
TA on self-adjoint operators



ADJOINT OPERATOR LI
- i

let A is abounded open It .
For
any test

Ff : g
C- It → af

, Ag >
7
DCA)

the linear Funds bonded
←
bound

1 If (g)I = I2F , Ags I ⇐ HFH HA11 1IGIt ✓

By these thin 7 ! HEA s .t .

tff (g) = a f, Ags = 2h .gs AGE DEAF#

then A* : f→ Aff=L : SHAG> = LA¥g7



Def . let A bonehead op . the agent ofA is 12

At : f-shs.t.CA Ago = LA7B> ttgEA

Exoase_ show At is linear
,
bounded 114*11--11 All

HA74 =g£¥ , agus ,
1<8 ,
If > I

11 #A

-

= top ↳ Agif> I ⇐ HF11 sop KA84
8EH , Ugh-1 g- - -

similarly one shows HA1EHAI . =D HA'HE NAH

Exampleofadjointsofboundedopn.ae
( Mqf ) = fcx) MG = Mq

• ks.t.LK#xt-fkCxiy)fly)dy=o(k*fJCx)--fKCyixTfIyJdy
with KEENE)



If CAIDCAD unbounded
,
sf
, Ags might not be

13

-
-

bounded For an arbitrary fest .

Define DEAD = { FEST : Gg : GEDCA)→cfAg>
isbounded }

= f fest ? Np PLA , Ags) cos }
GEDCAJ,
light

Bydef . HAEDEAD , Gf is bonded , hence

7! he# sit . Lf ,Ags - ah , g) tg EDIA)

Def
. At : FEDEAD → h s .t . Lf , Ag> = things

HgtDCA)



Exercise As L2C 1RD , Qo : of) = xfcx)
,
DCQO) - JC1R)

Shown DCQoD = { AEIEIR) : fotxxlfcxstscs } ZP9R)

(QFf¥ xfcx)

i)

ftp.ltdifdxx?IfCx#cs=DfEDCQo9V-gEDlQo)kfiQogsIs/fdx¥xgY
I ¥06 If 12×2 jb 11GHz V

Moreover
af , Qog> = fidxcxfcx) gcx) = 2 QIfig >



ii) ftp.CQJ) ⇒ fEfCR) : folxx? If Paco is

Neosezn approx - argument µf5
=L

x. I
.

then

Sncxs -1%954%7 - Sly-3433dg E GIRI
-

×

cheeky , for is nonnegative 5N =L AXE C-MN]

In Y2

5NG - fo
-

%gdx - fw%t3%sdx%=fs =L

E To ,N]
-42

-



Gwen FEDCQ;) L6

-

f.
IN'T XEFNIN]

co > It Qo*fH = big 115N Off 11 = him top 12g , 5wQo*f > I
N SEDCQO)

Night
= en sup IL00 5NG , f) IN gGDCQO)-

BUT
I gd××gYSwCx3fCD/

A
§=X5nfx)flx)
C-Day
I linm ( folx 15N × fast)

→ Monotoneon.tk. implies
Solxlxf 12 < as a



txerate-ft-lffo.sn) Cpu ) =
-ia

' L7

Dcp) = Gutted Lois) i UC0) - UCL) -- 0 }

Verify ( PG) = - in
'

Dept ) - teams) ⑧ ← amazon.EE?g
larger

Hint p is molt.op.int



Prof . If CAIDCAD is symm , thenAdzµthInI¥I%ont- OfA

DAD And is an extension of A

II.
'

II'em
ATEA sym .

&
i) FEDIA) ⇒ FEDCA') µp⇒¥f , AG71 - ftp.KAfigslA- hymn . n¥ I 11 AAH

✓

"J ¥of£f* gyms g) tgeD④
→ <*figs £ af ,Ag> I cA¥g> ←

h=HI



Def CAIDCAJ) is self-adjoint ( A- At) L9

1FA is symmetric and DLA) - BLAH)

Exar-npl.co My → MG=Mq My is self - adyout
of 5. e. ope ⇐ 9 is real

[ •

kwitfaf.net ⇒

kcxiys-ty.IN#E4.oQo,DCQo)--TCRJNDTsdf-adjout
(symmetric operators DC0B) ? DCQO)
withDADI DAD

. p , Dcp) 1240,1)) Notself - edged



¥ : ÷:÷÷÷÷÷
:*:*
.

