tigl2 A _tie2 A n
i(t,&) = e 2 ap(e) = e72fap(0) + ezl (dp(€) — d0(0))
—_——— ~
order t=4/(2¢) in LP O(|§|e_£‘5|2>: order t—(d+1)/(2p) in LP

If m:= [pquo #0,

~ M —IxP/(20)
u(t, x) e (27rt)d/2e .
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Heat equation

1
81‘” e EAL]’ X 6 Rd, U|t:0 - UO 6 Ll(Rd)

1 x—y|?
Explicit solution : u(t,x) = (27”)0’/2/" e uo(y)dy.
R

Large time description:

R _tye2 A _tigl2 A _tie2 A n
i(t,&) = e 2 ap(e) = e72fap(0) + ezl (dp(€) — d0(0))
—_——— ~
order t=4/(2¢) in LP O(|§|e_£‘5|2>: order t—(d+1)/(2p) in LP

If m:= [pquo #0,

~ M —IxP/(20)
u(t, x) e (27rt)d/2e .

~> Universal Gaussian profile.
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Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).
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Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).

1 ey
Explicit solution : u(t,x) = W/d el uo(y)dy-
R
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Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).

1 ey
Explicit solution : u(t,x) = W/d el uo(y)dy-
R

Two consequences:

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).

1  Lx—y[?
Explicit solution : u(t,x) = W /d el ot up(y)dy.
R
Two consequences:
. . 1
o Dispersion: |[u(t)|| oo (ray S WHU@HU(RG’).

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).

1  Lx—y[?
Explicit solution : u(t,x) = W /d el ot up(y)dy.
R
Two consequences:
. . 1
o Dispersion: |[u(t)|| oo (ray S WHU@HU(RG’).

o Large time description: [[u(t) — A(t)uol| ;2(ga) T 0, where

1

A(E)uo(x) = s o (%) el

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).

1 ey
Explicit solution : u(t,x) = W/d el uo(y)dy-
R

Two consequences:

. . 1
o Dispersion: |[u(t)|| oo (ray S WHU@HU(RG’).

o Large time description: [[u(t) — A(t)uol| ;2(ga) T 0, where

A(t)uo(x) = (,-t)ld/zf’o (%) el

~> Universal oscillation, but the profile depends on the initial data.
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Schrodinger equation

1
10U + §Au =0, xeRY, Ujp—o = Up € [2(RY).

1 ey
Explicit solution : u(t,x) = W/d el uo(y)dy-
R

Two consequences:
1

o Dispersion: |[u(t)|| oo (ray S WHUOHU(RG/).

o Large time description: [[u(t) — A(t)uol| ;2(ga) T 0, where

A(t)uo(x) = (,-t)ld/zf’o (3)e's.

~> Universal oscillation, but the profile depends on the initial data.

[x|?

. iTA —z X2 1 ——=_
Rez>0. e 2 (e 2>_me 1+itz 2
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Proof of the asymptotic behaviour

x—yl?

1 | ——
u(t,x) = W/Rd e 2 ug(y)dy
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Proof of the asymptotic behaviour

1 iyl
U(t,X) = W /Rd e 2 Uo(y)dy— MtthMtUO(X),
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Proof of the asymptotic behaviour

1 iyl
U(t,X) = W /Rd e 2 Uo(y)dy— MtthMtUO(X),

where the three operators,

N _ 1 x
Mt =€ (2t)7 Dt(lD(X) - (lt)d/ch (t> 9
1 —ix-
and Fo(&) = 7(277)‘1/2 /Rd e X8 p(x)dx,

are unitary on L%(R9).
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Proof of the asymptotic behaviour

1 iyl
U(t,X) = W /Rd e 2 Uo(y)dy— MtthMtUO(X),

where the three operators,

0o 1 X
_ GilxP/(20) - (X
Mt € ) Dt(,D(X) (it)d/zw (t> )

1 .
_ —ix-&
and F¢(£) - (27T)d/2 /Rde ¢(X)dX,
are unitary on L2(R9). We note that

