
Lectures
Harmonic Oscillator

and classical limit of QM



HARMONY Osceuttop explicitly solvable model ,
4

prototype model for separate subject to a •rfcningpo→d
Vcx) → too

Classical harmonic oscillator ( sob HH7W

HC9 , p)
= p% t £on W2 q

? 19 , ER2

Frequency we 2¥ = spring E--kx
of the oscillation

For any initial datum (% ,po) the IfYp%¥m I¥=
- ¥

solution to the Hamilton eps .

g. = Im{ p°= - mwzg = - µ, is {
9 = % coscwt) tmpwc.sinasty

pet) = - mwgosincwt)t Po scoot)

→ All orbits are BOUNDEj ; ago , po)- 0 stable equilibrium ; C90 ,poke
periodic solution with period T - 2% independent on initial cord .



Slept Construction of this , Dctlw) fguzntvm harmonic L2

@scellotorteamiltonianjs.a.om EC1R)

By quantization procedure

Few = -¥f¥f + Emwax? s
-
a. extension ?

Propel tow has eigenvalues En = XwCntD , new
non degenerate and the corresponding agenfunctions 0rad
form an ONB in ECR)

By spect. theorem Dltew)=ffEiAR) ? I En K4n , f)Fees}
Hw

,
DCHW)

a fewf.gs = En En 24nF < 0mg>IS 5. on.



L3
ProofofPNp_I

d) Dimensionless variable y - Fx [yff¥%n)'In ]
Consider the unitary operator Yin L4D

①uh - (¥w)" ul y)
( y
' '

f) Cx) = T¥-)¥ ff ×)
if > is an

then ( Ytiwy
"

f) cyj = how Ctffjcyg eigenvalue of ti

the corresponding
ti = -£§ft£y2 eg. of tew is

Kwa



b) Solve the eigenvalue problem for La

te - -I ¥zt£y2 = TET QI DAE)= SC1R)

⇒ tff = if
,
FE YURI

,
HF11 - I

TO0X Algebraic method based on the use ofthe

following operators on TC1R)

A- =¥zlQtiD=t (Eyty) ¥24115
At -- face- iP)=¥f§ty) £pe¥£f

Read [Q ,P]f = if V-fET.GR)



P#s tfyo ET4R)
LS

D eg , Af > = cA*g , f) V

ID [ A) At]f=f -i. i# it#
- - -

I f.Qtip ,Q-iP3=£fQ , - IP3 tffip,Q] = I

iiD tff = A*Aft£f =
AAAA - Y2F

#
-

tf=¥CpZQ9 A'A- £CQ- ITDCQTIP)=§CQIPDtIzLQip]

if [ Ie , A) f= -Af ;
It ,A*]f= If



tem let fy solution of tef
,
= Ifa

,
HE11=1 . 26

then

1) If a solution exists
,
then 2742

2) If fi is solution with eg. I then

fi = A*fy is solution with eug.
J
'
- It I

~>TY2

3) If fi is solution with ag. d then

↳'
= ,AI# is set . with ag .

I = b- I

Paofd
+ = zfi , tef,> #

a fi
, A'AtYzfµ = HAD112+42

te - AAAtYz 3 Y2 Me



2) If fa is solution with eig. I then
L7

Fyi = A*fy is solution with eug.
X
'
- It I

¥2
µo=A¥Y2

Proof to Atf
,
=/ LATA TY2) AH

,
the AA'-Y2

= At (AA'tYz) fy = At Ctf+12 fi

= At City fy

11 Atf
,
112 = a fa , AAH,> = cfa , Cte TY23 fa>

= Cat Y23 It fall
?

→ Af¥fz is a normalised agenv.witeagenv.cat) V



k¥2 the eigenvalue problem tEf=df , FE8W ,
AfA⇒ L8

admits a solution if and onlyif
↳ = htY2 h= 0, I , 2 - - .

If D=ntyz then the unique solution is

fnly) = t.hn [ LAD
"
fo] Cy)

fo ly) = ¥,
e- 8%

Moreover the system of eigenvectors Sfry is ortho n .

and complete in HR)



29Pooofoflemw .
Consider

.

Since A = ItAfa 112+42 ,
d-Yz ⇒ Afo = 0

Using A CQtiP)=fz(fyty) §fotyfo=o
→ focy) = e-Y%
-

To"4

letusfsxn . By lemmas , parts f¥Fo solves

the eigenv . poobl . with 2=312 . UNIQUENESS ?

