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THE WENT and SPECTRUM L1

Def ZE4 , is an eigenvalue of A.DCA)

if Z4EDAD , 4*0 It. A4--24

⇐ ZE4 , eigenv . of A , DLAJ

KOCA-⇒ + IO3 2IE KOCA-77
, 4to

is the eigenv . ofA
Corr . to 7

If 2- Is not an agent ,
KOCA-2) = Go} ⇒ A-2- is

invertible
.

It may happen that CA-e)
''
= RAG)

is not bounded → is not defined in the whole St



V-ffny.fmEDCA) fn→ f. Afn→ g 12

µ
one has FEDCA) and AA-g

Def . let ADCA) be a closed operator . then

PCAI = G7E ¢ : CA-⇒
"

is a boundedop
9 in 7g
resolvent set ofA.DAY

the spectrum ofA es OCA)= ¢ I PCA)

2- eeg. ⇒ TENA)

# in the co- dim. case the spectrum
containsmorethan eigenvalues



Prep (resident identity )
to

let AIDA) be a closed op . and 7.WE pA) .
then

[A -2-5
'
- CA-W5

'
= Cz - w) CA-75

'
CA-W5' cos

Moreover PLA) isopen 2nd therefore TCA) is closed .

Proof
.
of CA)
- CA - 25

'
- CZ -w) CA-75

'
CA-W5

'

±Az
= CA - E5

' II - A-w) CA-W5']

= CA - ET
' [ It ¢A-⇒ - CA-w)] CA-w5

']
= CA# + LA-w) -1 -CA¥ •



showpCAIisopej.TN/toEpCA32ndDo-ftE4:IZ-to1Hhf-Zo5'Half
L4

If 2- C-Do
,
the sequence of bounded op .

Rn = II (Z -to)k [ ( A-zojifk
" A

"
: *→ DCAJ

converges in norm to a bounded op
. the

. Show : R- CA-25!

V-fE It
, Rn f E DCA) 2nd Rnf→ Rf

h→ to

A Rnf = ( A -to) Rnf t toRnf

= €⇒ CZ -to)k [ IA-7051 ]Fit toRnf

Lk=o
I j- Ky

= f t j€ Cz-to}" [ CA-ZO3-1JJ" f t 2012nF
-

ft2-Rf
(2--2-0) Rnf →

n→tb

Since A- is closed CA-2) Rf - f .



Let FEDCAD L5

RnAf = Rn CA-707ft toRnf

= €0 C7-2WK [ CA-ZO5Ykft zoRnf

- f t CZ-to) Rn-if + zoRnf → ft 2-Rf

=p R CA-E)f=f Together with CA-⇒Rf =f we

conclude that D= CA-⇒?

Since ftE Do D= 1A-25
' bonded hence 2- E p CAS

⇒ YCA) is open ⇒ MA) is closed
•



Prof . ( second @solvent identity) let A.DLA) bes.ie.
L6

2nd B.D1B) symmetric . and small perturb .

w.r.tn A

C. UB4H Ear HA4H tbhOH , at toil) , b>o) . For tEpCA)npCAtB)

CATB -2-5
'
- CA- 2-51 - CA-75' BCATB -2-5

'

= CA -751 - CATB-75' B CA-251 g-

Proof the hp - on ADLAI
, B.DCB) ensure that

H7E FIA) ⇒ B1A-2TI is bounded
, ftfplAtB) ⇒ BCATB-75

'

isbonded
[ check! ) . then

B CATB -2-51 = (ATB-⇒ (AtB-2-51 - CA-2) (AtB- 2-51

= I - CA-t) CATB-2-51

⇒ CA-25' B CATB -25' = CA-2-5' - CATB -25
'

he



Prep let ADCA) a symmetric operator. thenthe arrests .

L7

A

ecg¥ are real and the eigenv.corresp.to different

eigenvalues are orthogonal . *
no info on the
other parts of the

BEE If FE Ker CA-⇒ ,
Imz# • ⇒ f=o

spectrum

2- af,f) =L
Af -Zf gym

< f
,Af>
I L Af

,
f) = Eaf ,f)

If 2-FE ⇒ f=o ⇒ eigenvalues arereal .

Assume now Af=df
, Ag=µg Hµ . Then

+ ag ,f) = Eg , Af >
§ LAY

,f) = get gift

sym .

µ# d ⇒ <gift 0



Prep .