1 /x\ 2
A(t)UO(X) = WUO (?) e 2t = MtDt./—"UO(X).
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Proof of the asymptotic behaviour

1 I"X*,VF
U(t,X) = W /Rd e 2 Uo(y)dy— MtthMtUO(X),

where the three operators,

N _ 1 x
Mt =€ (2t)7 Dt(lD(X) - (lt)d/ch <t> 9
1 —ix-
and Fo(&) = 7(277)‘1/2 /Rd e X8 p(x)dx,

are unitary on L2(R9). We note that

1 /x\ 2
A(t)UO(X) = WUO (?) e 2t = MtDt./—"UO(X).

[u(t) = A(t)uoll 2 (ray = [IMeDeF (Me = 1)uol| 2rey = [[(Me = 1)tio]l 12(re)-
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Proof of the asymptotic behaviour

1 I"X*,VF
U(t,X) = W /Rd e 2 Uo(y)dy— MtthMtUO(X),

where the three operators,

0o 1 X
_ GilxP/(20) - (X
Mt € ) Dt(,D(X) (it)d/zw <t> )

1 .
and Fo(§) = (2m)i2 /Rd e Ep(x)dx,

are unitary on L2(R9). We note that

1 /xy k2
A(t)UO(X) = WUO (?) e 2t = MtDt./—"UO(X).

[u(t) = A(t)uoll 2 (ray = [IMeDeF (Me = 1)uol| 2rey = [[(Me = 1)tio]l 12(re)-

We conclude thanks to Lebesgue Dominated Convergence Theorem.
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Nonlinear Schrodinger equation: power nonlinearity

For A eR, 0<o< , consider:

(d-2)+ 2)

1
i0ru + §Au = Nu[*u, xeRY, Ujp—o = Up € HY(RY).
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Nonlinear Schrodinger equation: power nonlinearity

ForAeR, 0<o< C= 2) , consider:

1
i0ru + §Au = Nu[*u, xeRY, Ujp—o = Up € HY(RY).

o If A > 0: global existence (u € L=(R; HY(R?))), and if o > 2/d,

Jup € HARY),  u(t) - €3 %u | prey — 0.
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Nonlinear Schrodinger equation: power nonlinearity

ForAeR, 0<o< , consider:

(d-2)+ 2)

1
i0ru + §Au = Nu[*u, xeRY, Ujp—o = Up € HY(RY).

o If A > 0: global existence (u € L=(R; HY(R?))), and if o > 2/d,
Jur € H'(RY),  [lu(t) = 2% up [l pey 2 0.

The (inverse of) the wave operator is not trivial: up — vy is
one-to-one.
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Nonlinear Schrodinger equation: power nonlinearity

ForAeR, 0<o< C= 2) , consider:

1
i0ru + §Au = Nu[*u, xeRY, Ujp—o = Up € HY(RY).

o If A > 0: global existence (u € L=(R; HY(R?))), and if o > 2/d,
1(d ita
Juy € HY(R),  [Ju(t) — e ui ey —2 0.

The (inverse of) the wave operator is not trivial: up — vy is
one-to-one.

e If A < 0: finite time blow-up is possible when o > 2/d,

l = 0.
Jim V()2 = oo

Existence of large stationary solutions: u(t,x) = e™(x).
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Logarithmic nonlinear Schrodinger equation

) 1
iOru + §Au = M\ln (|u|2) u, U= = Uo.
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Logarithmic nonlinear Schrodinger equation

) 1
iOru + EAU = M\ln (|u|2) u, U= = Uo.

~> Initial physical motivation (~1976-1985): nonlinear wave mechanics,
open quantum systems, nuclear physics.

More recent interest (since 2000): quantum optics, transport and diffusion
phenomena, effective quantum gravity, superfluidity and BEC.
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Logarithmic nonlinear Schrodinger equation

) 1
iOru + EAU = M\ln (|u|2) u, U= = Uo.