Assume gs solves tegz digs with 4--312 . then

by lemmas , pot 's Age - fo

f
, EA
' fo = A*¥gz = ( te -42381--81 ⇒ figs



Repeated application ofA
'
to the ground state focy) 40

produce agent. fnly) corresponding to An --ntYz

←
7 ?

A
Y2

It remains to show that there are not solutions for af int't

Fix At CY2 ,%) . Assume ffys.t.MG = tfi . then we

can construct Aft well def . since I>Y2
-+-Ya ti-I EG42

,Yz)
- -then

tiAf¥ = IAA' -Ya) III. - ACA'A-Yz¥fz= £¥
Next fix AE C3K ,

%)
, by sppl . A contradiction !

you get fi ' with deck ,%) which is
XE CY2 ,%) not

possible !not possible and so on . . .



LNsummations t.eu -ytiy
"

H°fn= dnfn tfw¢n= En 01h
In = At Y2 n_-0,42, - . .

En = Xnw (ntYz)

fn - ⇐gµ, Hnly) e-
Y% On = fn)cx)
-

Hermite fdljnomial of degree n =T¥)%fn(F⇒
tlnlx) = fish e×2§fn 5×2 , XEIR

{ fn3 complete me
G) ground state

nlx) , no

→ seat
.

7.5 Tete's book excited states



42
Step Analysis ofthe spectrum

the spectral measure associated to tew is pure point .

•Ctlw) = OpCtlw) = f En = how Cnt't ) n - oil.2 , --3

12k¥ Note that En - how Cntyz) was the assumption
made by Planck to solve the black - booby radiation
problem

he _w
Planck It = n his = h ,§ 2170

same AE
a starting from Eo=k§



RR_z the fact that often) I I can be understood
43

as a consequence of the uncertainty principle

< 4
, HW47 = stone 4,10242 t¥mw2 a 4,024 >

→ +
w FP54 5QE, = had

2

97623 20lb I
APAQ 7h42

there 4¥ is reached if we choose as

gaussian wave packet with no- po -o 45×3=6,1×44 e-It
"

and fix pits -t.fm CP5 =fmw2eQ4
⇒ 4ps =

= cmg-jke-IE-xagnagdnd.FI



t×E consider a harmonic oscillator inthe first L14

excited state 0,43 . Compute the probability to find the
partial in the " classically forbidden region"

A classical oscillator with initial energy E

will oscillates between the point -Xt and txt
where

§mw2×f = E [
to

Tts

if E= E , = 224W
- XT Xt

XI = 31
mW

too

PC1H 2IW ; %) = If 10s Rdx ?
0

mW



Using the explicit expression of Olslx) : L1S

0NH - ( IF)¥t test x) e- IF
"

Haly) → =L ;nj4f¥m× e- IF
"

Pfk↳zhGvh)=¥¥.IE?-jkIw-*xae-mI*dx
A

Y - f¥x = # fpg*y2 e-5dg I 0.028
⇒ 0

→ Quantum Mechanical tonneling



steps unitary evolution
U6

4CX it) = ( e
- tho

%) Cx)
µ
one can also write
this action in
terms of an

= 4 e-
⇐
a 4n

,
40s 4nA) integral operator

Prof? let felicity .
then HE30 7RO so sit

.

IP ¥ ,%dx Ice
-¥Hw f)Cafe E

ie any state is abound state forthe harmonic oscell . Hamiltonian

INTERPRETATION :

- apart for a small probability the particle is
oneformerly Cintime) confined in a bounded region .



Proofs FixE→ .
the completeness of 50mg implies f- no

47

Srt
-

y f - £0 a 4h , f) ton D= TE12
-

Hence I Met
-

114,2 e- i¥tlwf HE 11 Xsp e- i¥"w( f- £E< 0mF > On) 11
+ IIX

>a §g° e- i¥⇐ < On
,
f) On It

= F- t £5 I adf.SI DX>R0nH I TE

Since 0nF L2 , f- Do so s.in. the prop .

holds for any
Hamiltonianwith a purely

\ XsRo4n It ⇐ Fog1-
discrete spectrum .