Let A.DLA) be self-adjoint .⇒ OCA)E Re L8

Proof If ADLAI is self-adjoint for any 2-C- ¢ with IM7-1-0

the operator A-⇒
-! It → DCA) is bounded and satisfies

11 CA-2-5111 I 1- CA2
1IM2-I

=D 2- : Imtfo belongs to PLA) =D TCA)EK2 .

ProofofCA Recall AIDLA) sa . HZE ¢ ,
Imtto

122N CA- t) = It and Ker CA-2-7--903
-

→ CA-E)
" well defined

tff EH
,
7 hEDIAIS.tn f- CA-2)h

II CA -⇒ oh 112 = a CA - Rez - i Imt)h
,
CA-Rez -i ImtIh>

- A CA-Ret)hit + ¥m⇒2 11h42 } Emts
? 11hIF U



COMPACTEST .

Abounded cop . in It is compact if L9

for every bounded sequence Gfn3 in
It
, I Afn}

has a subsequence convergent in It
• every compact op . is the norm limit of
a sequence of operators of finite rank

• 5Th } compact and Tn→T in norm ⇒ Tis compact

• a bounded op . is compact⇐ its adjoint is compact.

Prof . let A be compact op . on It , then OCA) is a

discrete set having no Comet points excep eventually 2--0 .
Moreover any non too element of MA) is an eigenvalue
of finitemety



Prof . letA be compact op . on It .
then exist to

N
an orthonormal sets I 4n3nI, and f4n 3ns,
C.non necessarily complete) and some positive real
numbers fan3n⇒N ( singular values of the operator)
with An→ o so that

µ
the proof shows that dn

are the eigenvaluesN

A = 2 In <4ns . > of, of IA1 = FAE
h=/

where the nm (which may be finite or infinite) converges
in norm.

IDEAofthe-proofsince.tt is compact , AAA is compact and s.ae.
Use the agenfunction expansion theorem and the factthat

AAA 4n = ten 4h with ten>0 [Reed
-Simon volI, 1hm vi. 173



TRACEof an operator let fQn3 is an ON13 in It . then for L11

any positive operator A we define

as

Tr A = E. 29in
,
A9h> Trace of A

h-7

Prep . D TRA is independent on the basis chosen

ID TreatB) = TrAtTr B

iii) Tr HA) = A TRA htt> O

ID Tr( U All
-D - TRA All unitary

↳ If OEAEB then Tr A ETRB



212

Def. An operator A is trace

µ Ip¥Eof%⇐ Tr IA1 cos I#I =TAI describe
" mixed
states in

QM"

Prof • the family of all trace chess operators is
a vector space (denoted with Is)

• trace class operators are ideal with w -n.

To bounded op.ie . A trace -class , B bounded

then AB and BA are trace- class

• If A- Is trace class ⇒ Ad is trace class



TRACE CLASS vs compact Oper.
L13

-

PIP . Every trace class op . is compact -
A compact op . is trace chess ⇒ Enfin < •
with 12h35, singular values of A

1¥ .
If trial cos ⇒ TrlARCO , Sten} BON in It

Tr LIAR) = Ing coin , AH4N> = If HA4Nkeen it 143
suppose 4€ 98 , → 9N}

"
and

114M¥
If <% . > then

HA41FE Tr IA12-5EF 11 Ayn 112
converges innormto A

⇒ A is compact

⇒ sup f k A4H s.t.4ESG.n.az?II4U-i3-oN-Iteo



44
b) A compact , IF dn cos ⇒ A trace class

is proved using the canonical form for compact op

RK1 Canonical form for trace- class op . A- FI
,

to c4n
,
.>4h

RK2 the finite rank operators are H - Ils -dense in Is
no

trace- chess norm

HILBERTDT Op . CHS)

An op . T is called tes if
Tr Tattoo

Note that ? HAVE 11 Allz I 11 Alls
-

tes norm



CAFFEIN of the essential spectrum Jess --FIND US

Prof . JE0E (A) Iff . 7- a singular Weyl sequence
relative to X ie a sequence of vectors ffngs.tn

fn EDCA) , Ilfn11=1 , fn→ o for n→to

2h01
11 CA-d) An11 → o

h-1to

Prep . XENA) Iff . I a Weyl sequence relative to a

/ :÷÷÷:::::÷:::::÷÷byusing Zn= 4th , the PCA) : I Zn- It →0 , 11 CA-ZN5
' II→to

' ⇒ to Sign3 : HgnHH 2nd I1H-2NT'gnK →a ⇒ In ;¥§Ig is Weyl seq. for
A- rel.to A



weyllsthm-letADIAJendBIDCBJs.a.op.in It
"&

2nd
RAG) - LA-2-5

'
RBCZ)= C.B-ZIY

If 7 2-E pCA)hfCB) s.t.RAGI-RB.tt)
is a compact op ⇒ Tess LA) - Tess CB3



tfofWeyIthOrem_ .