~> Initial physical motivation (~1976-1985): nonlinear wave mechanics,
open quantum systems, nuclear physics.

More recent interest (since 2000): quantum optics, transport and diffusion
phenomena, effective quantum gravity, superfluidity and BEC.

~+ Formal conservations:

o Mass: M(u(t)) := [|u(t) |72 g0y
o Momentum: J(u(t)) := Im [pq T(t,x)Vu(t, x)dx.
e Energy (Hamiltonian):

E((e) 1= VU a3 [ Jue ) In (e, )
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Why is the Cauchy problem delicate?

1
iOru + §Au = MAln (|u|2) U, Ug_g = Up.

~~ The nonlinearity is not locally Lipschitz continuous: the usual fixed
point argument cannot be repeated.
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Why is the Cauchy problem delicate?

1
iOru + §Au = MAln (|u|2) U, Ug_g = Up.

~~ The nonlinearity is not locally Lipschitz continuous: the usual fixed
point argument cannot be repeated.
~> The energy has no definite sign,

E(u(t)) = %HVU(t)H%z(Rd) + /\/Rd (u(t, )2 In |u(t, x)Pax.

/ lul?In |u]?dx <0, while / luf>In |ul?dx > 0.
|ul<1 Ju[>1
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A priori estimates: case A < 0

Suppose A < 0: positive part of the energy,

0 < £ (u(1)) :=§Hw< Olfseey + A [ (o) nfu(e. )P

lul<1

< E(w) — . lu(t, x)|? In |u(t, x)[2dx.
M u|>
+IAl
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A priori estimates: case A < 0

Suppose A < 0: positive part of the energy,

0< En(u(t) = I Vu(e) e + A [ lule. 0P Infule. ) ox

|ul<1
< E(w) — lu(t, x)|? In |u(t, x)[2dx.
\f’ luj>1
+IAl
Since the logarithm grows slowly,
[ lutePmjute )P < € [ Ju(ex) s
|ul>1 |u[>1

24e—ed/2 ed/2
S a2 IV () 15520,

provided that ¢ < 2d/(d —2)4.
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A priori estimates: case A < 0

Suppose A < 0: positive part of the energy,
1
0< E+(u(t)) = EHVIJ( )HL2 Rd) / . ’U(t,x)|2 In |u(t,x)|2dX
uj<
< E(w) — lu(t, x)|? In |u(t, x)[2dx.

\/’ u|>1
R |ul

Since the logarithm grows slowly,

/ (e ) In fu(t,x)Pax < G [ Ju(e,x)[+dx
|ul>1 |u[>1
2+4e—ed/2 ed/2
S a2 IV () 15520,

provided that ¢ < 2d/(d — 2)4+. Using the conservation of mass,

Ei(u(t) < E(uo) + GEy (u(t)) /.
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A priori estimates: case A < 0

Ei(u(t) < E(uo) + GEy (u(t)) /.
Picking e < 4/d yields E; (u(t)) € L*(R), hence

ue L®(R; HYRY)), |ul?In|u® € L®(R; L}(RY)).
~=+ Nice a priori estimate in the case A < 0, in

W= {u e HY(RY), x s |u(x) Inu(x)[? € Ll(Rd)}.
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~» Mathematical study:

W= {u € HY(RY), x > [u(x)2 In |u(x)[? € Ll(Rd)}.

Theorem (Th. Cazenave & A. Haraux '80)

A <0, up € W: unique, global solution u € C(R; W). The mass M(u)
and the energy E(u) are independent of time.

@ Proof by compactness arguments, using a regularization of the
nonlinearity.

