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Def . the family of linear operators UA7, TE1R is
a. strongly continuous one- parameter group of unitary
open in It if

i) Uct) is a unitary @p.in It # top
one- parameter

ri) llctts) = Act) Ucs) it sit EIR group
property

iii) ¥1,0 All f - f 11=0 ttff A

continuity into

⇒ continuity Attire



Prep . let AIDCA) -be se
.

on#
.

then left)= eitt L2

TE1R is a strongly cont . one- parameter group
of unitary operators .

Moreover FEDCA) ⇒ eitAFED.CA)
2h01

itA
f

→ I e It thing ¥ ( eitttf - f) - iAfat

Proof i) umterity of left) ttElR

At → of =
bit' continuous d. bonded

it AForet .
→ left)= e bonded operatorcalculus

• act)*= left) . I = eitt e-
it ''
⇒ ① = UH)Uft) - left) left)

I ⇒ ilCt5kUtt)=QHY⇒ act) unitary



iftts)A L3
ii) group . prop . 443 = eitd e

4µs (d) =+0+47/813) ⇒ UHIS) = UH7 4CS)

jri) 11 eittf - FH2 =/ I eitt - I 12014 EACHFifa)
→ o by dominated
to

convergence

• 11¥ ( eittf - f) - iAf If
T.se -7

= f / ¥ feitt-sf-isffdkEAWFFD-obybm.com
.

t→o



STONEistth.cnvena strongly continuous one- L4

parameter group of unitary op . UH3 , TE1R , F ! S
-

a
-

operator A ,DLA) s -t.UA) = e.

it?

EVOLUTION of a state in QM
-

Let H ,Dae) be the s -a. Hamiltonian of a certain system
defined on It . let 4.Est be the initial state .

then the state at timetoo is def - by
2kt) = e-

H
4g
-

PROPAGATOR
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• 447 = e-
"
40 is solution to the cavalry problem

ih off4A) = H4A) for a fixed Too 7 !

{ 4 Co) - 4o C- DC4 4HE CTCQTI.DE It))

n C' Charl
,
St)

• f- of solution ⇒ tl ,Dore) is self-adjoint

• uniqueness ofthe set . follows from 44th
- 440112 It

Assume 4
,
Ct) , 4kt) sol . with dmhal state 40

→ 4 ,
A) - 42ft) is set . with initial state 0

114,47-424342=110112--0 ⇒ 4,47--4243



L6

Exercise tlD= - I on EC0W

DCTLD) = { fi Inna Isdn , f)Pecs }
¢nCx) = sinnx n -7,2

,
-
- -

Verify
↳ dn=n2

-

.

( e-
ittbf) = § e-

itMs cfmf > On
T
evolution of ↳ Cx)
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Classical case : this p%m ← trivial
on pal

Steph .
construction of te ,DAD as

s.a.op.int?ClRd)ByWeyIqoentioetronpj-.hffg
.

t.io = - him I ,
Dario) = JURY)

-

we usethat tio is it s. a. ? if not

IS2 multiplication
how to find the self - adgoutexf?

operator in Fourier



CHIEN t.EE?Ijcks=hIkmCIfksh8:=tTo
fold ,t2IfW2oHence
µ

Dcteo) = { FEELRd) ? folk IK2 FCKJF so
We conclude

cteofcx - FELIZf) as - fg¥¥%eik×hII Foes

DCteol-ffEECIRdt.fdklkfckstkcs.ly?--te2CIRd)



STEPT - Analysis ofthe spectrum of tl ,DAD
L9

• tho is s.a . =) OCHO) E 112

•
the resonant in F) Pu
FEce is no spectrum

↳A) = →
1-

D- hdka
-z

tt 'swell defined
-

as a bounded
2ns operator ⇐ 2-so

• Ho has no eigenvalues Assume that for AE1R'T

I-%EDctebs.tn too = 103

then 0=11 Cteo-d)03112=11%2-15105 Folk

-⇒ 03--0 a.e. ⇒ + isnotaneigenvalue



thowt arachtenaeso.GG)? 1-
40

° ECHO) CRT

spectral family
CE5W f) CR)=X←qµ(hI¥ ) Eck)={

IN TIKI 's
0 otherwise

⇐

<Eolasfsg> =/ Years ( KIE )EIgTHdk
→

* - Xiao,CNET.is/hIE)fFIesgTkItIfkTgtkI)470
-

= Xiao)CD§%[¥ckTgTk)tIIk)§tk )) dk
the dish - function y→ stoodf.f) Is zbs .

continuous
w.at. Lebesgue



Affleck) → mot is zbs . continuous htt

MF ( CQ ,b)) = 4 E0Cb) I ,f) - 2 to fits

- fab 0¥ CE0H) ffs 0lb
Excuse: compute £5toldffs

OCHO) = Tac Ctlo) = [ 0 , too)



Step's UNITARY Evolution 42

free
→ Holt) = e-

i# the
e- ihtmka

propagator -

( Holt)f)4) = feikx e- i¥hI¥Ia→dk

Check same rewttbyoagfvne.cat .

| ay , Uotttfs -- [ ¥'d I]
Nextstep expression of Holt) as an integral operator



Prep. Let FEEL hid CIR) then 43

(e- i¥thef) 1×1=(2,5×7)%1 fly)eiITt tidy as

Moreover
,
if FEECIR)

( Ii#the)cx) - ( I⇒k II. {Iffy)eiITt Ily(2)
wherethe limit is inthe E- sense-

RI
.