AE0E (A) =D A E Tess (B) 47
(the viceversa is proven analogously)

let inEdessa's ⇒ 44in 's a singular Weyl sequence forAreI. to A

4nFDA) , 114nA⇒ , 4h→ o i k CA-d)4h11→ 0

then I
-

(RAH -¥ )4n = ( RAH - RACE) CAN)4n

- RACES ( I - ¥¥)4n - RAI CA - d) 4N
A-2-

⇒ HIRA -⇒ 4nA a- "FEET "¥In"
% notes



Letus define 4ns RB 4n ; we have ONE DCBJ and
L18

0IN→ 0 (since 4N- o) . let us show 11 4h11 -3/0

Write Ion = (RBAI -RAH ) 4h + (RAH -Iz)4h +¥z4nµµ ,
I

hjm 114nA - 1mg It CRBLH-RATED4nA t hug It RAN It 1-A-71--0by ass . so by comp . bet -
with 0h - ¥4, we get nothin⇒

~

It remains to show that U CB-d)01h11 → o
.

1143-d) 4h11 = H CZ -d)dnt 43-2-3 4h11 with dn=RBGI4n

= tell 11 (RB -⇒ 4nA

⇐ 12--9 CHIBA) - RATED 4nA + A CRAW -¥) 4h11 ⇒
AE NessCB3

To →0



UNITARY OPERATORS L18
-

Consider It
,
c.g. s, Holl , I

Jt'
,
c.
,
.>

'

,
It . 11

'

, I
'

Def
.
An operator T : It→ It

'
is an Isometry if it

preserves the scalar product ie ctf ,Tgs's a fig>
f- figE A ⇐ T*T=#

where ttdef.by a ft
,Tg>

'
= staff g y tf

't It! get

R1 If T is isometric IITFII = HF11 ⇒ 11TH =/
, Kot - to }

⇒ T
' exists but in general is not defined in the whole #



220

Def . A operator lli It→ It
'
is unitary if it is

an isometry and Ran CU) = It '

Prog A bounded op . ll ? *→ It
'
is unity if

U'll - I and UU*= #
'
⇐ U*= it'

Exampled An operator which is isometric but not unitary is

DCT) = 92 I sing new , ×nE¢ : IGknits }
T : CX , , . . , Xn) → Co , × , , . . . Xn) shift op.

Check T' ' C4 , n . Xn) → CX2
,
- - , Xn)

-

tat - I but TT' II



Prog . Let ADLAI is as - a. operator in St and L21

U : It→ It is unitary . then the operator in It
'

DLA') = f f' Est ' i f
'
= Uf

, FEDCA)}

A' f' = U Alt
' f

'

: DCAD→ It'

is self-adjoint, TCA) - OCA') and eigenvalues of A 2ndAl
coincide

.

Proof a) A' is symmetric

< §! A' fly
, #
defoAA

< g
'

,
UAU

-'
f's

'
= a lttg' , All

- '
f's

= < UA4-1GI , f' > I = 2 A'g
'
,
f' s

'
me

5-2.of A



b) A
'

,
DIA'S is self-adjoint L22

Fx 2-EPA) =D CA-Z5' is bounded on It
*
-

f
'
C- It

'
and define U

'
= U CA-2-5'll- ' f ' ED1A')
-

DLA)

Moreover def of A
'

( A' -E) u' E U CA -⇒ it ' U CA-ZHU
-'
f
'
= f

'
G)

-

I

⇒ ran ( At -⇒ = It

since f- f'Est ' f- u' s.t.CA' -E) it =f
'

=p self -2dg .
criterion implies Al self-adjoint *



c) if A) I play L23

ZE0A) ⇒ CA-2-5' bounded

⇒ U CA-t)
" it's A' → DIAD is bounded

Onthe other hand from CD 1A - t) UCA-75'll
-If

'
- f

'
ff

'Est'

hence UCA-⇒"W - LA '- Z)" bounded ⇒ ZGp¥)

Changing the roles ofA andA
'
one also find GLAD I fCA)

⇒ fCA
') - PLA) •