@ Alternative proof by Masayuki Hayashi, proving the strong
convergence of a sequence of approximate solutions.
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A priori estimates: case A > 0

If A >0,

0 < E,(u(t)) = %HVU( )22z + />1 Lu(t, )2 In |u(t, x)Pdx

1
< E(uo)—i—)\/ lu(t, x)|? In ————dx.

lul<1 lu(t, x)|2
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A priori estimates: case A > 0

If A >0,

0 < E,(u(t)) = %HVU( )22z + />1 Lu(t, )2 In |u(t, x)Pdx

1
< E(uo)—i—)\/ lu(t, x)|? In ————dx.

lul<1 lu(t, x)|2

Since the logarithm grows slowly,

1
yu(t,x)\2|ndx<c/ lu(t, x) P2 d,
/u|<1 u(t, x)[? * <1

for € > 0 arbitrarily small.
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A priori estimates: case A > 0

If A >0,

0 < E,(u(t)) = %HVU( )22z + />1 Lu(t, )2 In |u(t, x)Pdx

1
< E(uo)—i—)\/ lu(t, x)|? In ————dx.

lul<1 lu(t, x)|2

Since the logarithm grows slowly,

1
yu(t,x)\2|ndx<c/ lu(t, x) P2 d,
/u|<1 u(t, x)[? * <1

for € > 0 arbitrarily small. Analogue of Gagliardo—Nirenberg inequality,

2_ 2_5_%
/Rd|u| Sl E Il 0<e<
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Cauchy problem: case A > 0

1
iatu + EAU = )\ |n (|U|2) u, u‘t:O = ug.

F(HY) = {u € [2(RY), x v (x)%u(x) € L2(Rd)},

Theorem (with . Gallagher)

A >0, up € F(HY) N HY(RY) with0 < a < 1.
There exists a unique, global solution u € LS (R; F(H®) N H).

Mass M(u) and energy E(u) are independent of time.
If in addition uy € H?(RY), then u € L2 (R; H?).

F(H*)NH! C W. Issue = {|u| < 1}.
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1
iOru + EAU = MAln (|u|2) u, U= = Uo.

Whether A < 0 or A > 0, we now have the existence of a unique global
solution.
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1
iOru + EAU = MAln (|u|2) u, U= = Uo.

Whether A < 0 or A > 0, we now have the existence of a unique global
solution.
What can we say about its large time behavior?
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1
iOru + EAU = MAln (|u|2) u, U= = Uo.

Whether A < 0 or A > 0, we now have the existence of a unique global
solution.
What can we say about its large time behavior?

1
Usual NLS, i0,u + - Au = Aul*u.
e If A > 0 (defocusing case): scattering if o > 1/d, long range

scattering for small data if 0 < 0 < 1/d. The scattering operator is
bijective from a neighborhood of 0 to itself (non-trivial dynamics).

o If A < 0 (focusing case): (long range) scattering for small data, but
blow up may happen for large data when o > 2/d.
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1
iOru + EAU = MAln (|u|2) u, U= = Uo.

Whether A < 0 or A > 0, we now have the existence of a unique global
solution.

What can we say about its large time behavior?
1
Usual NLS, i0,u + - Au = Aul*u.
e If A > 0 (defocusing case): scattering if o > 1/d, long range

scattering for small data if 0 < 0 < 1/d. The scattering operator is
bijective from a neighborhood of 0 to itself (non-trivial dynamics).

o If A < 0 (focusing case): (long range) scattering for small data, but
blow up may happen for large data when o > 2/d.

The logarithmic Schrodinger equation has completely different features.
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Galilean invariance

Like the linear Schrodinger equation, or the “standard” NLS, logNLS
enjoys translation invariance, and Galilean invariance:

If u(t,x) solves
. 1 ,
iOpu + §Au =Aln(Jul®)u, X€ER,

then so does | -
uv(t,X) = u(t’X — Vt)elV~X—l|v‘ t/2,

for any v € RY.
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Forget all about scaling

1
iOru + EAU = Aln (Juf?) u.
For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Ju?) ku = Mn (|ku|?) ku — X (In k%) ku.

e2it)\ln k

Gauge transform: vy := (ku) solves the same equation as u(= uy).
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Forget all about scaling

1
iOru + EAU = Aln (Juf?) u.
For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Ju?) ku = Mn (|ku|?) ku — X (In k%) ku.

