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Hydrogen atom
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Steph (Qualitative) Analysis of the spectrum L4

Props . the spectrum of tee is bounded frombelow

I do so s.t.info the)7 - do ( stability of Istana)

Prof . We want to show that for too large enough
C.He tho)
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Prof . (Weyl 's theorem) let A.DCA) and B.D1B)
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be s.ae. operators in It and RAG)= CA-2-5's RB =CB-251
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Consider first Un Rota) is an integral operator
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with kernel
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Poof . Let t is an eigenvalue of the ,DCth) and 4EDCth)
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11411=1 is the conesp . eigenv . then Wind theorem)

E = - 24
,
the47 = ¥ 24 ,UE47 < 0

Proof Assume (tee - E) 4=0 then
-

D= a D-S4
,
(He- E)47=24, Ds (He DID,- E) 4)

= 24
, (⑤steeds

'

) -E) Ds43--24,6%0 + e- Sue -E)$4,
-
- 7 g-

Also -
0 = slide-E)4, DS43 -
-

⇒ 0 = him a 1- e-
25

s→o
(
g-
Hot 1¥'ve)4 , DS47

= 52th 4+44,47
⇒ - 44,164> = 24 , fertile)4> - E *

=



µ

Remarks While the proof of Viral theorem is based

on the fact that CDsveD-sf) Cx ) = e-Slfe f)G) .

and CDstho D-sfkx) = e-24thf) Cx) and cannot

be generalizedto arbitrary potentials , the absence
of positive eigenvalues canbe proved for a large
class of Hamilton12ns the TV with him Vcx) - 0

Allowing direct methods.
lattes

( see Reed- Simon II
, Chapter XIII , seat . 13)
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Boy the point spectrum space) consists of an sequence

tens of negative eigenvalues with finite multiplicity
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Nextstep show Ran Etee CG90)) - Rznttee (1%07) LB
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Explicit solution of the eigenvalue problem 47

Obj tee = -If I - II is covenant under

rotations

this suggests to use spherical woollies ,
ie to stay

the problem
As = L2C cops , Fdr) a ↳ C5D

1FU}qµg a fo%2dr ¥R I fcr , 0,9312

Us : KC1R3) → As

FC4H ,X3) → (Usf) Cr,-0,4)= f ( rsm06sQ ,

rain@ sincere
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keykct-tfe.la , ↳ commute ⇒ we 49

can determine common basis of eigenvalues

strategy We first consider ↳ and I? in its?d =D
,

Goal : find TIME DL s 11 Fam U - I

↳ Em = him 7am CD

4 Fam = 44 Im

The eigenvalue problem for 13 Is trivial ?

I # Im 4) = him FsmlQQ) -

-
.

⇒ tamales - eimQGco→



To solvethe eigenvalue problem for L
?
one uses amethod ②

similar to the one for the harmonic oscillator , with suitable

creation and annihilation operators . One can show that :

Bo_p Let Fam be solution of CA - then wehave

↳ = flett) if = 0 , 1,2 ,
- . .

Cbb eigenv . of E)

- f e m e e Chem eugerw .

of Lz)

and the corresponding agenfunctions are given by
the spherical harmonics Yem 4) which form a

complete and orthonormal basis in L4S? dR) .

⇒ Hand ↳ are self-adjoint operators in its,dR)
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,
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any 4Ets can be written as
• e

4 Choice) = -2 E. fne.CN Jem 1014)
4=0 M= - e

where to determine fnecr) is sufficient to solve

an ODE . Let valueof ion the subspace
- with agent - XeletD

hee - -¥r.fr/rIf)th#Y-E
then we have to solve

he fine = En fine , fine E Done)

with It true 112 - f ral fineG)Fdr - I
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Prep . the negative eigenvalues of tee are

En = -µe4_ h=bz
,
- . .

Bohr energy
242ha levels !

and the corresponding eigenvectors for n fixed are
combination of the states

4rem = fine G) Yen 10 ,4) I = 0 , I , - . - n- I

m= - f , nn , l

R1 If n⇒ , ti is non degenerate and the corresponding
agenfunction 4100 Choice) is called the ground state .
the agenfunctions corresponding to n>I are called
excited states .



The¥TAN=ofthe hydrogen atom is 223

410043 = §,z e-
%

a=hI Bohr 's
flea radious

Hence the probability to find the electron at distance
C-Ribs when it is in the ground state is given by ?

{
"

drrafgzohR14.eeCMR = 41 {
"

q÷f e-
aha

= {Ddr 4=5 e-240 nfcr) the prob . density
IS Max . in

fGI¥denag I¥tf¥9gce
÷.IE?:n;:genao./a-rraio.

✓ ,



http://ne.phys.kyushu-u.ac.jp/seminar/MicroWorld2_E/2Part3_E/2P32_E/hydrogen_atom_E.htm

L 44
Radial probability

A-1 densities for different

energy level ( values of n)

and values of the angular

}n=2 momentum

{⇒
IT
the distance at

ch the prob . density
is maximum becomes

larger as n increases



g.
RK If n=2 we have 1=0,1 and if 1--1 , m- 0 , Is → 4 orbitals Lzg

① 0 On -2

1

|
the orbitals corresponding to E-I• the orbitals corresponding •

.

To E-o are spherically symm .

are called p - orbitals
and called s- orbitals



RR So far we studied ONE PARTICLE PROBLEMS . L26
-
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A N- particle system in quantum mechanics is described by

44 , -→ xD E ¥! Rapid) or 22912
"d)

-1in general

y.IN,9. Cxj) ← having a product of one -particle
wave function is a very special
case

→ the
many- particle problem is much richer

than the one -particle one ,
as we are going

to see in the next two weeks !



Referents

chapter 9 Teton's book

→ 9.1-9.6 qualitative analysis
→ 9.7-8-10 Eigenvalue problem for - Dive

(only main ideas ofthe strategy
in this class)