Proof i) FEDCB') ⇒ FEDCA'D
µfEDCB*)

sup kf ,Ag> I s sup kf, Agsl aw
gEDfA2HgH⇒ gEDCB)DCAIEDLB)

light⇒

ri) V-fEDCBD ⇒ AIBA
- Belsen ext -of A

HgfDtA) <Atf , g) = cfiAg > It af ,Big> g- sB¥ig>⇒
AEB*

= = A =

Ifoff IEDCBD



Def. A symm.op.is essentially self -2dgout if it admits
L"
-

a u¥¥ot extension .

Props . Let AP1A) lymm . s.tn Ad ,D1A
') is self edjout

then AIDCA) is essentially self-adjoint and its unique
self - adj- ext . is A9 DCAD

proof AIDCA) fymm . ⇒ AA2A / CA9E Ad by hp .
Let B ,DCB) be another self adjoint extension of AIDCAJ
*.

:*;÷:[
am:*: :÷*I¥

Hence BE At & BE At ⇒ B=A



DEMIR To verify that agivensymm.oper.EDU)
42

is self -2dgout it is sufficient to show
BLADE DCA) ( we know already DCA

') ZDLAD

SELF-ADJOINT NESS CRITERION
let it ,DLA) be a oymm . operator . If I 2-E¢ , IM74 0

s.tn
Ran ( A-2) = Ran CA-E) = It

then A , DLA) is s -2-



Proof Goal DCADEDCA)
,

FEDCA') ⇒ FEDCA) L13

Take FEDCA'D , OIEDLA)
-

element of It
, by assomption

-

<f
,
CA -⇒§ > = a#*_E) f, 10s 7gEDCA)

=L LA -E)g , > = eg , CA -⇒ ⑤ s
T

tymm .

=p A C-D1A) if -g , CA-2) ⑤ 3--0
-
covers the whole#

by assumption
⇒ f-g t h the # ⇒ f=g C- DCA)



Execute show that IQ5f) Cx)- xfcx) 44

BLOOD - f IEE CR) : fdx x2 If Raf
( ie the adjoint of Qo defined on DCQO)-923) isseldj

For FEECIR) consider UECX) =HI a)
XI i

D UEE DQ05 Jotxxlutf = Job¥f2×2 I HF1R
also any d. of

#QF) canbe express . as 4)

ii) ( QF Ii) UI - f by def. ⇒ Ran CQF±i) - HAD

⇒ CQ09 DC0E )) is self - advert
=D ( Qo , DCQOD admits a unique self - 2dg . eat . who is CQ8 DQ8)



Exercise show that the following operator in No ,a)
"s

is self-adjoint

D Cpa) = { at HH91) : UC0) = duct) ,
the ¢

,
HI⇒ }

( poll) = -i ul Cx)

Rtf For any d this is an extension Cp , Dcp)

→ Cp ,DCPD admits co-

many self
- adjoint

extensions



216

Prof let AIDCA) is s
. a- operator . then the ¢

with IM7H one has

Ker CA -2) ⇒ fo} , RanCA=dt
[ third

,
since agent . T not only afferent conditionofaymm.op.ae reals but also necessary

Moreover
,

CA-75
'
? It→ DLA) is bounded and

satisfies

I1A-2JH I 1-
IIMZI

Proof Tet's book .



KATO -RELU.CH THEOREM L17
-

i

lethDfa- , BIDCB) symm .

with DCA) I DCBJ

Assume that B is a small perturbation w-r.to . A ,
that

is 7 at Cas) and bsos.to .
-

✓
ban be large , as longas

✓ finite

1113411 I a HA0H t b 11011 to C- DCA)
J

RK
.
a-o corresponds to Be bounded
-

(bounded cop . are a small perturb . with

then the operator
respect to any s .a. operators)

AntB , DCA) is self-adjoint
Appliance : Hydrogen atom C lecture 6) Proof :Tet's book



Defenced

sections 43→ 4.5 Teta'sbook_