Gauge transform: vy := (ku)e®™ "k solves the same equation as u(= uy).

~~ A scaling factor does not change the dynamics.
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Forget all about scaling

1
iOru + EAU = Aln (Juf?) u.
For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Ju?) ku = Mn (|ku|?) ku — X (In k%) ku.

Gauge transform: vy := (ku)e®™ "k solves the same equation as u(= uy).
~~ A scaling factor does not change the dynamics.

~> Typical feature of linear equations.
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Forget all about scaling

iOru + %Au = Aln (Juf?) u.

For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Ju?) ku = Mn (|ku|?) ku — X (In k%) ku.

Gauge transform: vy := (ku)e®™ "k solves the same equation as u(= uy).
~~ A scaling factor does not change the dynamics.

~ Typical feature of linear equations.

~ Still, new nonlinear effects. . .
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Forget all about scaling

iOru + %Au =Aln (Ju?) u

For k > 0, ku solves
1
i0¢(ku) + SA(ku) = Aln (Ju?) ku = Mn (|ku|?) ku — X (In k%) ku.

Gauge transform: vy := (ku)e®™ "k solves the same equation as u(= uy).
~~ A scaling factor does not change the dynamics.

~ Typical feature of linear equations.

~ Still, new nonlinear effects. . .

For instance:

duy
dk

2
d?ux  2itA G2itA Ik

= (14 2it)\) upe®tAnk, T2 = o (1F2it )

For any t # 0, ug + u(t) is not C! at 0 (even from HT> to H=>).
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Logarithmic NLS: "focusing” case

1
iOru + EAU = Aln (|u|2) u, U= = Uo.

Lemma (Th. Cazenave '83)
Let A < 0 and k < oo such that

Lk = {u (= W, HUHL2(R") = 1, E(U) < k} 75 @

Then UIQLfk |l p(r) > 0.

1Sps

~ No solution is dispersive in the case A < 0.

~~ standing wave: \ < 0, exp(—2i\wt +w + d/2 + \|x|?) solution, for
any period w € R.

~~ Orbital stability of the Gausson (w = 0) addressed in several papers:
Th. Cazenave '83, A. Ardila '16.
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General dynamics, case A <0

For general initial data, the dynamics is not known is general:

@ The Gausson is orbitally stable, but not stable in the strong sense of
Lyapunov (counterexamples, even in the radial case).
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General dynamics, case A <0

For general initial data, the dynamics is not known is general:

@ The Gausson is orbitally stable, but not stable in the strong sense of
Lyapunov (counterexamples, even in the radial case).

@ The evolution of any initial Gaussian is known (second lecture).
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General dynamics, case A <0

For general initial data, the dynamics is not known is general:

@ The Gausson is orbitally stable, but not stable in the strong sense of
Lyapunov (counterexamples, even in the radial case).

@ The evolution of any initial Gaussian is known (second lecture).

@ For instance, what can we say about the evolution of the initial sum
of two Gaussians??
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Gaussian data: the case A > 0

_1ls5d %2 .
A>0, UO(X) = bge 2 Yz aOJXf, with by, aoj € C, Qpj = Re aogj > 0. Then

x-2 Fi(t) X2
u(t,x) = boH Fexp(l@ t) - X0i5 207 ()+'rﬁ;é>

for some real-valued functions ¢j, rj depending on t only.

ri(t) = 2t/ Aag In t (1 + o(1)> . H(t) =2y Aag Int (1 + o(1)) .

N lwoll
7 (evine) " (w2

IVu(t)||Z2 (RY) , 2)\dHUOHLz Re)Int.

