
Homework 3
FRANCESCO TUDISCO

Policies
These homeworks are not mandatory for this course but you are highly encour-
aged to try to solve them and any work in this direction will be highly appreciated.
You may discuss your homework problems freely with other students, but please
refrain from looking at their code or writeups. Please submit your solutions using
latex to write your solutions in pdf format.

Questions
(1) A simple graph (at most one edge between any two pair of nodes)𝐺 = (𝑉 , 𝐸)

is strongly connected if for any two nodes 𝑖, 𝑗 ∈ 𝑉 there exists a path of
edges in 𝐸 that goes from 𝑖 to 𝑗 . Let𝐴 ≥ 0 be a 𝑛×𝑛 matrix with nonnegative
entries. Show that 𝐴 is irreducible if and only the graph 𝐺 = (𝑉 , 𝐸) defined
by 𝑉 = {1, . . . , 𝑛} and 𝐸 = {𝑖 𝑗 : 𝐴𝑖 𝑗 ≠ 0} ⊆ 𝑉 ×𝑉 is strongly connected.

(2) Show that for an invertiblematrix𝑈 wehave rank(𝐴𝑈 ) = rank(𝐴) = rank(𝑈𝐴)
(3) Let 𝐴 ∈ C𝑛×𝑛 and 𝑥 ∈ C𝑛 . Show that

• ∥𝑥 ∥∞ ≤ ∥𝑥 ∥2 ≤
√
𝑛∥𝑥 ∥∞

• ∥𝐴∥2 ≤
√
𝑛∥𝐴∥∞

• For any unitary matrix 𝑈 it holds ∥𝑈𝑥 ∥2 = ∥𝑥 ∥2
• For any unitary matrix 𝑈 it holds ∥𝑈𝐴∥2 = ∥𝐴∥2
• ∥𝐴∥2 =

√
𝜌 (𝐴∗𝐴) where 𝜌 (𝑀) = max𝜆∈𝜎 (𝑀) |𝜆 | is the spectral radius of𝑀

(4) Show that if 𝑄 ∈ C𝑛×𝑝 has linear independent columns, then 𝑄∗𝑄 is positive
definite and 𝑄𝑄∗ is positive semi-definite.

(5) Let𝐴 be Hermitian and let 𝑟 (𝑥) = 𝑥∗𝐴𝑥/(𝑥∗𝑥). Suppose𝑉 ⊆ C𝑛 is a subspace
such that 𝑥 ∈ 𝑉 implies ∇𝑟 (𝑥) ∈ 𝑉 . Show that 𝑉 is invariant for 𝐴.