(not1) Max IL0N,FS1
NINO



Stept Time evolution of a gaussian state.
L18

Gaussian state

% =x
.

e- IT III
ti If G-%)

→
Re ( b£) - atop

% , P0E 1RR , and do ,boE¢ st . Re loiobo)=L

RI For ao - Tho
,
bo - hi

'

,
do 4=¥e%eiP¥

gavshan wave packet

Compete 2×363=90 4ps = po

Axlo) = fzxlaol A-pad = Fhzlbol

Coherent : Idol Ibo 1=1 AX6)IpCo)= § Iaollbol
(Eigenstates of d- are coherent states)



Prep . the solution ofthe Schmid g. for the harm .
osull with

48

init. datum 40 is

g- b⇐⇒
Ft i p¥ G-94% SA3

4GH =aFacts

where SA7, acts,bet) , gets , pet) are functions satisfying

dgams.sn#n/oiCH--PfI
a.A) =ibfg

9. Ict) = -mufgctj b. (f) = im wa alt)

Ict) = PIIm-fmufqo.CH:2/gCtbpCtDq
classical action computed

with initial condition Scotto
, along the classical

old- do ,
blot too

,
961=90 , pCo)=po . Mohan



Eg - for act) & bet) can be solved to

act) = do asCwt)

timbw-sinlwtjb.tt
) = imwoo sincwtIt bows Cwt)

since Ixttk.FI/aCtII 1pct) = f§ IbetI

mean square elevations of position and momentum
are bounded and periodic functions of time -

RI do - ,
too = rmw weget a = do eiwt

bet) = beetroot

→ the evolution preserves the form of the state
and IXCTI

, Ap tenet depend on me.



CASSktlUNhTOfQUANNUMechzn 221

Quantum { ihfff = -13,14 tvcx 4dynamics 4103=40 too is asingular
limit for the

Crucial role inthe theory isplayed by he sehod.ee.

[ Q
, P3F = ihf If E FAR)

Question : if he is toffiaentg small (small w.at . other

typical actions in the system we are considering )
can we neglect the non- commutehvitg and
recover the classical behavior ?

We need to consider states 4 depending onX



Cheh I guess- classical state
122

⇐%££ 40 - ←%, e-
BE AI + if 4-%)

for hto is very well concentrated
around go and po

1×101 = Tylenol Iplos - FI I bet

the evolved

staff,, , e- i¥H% te= -¥mAtV
under suitable assumptions on V ( for t not too large)
behaves like a wave packet well concentrated around
the classical trajectory in phase space ( for 0131 )



Prof let VECSCIR) , INNER, IN
'" Hisar) -

let SA3
, gets

123
-

PAY acts , bct) solution of
↳ the same result also holds under
less restrictive conditions also

to
" 8CH=pCtYm a.A) = In bits }Notes { poets = - V' (gett) bolt) =iV" lifts) alt) J

Unearned
cbshcd 11 Ict) = 15¥ - Vcgct)) =L ( gets , pet)) flow around

action the classical
•lotion

with initial conditions 9107--90,10107--13,462-6 , blotto ,
SC0)=o

then there exist qftssocdepenohngonthepotentsdjs.tn

top - 4ft) 11 ⇐ act) Fh Rewtt

+ ego ,T] 11¥ 2 NOTonifints.me !

quantum sol
th
quasi-clashed state gets→to

e- i¥te4o at timet
Tastes



Choice 2 : NKB states L24
-

T7 4OE EARD 4oC×) = G) a
so

je
T phase

amplitude rapidly oscillating
cndep. on×

in ×

Write the solution ofthe Schon ee . for H=
-Dh€atVCx)

⇒
4 exit) = pFEy e stats

onegets W
-

←
Hamilton-jacobiI¥tiE tv - HIM '¥F - o ee. rorw

-

transport 0¥ t D- ( IIf)⇒ quantum potential

quarterswith velocity field on
" 05



WKBmethodisidee-forh-othep.cocentum 225

potential becomes negligible and an approximate
solution yet) of the sehr

-

eg. can be written as

94th = Ft e seats

off t 1¥12 TV so teamuton- jacob ee.
Fora desired poodle{ It to - HE e) ⇒

" 4 - methane ×Prop . I CCT)so s.tn
. top
flat]

INTERIM ?
the prob . density of the positronfCxitl-14Cxitlpiswoaliaedaroudth@alesaaalt.rsfeathery of the porthole.



126

Referenced

Harmonic Oscillator : see 7. I -7.3 Tete's book

classical limit of QM :

Appendix A , tete's book