[u()] oo (e
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Three new features

e Dispersion: usual t~9/2 rate becomes (t/Int)~9/2.
(Link with Strichartz estimates?)
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Three new features

e Dispersion: usual t~9/2 rate becomes (t/Int)~9/2.
(Link with Strichartz estimates?)

e Unboundedness in H: ||[Vu(t)||2 ~ VInt.
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Three new features

e Dispersion: usual t~9/2 rate becomes (t/Int)~9/2.
(Link with Strichartz estimates?)

e Unboundedness in H: ||[Vu(t)||2 ~ VInt.
e Universal profile:

(2t\/W)d/2‘ <t X X 2t\/W)‘ luollc2 ~Ix/2,

t—00 71-/4

regardless of the initial variances.
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Three new features

e Dispersion: usual t~9/2 rate becomes (t/Int)~9/2.
(Link with Strichartz estimates?)

e Unboundedness in H: ||[Vu(t)||2 ~ VInt.
e Universal profile:

(2t\/m)d/2‘ <t X X 2t\/W)‘ luollc2 ~Ix/2,

t—oo T /4
regardless of the initial variances.

~~ Miraculous explicit computations, precious guide for the general case.
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Universal dispersion

Let A > 0. Consider the ODE:

=2 0)=1, #0)=o0.

It has a unique solution 7 € C?(0,00), and, as t — oo,
7(t) = 2¢v/AIn t(l + O(E(t))), #t) = 2V/AIn t(l + (’)(E(t))),

Inint
where {(t) := r; nt .
n
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Universal dispersion

Let A > 0. Consider the ODE:

=2 0)=1, #0)=o0.

It has a unique solution 7 € C?(0,00), and, as t — oo,
7(t) = 2¢v/AIn t(l + O(E(t))), #t) = 2V/AIn t(1 + O(e(t))),

Inint
where {(t) := r; nt .
n

The large time behavior is independent of 7(0) > 0 and 7(0) € R.
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Theorem
Let up € H N F(HY), and »(y) = e "I/2. Define

A6 = T(t;d/z ’ (t’ T(Xt)) = :(3’)(2) ||uv0|r‘f: |

[, @42+ (e, )P1) (e )P+~ 19, (e < C-

1 1

/ y | Iv(t,y)[Pdy — y | ¥(y)dy.
= AP TRl

lv(t,")|> = 42 weakly in L}(RY).

t—o0

1 e—Ix2/@xen ) gilx2/2¢ Yol 2
oo (2t)/2(AlIn t)d/4 17 22

Formally, u(t,x) .
BN
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Positive Sobolev norms

Corollary

Let up € H N F(HY)\ {0}, and 0 < s < 1. Ast — oo,

(In )2 S u() )l sgey S (0 2)*/2,
where H*(R?) denotes the standard homogeneous Sobolev space.

Proof in the case s = 1.

1 X ;iﬁ
VU(t,X) = va (V <t, 7’t> e (1) 2 >

_ 1 1 v ; X %% . 1 x ; X ,Lg@
o2 \brw) ¢ T rmers \Brm )T

-~

~
1 . .
Il 2= 7Vl 2=0(1). -l 2=7llyvil 2~7llyyll 2~VIn t
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The Gaussian case

Corollary

_1sd i .
Suppose ug(x) = bge™ 2 ==1%95  with by, ag; € C, agj = Re ag; > 0.
Then, with v as in the main theorem, the relative entropy of |v|?> goes to

zero for large time:

2
v(t,y) dy — 0

t—o00

/ v(t,y)Pn
]Rd

and the convergence of |v|? to 42 is strong in L1:

vt )P = ]| gy =52, 0-
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Stability of this regime

If we consider a defocusing, energy-subcritical, power-like perturbation,

1
i0ru + EAU = Aln (|u|2) u+pu®u, Uj¢—o = U,

with A>0, u>0and 0 <o < 2 then most of the previous results

. ) (d—2)+
remain valid:

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Stability of this regime

If we consider a defocusing, energy-subcritical, power-like perturbation,

1
i0ru + EAU = Aln (|u|2) u+pu®u, Uj¢—o = U,

with A>0, u>0and 0 <o < ﬁ , then most of the previous results
remain valid:
e Existence of a global solution in ¥ = H! N F(H?!), with conservation
of mass, momentum and energy (uniqueness is not always known).
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Stability of this regime

If we consider a defocusing, energy-subcritical, power-like perturbation,
1
i0ru + EAU = Aln (|u|2) u+pu®u, Uj¢—o = U,

with A>0, u>0and 0 <o < ﬁ , then most of the previous results
remain valid:
e Existence of a global solution in ¥ = H! N F(H?!), with conservation

of mass, momentum and energy (uniqueness is not always known).