From Ct) one obtains
[

DISPERSIVE

character ofthe

FETID / ( Ii#Hof) ⇐ zmq.tt, HF14
free evolution



Prep. Let FERRI star) then 244

(e- itxthofjcxs-fz.IT/kffcyIeiITtGJRdycs,
Moreover

,
if FEECIR)

( e-i¥the)cx) - ( ¥⇒knE;z§,#g) eiITt Ily

Show that Ct) ⇒ (2) . For FELZCLR)
,
take fn : = Xan f-

then fnf in L1 and C2) holds for In with Joly
→ Siykn .

Now
µ e- i%Hf - ettxtlfnlf = Hf - full→0

µ mths

onitzntyof the
group



Proofing V-g.AE JC1R) ⇒ to → bydensity
"s

ag , e- i¥ttp→=fgT, e- i¥①kfg⇒dk argument one
extend for

= £70 f gTkT Eck) e-
CE + its k2µµ

teams

ou t

= £50 fgtxsflyjfe-FEtiTDKZ-ikcx-yfdkdxo.ly
use Ijdt e-

attitt
, e- Baa 4 ou - talent

YG42

- Cx-y)2
- £5 f⇒f5 fly)1- exit, e-Itar

'lHe)

#2tE2)Ya dirty
-

latte

→ = i-fgcxtfcyse-I.IT#e-EIC=eijg •
by dom.com .

2Mt



SPELL APPLICANT L16

Prep . Asymptoticbe-h.no Forays of ER0R) we have , let

4¥71 He '¥EfII⇒ , If, It e- they -4+91=0

Proof tix QELZC NHK) . -

⇐ tho) =L b) 043127
"

Italy off :*)
= (Init)'keiITt×2f¥⇒eiITt5④
i. = 0/+9×3 t Rt GOAL show KRTK-70

f)Ico



Rt - (7×7)be iITt×#folly) ( e
'ITTYI 1) e- iFt×bay

""

-

only)-
eic 7¥

11 Rt IF - ITE, folx I EY M¥712
.

→I felt I Ef⇒f= 11hN2
2- = my
*

= f 144312 I e
i ITY

?

- I 12dg→ 0

G-→ In

by Tom . convergence
For 4th the result obtained

by a density argument .



SAttERlNG_ 48

Proof Any state is a scattering state Co dffvsion state
w - r- t. the free dynamics ie it fixed Rso , F0E L2C 1RD
of= e-¥48 is sit -

¥¥, ¥
,⇐

1 lot Rdx⇒

Hence
①↳ftp.pg.e-ittuthoo/j=fFI0tCdPotoIbo1NTERP-RETIr

resp . on the initial condition and onthe

choice of R after a Nff
. long time the particle exits

[-RiRI ( or the E- Gm
. ball of red

.
R in higher dimensions ?



49

III. no
, ¥*H⇒ei÷jH⇒= It xox ( e-¥+4 - Iota) Ht HXAROIIH

± µ ( e-
'¥9-0+91 + LIFE 1071ft )td×
It-to I

die to the zsymp . p
=
It 107yd?dy

behavior result y=m¥
£¥¥
I totes *
0



FREE Evolution of aware PACKET Axoµ%µ 120

Let FE9R) , real, even, 11ft-I
→o

Xo
,pop

@iP¥X Wave AxoIpo7h£
4. = ⑤ f(×I⇒ packet

"

•

for Xo , po , 0 given parameters

←
f- is even

Checks ex>6) = -Xo 2ps = Po

AX65-8HI 'HE ApCof=hekf' HE
⇒ Ax Aplo) =X Af'll 11 I'll

RI Minimal uncertainty is reached Kf 'll = HI 'll =VE .
this isthe

case fcx)= 5×4%44 ⇒ EYK)= e- k%µY4 GAUSSIAN WAVE
PACKET



Tmee % = e-
the

40×0 ,pop L21

1424212

• 2pct) - fdx4I%¥ 4+6) - A folk K 147%712 - apolo)
the momentum is econsbntofmotron / = Po

for the free parade end.
<Aps Ctl = 21ps co) offer) . e- i¥mtk&gy

5
• a)A) = folk 4TH) i# VICKI

= folk folk) ( htt 431k) ti £+4143)m

the mean valve is moving= Post - Xo with uniform velocity palm towards
M the right , starting from -Xo



For a gaussian wavepacket an explicit compotegives :
L22

IxCtR= ( ImI¥pCoJt AND
-

increase in time : the wave packet
is going to diffuse as time goes on

A
"

At
-

- Xo O - Xo t Poymt

→ we lost information

onthe positron of the particle .



INTERFERENCE ofTwo were packets L23

Consider the omepartrde_ state 4%,

-44×1 -

↳ I # H×eiP¥ + to HY e-
'

¥+1
normalization
constant

14%"m/÷ *awgnpsseparaedtvolvedsta.ly
He = a f e

- i¥ to 44×1 + e-
the
4TH]

Question what happensat time tn.IT =Xo , ie when the

centers of the two bumps reach the origin .



Compote 4+63/+1 mxoypo . In the gaussian case L24

one knots

-I
14gCH12-4CI e Matty cos

? (P¥x)
rains -
- modulation

with D= h¥ ss , gaossnanbump factor which
MP0 with variance oscillates

stiff ⇒N over space

(expected)

IR zero of cost. ) ⇐ ×£= kktD ¥ KE2

# zeros in lxkofd.ES/2ktilIhfoctFtNo--IotsofteroSih
⇐ 12kt't <¥ so III. FEW ¥71 theseswho 14121=0



÷:*.
.

who prob . to find the particle
When the 2packets overkp we havean INTERESTING
figure - with no classed

→ two SLIT

EXPERIMENTERyou interpret 40 with two bumps by
saying that the parade is to the right with some

probability or to the left with complementary prob .



Referents

Propagator of the quantumevolution
see

. 4.9 Tete's book

Free particle
Sec 6.1-6.4 totals book