@ Main Theorem: with the same change of unknown function,
convergence of the momenta, |v(t,-)|? — 72, and growth of the
Sobolev norms of wu.
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Stability of this regime

If we consider a defocusing, energy-subcritical, power-like perturbation,
1
i0ru + EAU = Aln (|u|2) u+pu®u, Uj¢—o = U,

with A>0, u>0and 0 <o < ﬁ , then most of the previous results

remain valid:
e Existence of a global solution in ¥ = H! N F(H?!), with conservation
of mass, momentum and energy (uniqueness is not always known).
@ Main Theorem: with the same change of unknown function,
convergence of the momenta, |v(t,-)|? — 72, and growth of the
Sobolev norms of wu.

In this case, the evolution of Gaussian data is not explicit.
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

2

1
i0tv + ——5Av = Avin Y s Vjt=0 = Uo-
Y

27(t)?2

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

e Proof of |v(t,)[? . 72
o0

o Hydrodynamical formulation (Madelung transform) ~~ hyperbolic
system (variant of the isothermal compressible Euler equation).

Rémi Carles (CNRS & Univ Rennes) Universal dynamics for the logarithmic NLS



Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
iOrv + WAV = Avin 5| Vit—0 = Uo-

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

Proof of IR = A2
@ Proof of |v(t,-)] o/
o Hydrodynamical formulation (Madelung transform) ~~ hyperbolic

system (variant of the isothermal compressible Euler equation).
o Change in time variable ~~ perturbation of Fokker—Planck equation.
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

) 1 v|?
/8tv + WAV = Avin ?

s V\t:O = up.

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.
@ Proof of |v(t,-)]? — ~2
V(e )1, v
e Hydrodynamical formulation (Madelung transform) ~~ hyperbolic
system (variant of the isothermal compressible Euler equation).

o Change in time variable ~~ perturbation of Fokker—Planck equation.
e A priori estimates ~~ weak limit satisfies Fokker—Planck equation.
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

2

1
i0tv + ——5Av = Avin Y s Vjt=0 = Uo-
Y

27(t)?2

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.
2 2.
@ Proof of |v(t,-)] T
o Hydrodynamical formulation (Madelung transform) ~~ hyperbolic
system (variant of the isothermal compressible Euler equation).
o Change in time variable ~~ perturbation of Fokker—Planck equation.

e A priori estimates ~~ weak limit satisfies Fokker—Planck equation.
o Limit of |v(t,-)|? in the kernel of the Fokker-Planck operator.
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Outline of the proof of the main theorem

@ Gaussian case: reduction to ODEs. Appearance of 7.

@ This suggests the new unknown function v, which solves

2

1
i0tv + ——5Av = Avin Y s Vjt=0 = Uo-
Y

27(t)?2

@ A priori estimates for v: directly from the above equation, and from
the a priori estimates for w.

e Proof of |v(t,)[? . 72
o0

o Hydrodynamical formulation (Madelung transform) ~~ hyperbolic
system (variant of the isothermal compressible Euler equation).
Change in time variable ~~ perturbation of Fokker—Planck equation.
A priori estimates ~~ weak limit satisfies Fokker—Planck equation.
Limit of |v(t,-)|? in the kernel of the Fokker—Planck operator.

A priori estimates on v ~~ tightness, hence the conclusion.
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Content of the other lectures

@ Lecture 2: Cauchy problem and explicit Gaussian solutions.

@ Lecture 3: proof of the main theorem, and corollaries.
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